Primitive lattice points in planar domains

Roger C. Baker

§1 Introduction.

Let D be a compact convex set in R?, containing 0 as an interior point,
having a smooth boundary curve C with nowhere vanishing curvature. How
many primitive lattice points (m,n) (m € Z, n € Z, m, n coprime) are in
V2D for large 7 If we write Ap(x) for the number of such primitive points,
the answer is certainly of the form

Ap(x) = = m(D)e +O(")
for every € > 0, for some ¢ (independent of D) satisfying 1 < 6 < 1. (Implied
constants may depend on D and € unless otherwise specified.) Here, of course,
m(D) is the area of D.
Moroz [13], Hensley [7], Huxley and Nowak [10], Miiller [14] and Zhai [21]
have treated this question assuming the Riemann hypothesis (R.H.), with
improving values of  culminating in

33349
0, = 1040 — 0.3968 ...
(Zhai [21]). The smoothness assumptions on C vary in these papers. Indeed,
Zhai’s curves C are only piecewise smooth, and D is not necessarily con-
vex; but Zhai imposes Diophantine approximation conditions on the tangent
slopes on either side of the ‘corners’ of C (if any).

In the present paper, I improve Zhai’s constant 6. For simplicity I
assume that the tangent slopes on either side of the ‘corners’ of C are rational.
I shall make the following hypotheses about D, somewhat similar to those in
Nowak [15].



(H1) D is a compact set whose boundary curve C = 9D can be written in
polar coordinates as
r=p@), 0<6<2nr,

where p is positive and continuous.

(H2) There is a partition
Op <0 <---<bO;=2w+0,

such that p® is continuous on [#;_,6;] and the curvature of
Ci:r=p), 0€l0-1,0

is never zero. No tangent to C; passes through 0. No C; has both a horizontal
and a vertical tangent.

(H3) The reciprocal curves R(C;) (j = 1,...J) can be written in the form
r=pi0) (A1 <O<N)
with p§4) continuous on [Aj_1, A;].

(H4) The tangents to C; at 8 = 6,_1, 8 = 6, have rational slopes.

For more details about reciprocal curves, see Huxley [8], Lemma 4, and
for a brief summary, §2 below.

In particular, suppose that D is convex, (H1) holds with p™ continuous
(as a function of period 27), and C has nowhere zero curvature. Suppose also
that R(C) is given by

r=pi(0),
(4)

py continuous as a function of period 27. Then (H2)-(H4) are automati-
cally satisfied. The main point here is that because the tangent to C varies
continuously in slope, we can choose partition points 6y, ...,0;_1 so that the
tangent slope is rational at the corresponding points on C.

Theorem 1 Assume R. H., and let D be a compact set with the properties
(H1)-(H4). The number of primitive lattice points in \/xD is

6 m(D)x+O(w5/13+e).
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For comparison with 67, we note that 5/13 = 0.3846.... When D is the
unit disc, we have the stronger exponent 221/608+¢ = 0.3634 ... (Wu, [20]).
For D as in Theorem 1, let

(1.1) Q(D;u) = Q(u) = inf{r*: u/7 € D},

whenever u € R?2. The Hlawka zeta function of D is the meromorphic
function Zp(s) obtained by extending

Zp(s) = Z Q(m)~* (Res>1).

meZ2, m#£0

It is well-known (and will be shown during calculations in §3) that Zp(s) is
analytic in Res > 1/3 except for a simple pole with residue m(D) at s = 1.
With more effort, the domain can be enlarged, but we shall not need this.
For results such as Theorem 1, we need to find o as small as possible such
that the bound

2T
(1.2) / |Zp(o +it)Pdt < T' (T >2)
T

holds. The successive conditions on ¢ published so far that suffice for (1.2)
are

o > 0.75 (Huxley and Nowak [10]),
o >48/73 = 0.6575... (Miiller [14]),
o > T749/1168 = 0.6412... (Zhai [21]).
Dr. Miiller kindly sent me a sketch of an argument (based on a lecture
of Huxley) that gives the value o = 0.625. Even though I could not substan-

tiate all the details, this sketch helped me understand the difficulties of this
problem.

Theorem 2 Let D be a compact set with the properties (H1)-(H4). Then
(1.2) holds for o > 3/5.

The following estimate is an important tool for the proof of Theorem 2.
It is of some interest that condition (H4) can be omitted in Theorems 3 and
4.



Theorem 3 Let D be a compact set with the properties (H1)-(H3). Let
X >0, A>0. The number of solutions Np(X,A) of

(1.3) Qm)~X, 0<Qn)—Q(m) < AX

satisfies
Np(X,A) < 14 X85+ 4 AX2,

The notation ‘T' ~ X’ means X < I' < 2X.
It seems that the best previous result is

ND(X, A) < 1 +X547/416+6 +AX2,

which can be deduced from the work of Huxley [9] by treating m trivially in
(1.3).

I conjecture that 6/5 could be replaced by 1 in Theorem 3. A proof of
this would give a new approach to the work of Robert and Sargos [16] on the
number of solutions A/ of

Iny +nj —nh —nf| < AN® | n; ~ N.

Here (3 is real, § # 0,1. It is perhaps not surprising that this special case
has a stronger result attached to it, namely

N<< N2+€+AN4+€'

The following result is a step towards Theorem 2, and is almost a corollary
of Theorem 3.

Theorem 4 Make the hypotheses of Theorem 3. Let

Sx(s) = Z Q(m)~°.

m#0, Q(m)<X
Then for3/5 <o <3/4, X >1,T > 2,
X2—20 S T,

we have

2T
/ |Sx (0 + it)|?dt < T,

T



Theorem 3 will be proved in §2, and Theorem 4 is deduced from it there.
This enables us to prove Theorem 2 in §3. In §4, we recall a standard
decomposition.

6
Ap(x) — 3 m(D)x = Ei(x) + Ex(x),
and prove that Ey(z) = O(2°/'3*+¢) via Perron’s formula and Theorem 2.

This is where R. H. is needed; the strategy follows Huxley and Nowak [10].
We then show that E(z) = O(2%'3¢) via a refinement of exponential sum
estimates of Zhai [21]. Theorem 3 is used again in treating £ (z).

An idea of Montgomery and Vaughan [12] underpins [10, 14, 21] and the
present work, although the details of [12] are totally different. The present
paper uses some techniques from my paper [3], and I quote one lemma from
3].

I would like to acknowledge the friendly hospitality of the Mathematics
Department of the University of Florida, where part of the work was done.

§2 Proof of Theorem 3 and the deduction of
Theorem 4.

I begin with an elementary lemma that I have not been able to find in the
literature. Let

(@) (x¢Z)
Yo(@) = {o (z € 7Z),

vy JU(@) (z€Z)
Wx)_{m (z € Z).

Thus 2(1)g — ) is the indicator function of Z. For o # 0, (3 real, let

Vg(M)= > (%) :

1<n<aM



Lemma 1 Let a >0, 3> 0, M > max(a™!,571). Then

¥io (M) + W3 (M) = - 0*(aM) + 55 07(6M)
1
—aM)B(EM) - £ - o+
It is asserted by Nowak [15] that
(2.1) Va0 (M) = W (5.0 (M) +0O(1)

with implied constants depending on «, (3. Lemma 1 corrects this to
(2.2) \I/(aﬁ)(M) = —\I/(g@)(M) + O(l)

Proof of Lemma 1. The number of lattice points in the rectangle [1, aM]| x
[1,6M] is

(2.3) [aM][BM] = afM? — aMy(BM) — BMi(aM)
arp M w<o;M> ) w<ﬁ2M>

+ Y(aM)Y(BM) + 1/4.

We count these points in another way. The number of them in the triangle
1<z <aM,1<y< px/a, with weight % attached to those on the upper
edge, is

LM { {%} (o = (%)} - 1<;XM (52_71 - %) — Vo (M)

% (aM — p(aM) — 1/2)(aM — b(aM) +1/2)

2 (@M = Y(aM) — 1/2) = (o (M)

2
_ aﬁMQ 5 B aM
= — BMy(aM) + ng(OéM)—Eg—a—T
M 1
+% + 7~ Y (M).



Adding this to the corresponding expression with («, 3) interchanged, we
find that the right-hand side of (2.3) is equal to

B = aMU(IM) ~ IM(ab) + 5 (M) + - vl
o« B M (aM) | $(3M) 1
A R T B R

—V(a,8)(M) = ¥(ga)(M).
The lemma follows at once.

For f: I = [a,b] — R with continuous nowhere vanishing second deriva-
tive, we write g = f if f” < 0, g = —f if f” < 0. Let ¢ be the inverse
function of ¢’ and write

Glu,v) = G(fiu,v) =vg (¢ (=) ) +us (=)
for (u,v) € E(f), where
E(f) ={(u,v) :v >0, —vg'(a) <u < —vg'(b)}.

We also write, for M > 1,

and for integer h,

n
S(f M) = 3 e(hMf(52)).
nM-1lel
As usual, e(f) denotes e*7,
For a compact set D satisfying (H1)—(H3), we write

Np(z)= > 1,

(m,n)€xt/2D

Ni(x) = 1.
(m,n)€xl/2(D\C)



For x > 1, let
Pp(z) = Np(x) — m(D)x, Ph(x) = Ni(x) — m(D)x.

Lemma 2 Let D be a compact set satisfying (H1)-(H3). We may write
Pp(z), P5(z) in the form

Pp(z) =Y e;S(f;,v/x) +O(1),

Pp(x) = e;8*(f5,Vx) + O(1),
j=1
where J = O(1), e; € {—1,1} and f; : I; = [a;,b;] = R, b; > a; > 0
has f; mowhere vanishing and f]@) continuous. For each j, one of Cj(-l) =
{(. (@) s w € 1} or & = {(fi(w).w) sy € L} is C;.

Proof. This is given by Nowak [15], proof of Corollary 1. The formula (2.1)
is used there to interchange the role of the variables in counting lattice points
of D within a sector
x>0, y>0, &<g<&.
aq T (6]
The reader may verify that in this part of the argument, (2.1) should be
replaced by (2.2).

Lemma 3 (Reciprocation). Let Cy be an arc in R* given in polar coordinates
by

r=p(0), a<0<b, [a,0] CI0,27],
where p is positive and p™® is continuous. Suppose that the curvature of Cg
is nowhere 0, and no tangent to Cy passes through 0. Let (a(0), 5(6)) be the
point such that the tangent to Cy at the point P(0) with polar coordinates 6,

p(0) has equation
a(@)x + B0y = 1.

We write



Then R(Co) = {(a(f), 5(0)) : a < 0 < b} is a curve of nowhere zero
curvature which can be written in polar coordinates (R, ¢) as

(2.4 R=p(6) (c<¢<d)
No tangent to R(Cy) passes through the origin.

Proof. This is a variant of Lemma 4 of Huxley [8], where a = 0, b = 2.
Most of the proof needs no change. We have

sin(f + \) cos( + \)
2. = 7 i SO
(2:5) a(®) p(0)sin A\ 7 (6) p(0)sin X\’
where ) is the angle between the radius vector from 0 to P(6) and the tangent
at 0; by hypothesis, A # 0. The radii of curvature o1(#) of Cy and o3(6) of

R(Cy) are related by
o1(0)o(0) sin® A\(0) = 1,

and this shows that the curvature of R(Cp) is nowhere 0. The ‘self-reciprocal’
property is that the tangent to R(Cy) at («(f), £(f)) has equation

Ax + By =1,

where (A, B) = P(#). This tangent does not pass through 0.

The representation (2.4) simply requires that a half-line with initial point
at 0 never intersects R(Cy) more than once. If there is such a double inter-
section, it is an easy exercise in the intermediate value theorem to show that
another such half-line is tangent to R(Cy), which is absurd.

Lemma 4 Define G(u,v) = G(f;u,v) as above and let
Co=A{(z,g9(x)) :a <x <b}.

Suppose that Cy satisfies the hypotheses of Lemma 3. Then G(u,v) is homo-
geneous of order 1 on E(f) with constant sign, say e*. There are positive
constants ¢, co such that

(2.6) avVu? + 02 < |G(u,v)| < eovVu? + 02 on E(f).
The set of (u,v) in E(f) satisfying
|G (u,v)[ =1

is the curve e*R(Cp).



Proof. This is a variant of material in Nowak [15]. It is clear that G is
homogeneous of degree 1 on E(f). For (u,v) € E(f), there is a unique ¢
with

a<(C<h, g(Q) =,

o(-2)=c

Conversely each ¢ in I corresponds to a half-line of (u,v) in E(f) with ¢'(¢) =
—u/v. The equation of the tangent to Cy at (¢, g(()) is

y—3g(x=g(¢) —g'({)¢

=o(e(=3) o0 (-0)

(2.7) uzr + vy = G(u,v).

so that

that is

Since this tangent does not pass through 0, we obtain (2.6) for u? + v* = 1
by continuity of G, and the general case by homogeneity. By continuity, G
takes only one sign e* on E(f).

Suppose first that e* = 1. Let ¢ € [a,b]. The point (u,v) in E(f) with
—ufv = g/(C) and

(2.8) G(u,v) =1
is clearly R(C, g(C)), and as ¢ varies over I, R((, g(C)) varies over the curve
G(u,v) =1, v >0, —vg'(a) <u < —vg'(b)

as claimed.
Now suppose that e* = —1. The above argument goes through with slight
changes; we have
|G(u,v)[ =1

at the point —R((, g({)).
The relevance of G(f;u,v) to Theorem 2 will be seen below when the van
der Corput B-process is applied to exponential sums arising from Lemma 2.

Lemma 5 Let Cy be as in Lemma 4. There is a compact set D satisfying
(H1)-(H/) such that Cy is one of the arcs Cy,...,Cy of C = ID.

10



Proof. We can extend g to an interval [a — n, b+ 7], with n > 0, so that g
is continuous and ¢” # 0 on [a — 1, b + 7], and no tangent to the curve

Qo = {(z,9(z)) 1z € [a—n,b+n}

passes through 0. We can arrange that ¢'(a — n), ¢'(b + n) are rational by

reducing 7.
We can now readily construct four circular arcs @y, ..., Q4 such that
(i) Qo,@1,-..,Q4 are nonoverlapping and together form a simple closed

curve C that encloses 0O;
(ii) the tangents at the endpoints of Q1, ..., Q4 have rational slope.

The compact set D whose boundary is C has the required properties.

Lemma 6 Let &, & be finite sets in Z* and F;: & —R. Let
Sila) = " e(Fj(h,0)a).
(h,0)€E;
Let 6 > 0. The number of solutions N = N (Fy, F5,8) of
(29) |F1(h1,€1) — Fg(h2,€2)| < 5, (hj,gj) S gj

satisfies

1/26
N« (5/ 151 () Sy () |dar.

1/26
]fgl = 82, F1 = FQ, then

1/26

N> 5/ 191 () 2dar.
—1/26

The implied constants are absolute.

Proof. This is a variant of Lemma 2.1 of Watt [19]. Let

sin ra

sinca =

(a €R, a#0), sincO0 =1,

wa

A(a) = max(0,1 — |al).

11



Then

sinc?a = /00 A(b)e(ab)db, A(b) = /OO sinc?b e(ab)db.

—00 —00

Now sinc?a > 0 and, for |a| < 1/2, sinc’a > 4/72. Hence

N Y Y T (LR - Rt

(h1,£1)€€1 (h2,l2)€€2

- % 5 / " A260)S) () Sa(@) da

o0

(after an interchange of summation and integration, and a change of vari-

able). Clearly

71.2 1/26
NS ?5/ |81(Oé)5’2(05)|d04.

1/26
Suppose now that & = &, F; = F5. Then

N > Z Z A (% (Fi(hy,t1) — Fl(h2,€2)))

(h1,1)€€E1 (ha,l2)EES

= 5/ sinc?(0a) |S1(a)*d o
4 1/26 )
2—5/ S1(a)|“da.
S0 IS

Lemma 7 In the notation of Lemma 6, for any K > 0,

5 1/2
N(F17CF2,5) <<K N(F17F1,5)1/2N (FQ,FQ, H)

if K71 <] < K.

12



Proof. By Lemma 6 and the Cauchy-Schwarz inequality,

1/26

N(Fy, Py, 5) <<5/ 151(0) Ss(c @) |dor

1/26

125 1/2 l/25 12
<Kk <5/ |51(a)|2da) (5/ |52(04)|2da>
—1/25 —lel/26

|5| 1/2
<<KN(F1,F1,(5>1/2N (FQ,FQ, ) .

c
Lemma 8 Let 7 > 1 and suppose that the number of solutions Np(X, A) of
(1.3) satisfies
(2.10) Np(X,A) <, 14+ X7 + AX?

whenever D is a compact set satisfying (H1)-(H4). Then the number of
solutions of

(2.11) Qm) =p X, 0<Q(n) —Q(m) < AX
18
<p, 1+ X" +AX?
whenever X >0, A >0 and D is a compact set satisfying (H1)-(H3).

In the following proof, implied constants may have the same dependencies
as those in the conclusion of the lemma. We use this convention in subsequent
proofs also.

Proof. Let D be given satisfying (H1)—(H3). Choose fi,..., f; as in Lemma
2 and fix j. As a consequence of Lemma 5, there is a compact set D* satisfying
(H1)-(H4) such that C; is a arc of C* = 0D*. Let L;, Ly be line segments
joining O to the endpoints of C; and let £; be the part of D bounded by L,
Ly, C;. Since &; C D*, the number of solutions of (1.3) with

m € XV2r28; n e X202,
X2r71 < Q(m) < X2°,
is X2t < Q(n) < X2°
KT+ XT+AX? <1+ X"+ AX?

13



for any integer p < 1. By Lemma 7, the number of solutions Nj ., , of (1.3)
with

m e XV2r28, X7l < Q(m) < X2P,

n € X1/?21%8, X211 < Q(n) < X2¢

is also

<14+ X +AX2

when p < 1, ¢ < 1.
We may evidently suppose that A < 1. The number of solutions of (2.11)

is
J o J
<2202 D Nikna
P qg J=1 k=1
with summation extending over a bounded set of (p, q). Lemma 8 follows at
once.

Lemma 9 Let K > 0. Let 7 > 1 and suppose that the number of solutions
of (1.3) is
<p, 1+ X" +AX?

whenever X >0, A >0, and D is a compact set satisfying (H1)-(H4). Let
D be given satisfying (H1)-(H3) and let fi,..., f; be as in Lemma 2. Let
H > 1. Then the number of solutions of

’G<fj;£1, hl) + CG(fk,gg, h2)| < AH
with
(glyhl) < E(fj) mZZ, hl ij H
(fg,hg) € E(fk> N Z27 ho =f H

18
<Lp,rK H> + AH?
provided that K—' < |c| < K.

14



Proof. By Lemma 7, we need only prove this in the case j =k, |¢| = 1. To
avoid trivialities we need only bound the number of solutions of

(212) | ’G(f],gl,hl)’ — ’G(f],gg,hg)’ | < AH, hy =< H, he < H.

By Lemma 7 again, we can restrict ({1, h1) and (f2, hy) in (2.12) to a section
S in such a way that the curve Cg given by

(2.13) |G(fju,v)| =1, (u,v)e€S

can be written {(z,h(z)) : ¢ < x < d} or {(h(z),z) : ¢ < z < d}. Now
Lemma 5 (in conjunction with Lemmas 3, 4) provides a compact set D*
satisfying (H1)—(H4) such that Cg is an arc of 9D*.

For (u,v) € S, we have

G (f;u,v)| = Q(D%; (u,v)) "2

To see this, define 7 > 0 by % (u,v) € Cg, so that
pin = [o(r2 91
Q( 7(11/’,1})) T ) f’T’T

Then
Gfsu) =7|G (£2.2) | =7 = QD" (wv)) 2

Now (2.12) implies
Q(D*; 41, h)) < H?,
Q(D*; £y, hy)) — Q(D*; (£, ) < H(AH) = AH?.

There are
<1+ (H*)"+A(H?)? < H” + AH*

such quadruples ¢1, hq, s, ho.

Lemma 10 Let L > 1. There are trigonometric polynomials

Ply)= Y anelhy), an<|h|™"

0<|h|<L

15



and

Q)= bue(hy) , by < L7

hl<L
such that
(2.14) [¥(y) — P(y)]l < Q(y)
and
(2.15) V" (y) — Py)] < Q(y).

Proof. See Vaaler [18] (also the appendix to Graham and Kolesnik [5]) for
(2.14); the inequality (2.15) follows by a limit argument.

Lemma 10 reduces the study of S(f, M), S*(f, M) to that of S,(f, M).
We quote the result of applying the B-process to Sy (f, M) from Kiihleitner
and Nowak [11].

Lemma 11 Suppose that h > 0, f® : I — R, f¥ is continuous on I and
@ is never 0. In the notation introduced above,

M1/2 " 1
—hg/<me—ha'(@) /9" (& (=)

+ O(rp(a) + ri(b) + log 2M)

for M > 1. Here Y." indicates that values m = —hg'(b), m = —hg'(a)
correspond to terms with weight %;

if hg'(c)eZ
Th(c):{o f hg'(c) €

1 1 M1/2 )
R <m’ Hiz ) otherwise.

In particular, the error term in (2.16) is O(log2M) when f’(a) and f'(b)
are rational.

The theory of the Riemann-Stieltjes integral used in the following lemma
(and subsequently) is the version expounded in Apostol [1, Chapter 9]. In
particular, the integral

I = / " g(w)dh(u)

16



exists if h : [v,w] — C is the sum of a continuous function and a step
function continuous from the right, while ¢ : [v,w] — C is a function of
bounded variation continuous from the left. When I, exists for given bounded
functions g, h on [v,w], so too does

L= [ gt

and
w

L +1, = h(u)g(u)’ .

v

Lemma 12 Let D be as in Theorem 3. Let X > 1. Let g, k be left-
continuous functions of bounded variation on [X,2X]. Then
2X

(i) g(w)dPp(w) < [|g]looX .

(i) If |g(w)| < k(w), then

[ otwarntw) < [ Ky +

X X

[ swrarntu)|

X

(111) If g is continuously differentiable, then

/X " g(w)dPp(w) < ||g]leX*® + ’ /X - g/(w)PD(w)dw' ,

The sup norm is taken over [X,2X].
Proof. (i) This follows at once from

2X 2X

)+ [ gw)iN(w),

X

211 [ gwirte) = -mip) [

X X

since

/ g(w)d%(w)\ < gl N (2X) — Np(X)).

X

17



(ii) From (2.17),

[ ()Pt < m(D) [ Kt [ Kw)iNo(w

X X X

—om(®) [ bwpdw s [ kwparow)

X X

(iii) The estimate ||Pplloc < X'/? is due to van der Corput [4]. (Note that
this implies || P3|l < X'/3.) We shall not need later refinements (the most
recent is in Huxley [9]).

Now

/2X g(w)dPp(w) = g(w)PD(w)‘QX - /2X g'(w) Pp(w)dw

b's X X
2X
< gl X + ‘/ g’<w>PD<w>dw‘ |
X

The following lemma can be found in Titchmarsh [17] and Graham and
Kolesnik [5].

Lemma 13 Let F' be a real differentiable function on [a,b] and G(w) a real
continuous function on [a,b]. Suppose that F'(w)/G(w) is monotonic and

F'(w)/G(w) >m >0

or

F'(w)/G(w) <—m <0
on [a,b]. Then

/G(w)e(F(w))dw < —.

We now state a proposition that can be used twice to obtain Theorem 3.

Proposition Suppose that
Np(X,A) <p, 1+ X7+ AX?

for some T > 6/5+ € and all compact sets D with the properties (H1)-(H3).
Then for 0 <n <1/11, 7 —n >6/5 + €, we have

(2.18) Np(X,A) <pre 14+ X774+ AX?

18



for all compact sets D with the properties (H1)—-(H3).

To deduce Theorem 3, we observe that the hypothesis of the proposition
holds for 7 = 4/3, since for fixed m, the number of solutions of (1.3) is

< Np(Q(m) + AX) — Np(Q(m) — AX)
<p X3+ AX

by the result of [4]. We apply the proposition to show that the hypothesis
of the proposition holds for 7 =4/3 — 1/11. Applying the proposition again
with n =4/3 —1/11 — (6/5 + €), we obtain

No(X,A) <p 1+ X051 AX?
whenever D is a compact set with the properties (H1)-(H3).
Proof of the Proposition. In view of Lemma 8, we need only prove (2.18)

for a compact set D with the properties (H1)-(H4). Write Q(m) = Q(D; m).
The number of solutions of (1.3) can be written in the form

Y {NB(Q(m) + AX) — Np(Q(m))}

X<Q(m)<2X

_ /X (Np(w + AX) — Ny (w)}dNp(w)

2X 2X
_ / m(D)AXdNp(w) + / (Ph(w + AX) — Ph(w))dNp(w).
X X
Thus is suffices to show that
2X
(2.19) / (Ph(w+ AX) — Ph(w))dw < AX?
X
and
2X
(2.20) / Pi(wn)dPp(w) < X7+ AX2.
X

where w; =w +7, v € {0,AX}.
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The bound (2.19) gives no trouble. We have

/X (P £ AX) - Pr(w))de

2X+AX 2X
:/ P{;(u))dw—/ P (w)dw

X4+AX X
2X+AX X+AX
= (/ —/ > Pp(w)dw < XPAX.
2X X

Turning to (2.20), we rewrite the result of Lemma 2 as
J
Pp(w) = e;8"(fj:v/) + F(w),
j=1

where F(w) is a left-continuous function of bounded variation on [X,2X],
and

Since

/ )P < X

from Lemma 12 (i), we need only prove that

2X
(2.21) /X S*(f, /w1)dPp(w) < X7+ XA

whenever f = fp : [a,b] — R with f® continuous, f® is nowhere 0, and
f'(a), f'(b) are rational.
We apply Lemma 10 with

L= X327
Writing
g1(w) = S*(f,/@1); g2lw) = Y anSu(f, /1)
0<|h|<L
and

k@) = 5 bSa(f, Vi),

IhI<L
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so that
[91(w) = g2(w)| < k(w),

Lemma 7 (ii) gives

(22) [ nare) - [ pars)
< /X 7 hw)do + /X k)P

The contribution to the right-hand side of (2.22) from by Sy(f, /w1) is
< X3/2L71 < XT

from Lemma 12 (i).
We now apply Lemma 11. We see that it suffices to show that

2X
/ Ew)dlN(w) < X"+ AX?
X

where dI'(w) denotes either of dw, dPp(w) and

Bw) =w/" Y n7? > k(h, O)e(+wi*G (0, h))

0<h<L —hg'(a)<l<—hg'(b)
+ O((log X)?).

Here G(¢,h) = G(f; ¢, h) and |k(h,l)] < 1.
The integrals arising from the O((log X)?) term in the expression for E(w)
are

O(X (log X)?)

by Lemma 12 (i), which is satisfactory. By a splitting-up argument, we need
only show that, for either choice of dI'(w),

(2.23) H3/?

2X
/X WMe(W2G (0, B))dT (w)
(h0)eE

< XT—n—e _I__XQ—EA‘
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Here we may suppose that e is sufficiently small, and we have
(2.24) % < H < X372+,

we define & = E(f, H) by

(2.25) E={(h,0)€Z* . h~H, —hg'(a) <l < —hg(b)}.

The case dI'(w) = dw of (2.23) is immediate from Lemma 13. The left-
hand side of (2.23) is

< H1/2X1/4<X—1/2H)—1 < X3/4.
For dI'(w) = dPp(w), we appeal to Lemma 12 (iii):

(2.26) / 7 (WG (0, h))dPp(w)

2X
< XMAE / wy Me(wy*G(L, h)) Pp(w)dw
X

+ .

2X
/ wi TG0, h)e(w2G(L, b)) Pp(w)dw
X

The second term on the right-hand side of (2.26) is also O(X/4*1/3) so that
together with the first term the corresponding contribution to the left-hand
side of (2.23) is

O(HY2XT/12) = O(X3/4+T/12-7/2+0/2)
=O0(X7")
since 7 —1n > g > % (% + %) Thus we must show that

H71/2 Z

(h£)EE

2X
/ wi M e(wl G0, 1)) Pp(w)dw| < X771 + X> A
X

We apply Lemma 2 again, noting that

H—1/2
(h0)eE

/XQX wi e(w PG h>>0<1>dw'

< H32X3/4 o X3-37/243n/2

< X’r—n—e’
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since 5 5
T n
—— >3 .
5 T =0T

Thus we must show that, with f; : [a1, 0] — R a function (depending on D)
having the properties ascribed to f,

(2.27) H1/?
(h£)EE

2X
/X WV e (WV2G (h, 0)S( fr) v/)dw

< X TN +X2—EA'
We apply Lemma 10 again, with

Ll — H3/2X5/4—7'+7]+6

in place of L. We obtain

(2.28) /X wi (w2 G0, R)S(f1, w)dw

2X
< / o e@ 2GR Y awS(fi V@) dw
X

0<|h/|<Ly
2X i
—|—/ W1 Z bh/Sh/(fl,\/a)dw.
X |h|<Ly

The contribution to the right-hand side of (2.28) from by is O(X*>/4L).
In bounding the left-hand side of (2.27), this gives rise to a contribution

< H3PXPALTE = x7ne,

After a further splitting-up argument, it suffices to show that

a0 | [T e G n) Y s, Vo
X

h'=<K

(h,0)eE

< XT—77—2€ 4 X2—25A

whenever K € [1, L], ¢y < K~ and 3 € {0,1}.
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We apply Lemma 11 once more. The error O(log2M) yields a contribu-
tion to the left-hand side of (2.29) that is

2X
<<H3/2/ wl_l/4ZK_1logxdw
X

h'<K

< H32X3 M og X « X772

since 5 5 5
T €
o >34+ =
2 2 + 2
It remains to show that
(2.30)
HOPESE Sy / WMe( Bt Qe ) + WG (E ) ) dw
(ho)ee (' e)es /X

< XT—n—Qe +X2—25A

for € {0,1,—1}. Here, with g = £ f; having ¢/ < 0,

E={W.0)el? I ~K

—hgi(ar) <0 < =h'g'(b)},
and Gy (u,v) =

G(f1;u,v), while

DO | —
IN
=
VAN
&

Now in (2.30),
i <ﬁw1/2 (& h) +w1/2G1(€’,h’)> > Xfl/QK
dw

unless

(2.31) B=4+1, Hx=K.

If (2.31) does not hold, the left-hand side of (2.30) i
< H3/2K1/2(X—1/2K)—1 < H3/2X1/2,

which we have already seen is acceptable.
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Suppose now that 6 = +1 and H < K. The contribution to the left-hand

side of (2.30) from quadruples with
(2.32) G(l,h) — G (¢',h) < AH
is estimated via Lemma 9, using a trivial bound for the integral, as
(2.33) H'VPK3PX(H? + H*A)
< H" 72X + H*XA

< X(3/27T+n)(2772)+1 +X4727‘+2nA.

Now
4—-214+2n<4-12/5<2— 2e.

Moreover

3
(§—T—|—77) (271 —2)+1 =57 — 272 + (21 —2) — 2
ST_U_2€7

since 7 > 6/5 4,

6 6 2
(2.34) 47’—27’2—2<4(g—|—77)—2(5+77) -9

Ay 2 51
2 O s (27 — 1) — 2.
5 o5 = g desm@r—1) -2

This shows that the bound in (2.33) is satisfactory.

If « =41, H = K and (2.32) does not hold, say |G(¢,h) — G(¢', )| >

CAH,C =C(D) > 0, then

d 1/2 '’ 12
- (G(E,h)wl G (W, 0w )

1
= ‘5 (G(h, 0) — Gi(W, ) w2 + O(AHX/?)

> |G(h,0) — Gy(W, 0)| X Y2
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Consider the contribution to the left-hand side of (2.30) from quadruples
with
SH < |G(h,0) — Gy (I, )| < 26H,

where § = CA2*1 k' =1,2,..., 6 < 1. This contribution is
< H™Y(H¥ + H*) min(X, 0HX V%)™
< H"2X 4+ HX'?,

Summing over O(log X) values of A, the quadruples for which (2.32) fails
contribute
< H" %X log X + HX"?1og X.

The second term was shown earlier to be satisfactory, and the calculation
leading to (2.34) gives the same outcome for the first term. This completes
the proof of the proposition.

Proof of Theorem 4. By a splitting-up argument and Minkowski’s in-
equality, it suffices to show that

(2.35) [ Y am

Q(m)~X

The left-hand side of (2.35) is

2
dt < T 2,

(2.36) > > (Q(H)Q(m))_”/T (Q(m)/Q(n))"dt
QUmy~X Q)X
9% . 1
<4X ; ; min (T, @) :

QUm)~X Q(m)<Q(n)<X Qlm)

(log %) B <4

Those m, n with

contribute

2
< X—ZU{ Z 1} < X2—20' < T

n
Q(n)<2X
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to the left-hand side of (2.36).
For 4 <U <T, let

MU) =[{(m,n) : X <Q(m) < Q(n) <2X,
(log Q(n)/Q(m))~" = U},

where | ...| denotes cardinality and we agree that (log1)™' > U. If (m,n)
is counted in M (U),
U Q(m) 2X
5 = < ;
27 Q) -Q(m) ~ Qn) —Q(m)
4
0<Q(n)—Q(m) < Nl

By Theorem 3,
M(U) < X8/5+</3 4 y=1X2,

A splitting-up argument now yields the following bound for the left-hand
side of (2.36):

<T+ Y X *UMU)

U=2—*T>4
< T 4 (XO/5+e/3=20 4 x2-20) 150 T
since £ = 0,1,2,... runs over O(logT') values. The last upper bound is
< TV

since X272 < T and X0/5+¢/3-20 < X¢/3 « T?¢/3 This completes the proof
of Theorem 4.

§3 Proof of Theorem 2.

The following simple result is Lemma 5 of [3].

Lemma 14 Let A > 0, A< B <2A, C>2, C <D <2C. Let f be a
bounded measurable function on [A, B]. Then

/C } /A " o)t

2 B

dt < AlogC/ |f(z)*dx.
A
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Lemma 15 Let F : [c,d] — R. Suppose F is continuously differentiable and
|F'(u)| > k|u| (¢ <u<d) for some k > 0. Then for v > 0,

B={ueled): |Fu)] <)
is the union of at most 2 intervals of length Oy (v'/?).
Proof. Suppose first that ¢ > 0. After changing the sign of F if necessary,
F'(u) > ku>0 on (c,d].
Clearly {u € [¢,d] : —y < F(u) < v} is empty or is a single interval with
endpoints C'; D say. Moreover,

272F(D)—F(C’):/CDF'(u)duzk/CDudu
k

=5 (D=0 =

D —C < 24212,

DO | T

(D - 0)27

If ¢ < 0, we treat the interval [c, min(d,0)] in the same way by replacing
F(u) by F(—u). This completes the proof.

Lemma 16 Let Y > 1, L > Y3. Let f : [a,b] — R and suppose that f" is
continuous and never 0. Let

i) =g X 3 (' ()
nw=1/2€[a,b] 0<|h|<L
Then

(3.1) / IS(f, /@) — Si(w)Pdw < Y.

Y
Proof. The left-hand side of (3.1) is at most

2

2Y e w1/2
(32 2 [ ooy - Y L0 g,

v 0L 2mih
2y
+2/ Z Gn(W)gn(w)| dw
%

n€laY1/2,p(2Y)1/2]
n>0
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(where the first summand may be omitted if a > 0). Here

e (hw'?f (2
Gu(w) =) ( zm‘igw ) ’
|h|>L
{1 if nw=1/2 € [a, b]

0 otherwise.

gn(w) =

The first summand in (3.2) is O(Y) by the bounded convergence of the
Fourier series of 1. Applying Minkowski’s inequality, it suffices to show that,
writing I(n) = {w € [V, 2Y] : 15 € [a, 0]},

(3.3) > / w)|Pdw < Y2,
n€(aY1/2 p(2Y)1/2]

We begin the proof of (3.3) by noting that

(3.4 / 12 >

|h|>L
by Parseval’s equality on any interval of length 1. We now fix n € (aY'/2,b(2Y)"/?]
and write I = I(n). Let I; be the set of w in I for which

& (s G| =

the positive number 3 will be chosen below. We shall see that [; is the
union of at most three intervals, on each of which the derivative in (3.5) has
constant sign. It follows from (3.4) that

Zy— 21+ 1

d
z KL I

(ZQ > Zl),

(3.5)

d Yl/?
2| @ 1/2
(GBI (2 (5)) | e < =
so that ”
Y Y
" 2d - =
Gl de < Ty = 15
Now

2o (@ (GR)) =g () - i () -
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We observe that

d

o 00 = ) = = af "] = ol on f 0],
where k = k(f) > 0. By Lemma 15, I'\/; may be written

n
I\[lz{we[:meE},
where E is the union of at most two intervals of length O(3'/2?) with endpoints
between (2Y7;1 7z and 3775 It may readily be verified that I\ I is the union of at

most two intervals of length O (YS/ﬁﬁ 1/2) . Again using bounded convergence,

y3/231/2
/ G ()2 <« TP
N n|

Choosing 3 = Y ~Y3L=2/3|n|?/3 we see that

y4/3
2

Thus the left-hand side of (3.3) is

Y4/3 Y3/2
< > TRTEITTEL < <Y
1<|n|<b(2Y)1/2 "

This completes the proof of the lemma.

Proof of Theorem 2. Let 0 > 1. We have, for X > 0,

(36) Zo(s)= 3 QUm)~+ /deD(“’)

Q(m)<X x oW
o0 &) P
= 3 Qmy D) [waes [
Q(m)<X X x oW
_ s, m(D)X'*  Pp(X) /OO Pp(w)dw
- Q(m)<X oim) s—1 X e X wstt
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Using Pp(w) < w'/3, this formula provides the analytic continuation of Zp(s)
to the half-plane o > 1/3; we note the simple pole at 1 with residue m(D).
Let T'> 2. In proving Theorem 2, we may suppose that 3/5 < o < 3/4.
Define X by
Xt =T

Note that X2720 < X?+Y/4 = T. From the last expression in (3.6),

2T
/ yZD(a+z't)|2dt<<T+/ Z Q(m)~ 7"

T
T2 2T o0 PD (w) p 2 i
+ T x wo‘+it+l w L.

In view of Theorem 4, we need only show that

2

2T [ee) 2
Pp(u}) —14€
(3.7) /T /X o0 | ar T
Let o
! Pp<w) .
F}(t) = /Xle w0'+it+1 dw (.7 Z 1)
It suffices to show that
or
(3.5) | IB@pd <7 G2,
T

For then (3.7) follows from Cauchy’s inequality:

/T2T t) th < /;T <§:j_2> (ijQIFj(t)F) dt

<Z/ JF()Pdt < T~

Arguments of the following kind will be used implicitly. Suppose that

K
F; =Y Fu, K=0((logT)")

k=1
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for an absolute constant C. Then

2T or K
/T Fy (0t < K / SO F(t) Pt
k=1

T

Thus to prove (3.8) it suffices to show that
2T
/ [Fip()Pdt < T7H2570 (1< k < K).
T

(It is harmless to split Fj into O((logT)®) parts.)
We begin by noting that if G(w) is a bounded measurable function on

J(j) = [X271, X2],
then

2T G(w)
vy [

from Lemma 14. In particular, if G(w) = O(T/%), the last quantity is

2
dt < log T(X27)727||G||%,

< T_1+6/2j_4-

Recalling Lemma 2, we need only show that
2T
S
(3.10) / / SU V),
T J(5)

o Fitt]
where fp = f: I = [a,b] — R, f is continuous, f® is never 0, and f(a),
f'(b) are rational.

In the notation of Lemma 16, with L = (X27)Y?, we have

/” [ SUyo,,
T J ()

2
dt < T—1+Ej—4

2

dt

w0+it+1

<2/2T / SU V) = 510) g L g
- T J6) wU+Zt+1
2T 2
Sp(w)
+2/ / ' de dt
T J(7)
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The first summand on the right is
< (X2 logT < T—1He22%17,

by Lemma 14 in tandem with Lemma 16. It remains to show that

2T SL ( w)
i1 W
T VG Y
We apply a splitting-up argument to the variable h in Sy (w), followed by
Lemma 11. The integral corresponding to the term

2
dt < T71Te=,

S” O(h] " og T) = O((log T)?)

|h|l~H

that arises from (2.16) can be bounded satisfactorily via the estimate (3.9).
Thus it remains to show that

(3.11) H3 /TQT

2

dt

/ WS (B, £)e(G (L, h)w' ) dw
J(5) (

h,0)EE

< T*H€/2j74

with £ as in (2.25), [b(h,£)] <1, and o € {—1,1}. Here 1 < H < (X27)3.
Now

dw 2

< ( L LT h)w1/2> ‘

= ‘—a—t + % G, h)w™ /2

H(X29)~1/?
2w > ( )

unless a = e* (the sign of G) and
T(X2) ' = H(X2)~1/2
that is,

(3.12) H = T(X2)7Y2
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Suppose for a moment that either av # e* or that (3.12) does not hold.
Lemma 13 yields

/ wfafait73/4e(G(€ h) 1/2>d
J(5)

< (X))~ Vieg-t,
Since |£|* < H*, the left-hand side of (3.11) is
< H'T(X27)7 122
< T 1

from the definition of X.
Now suppose that a = e* and that (3.12) holds. The left-hand side of
(3.11) is estimated via Lemma 14 as

(3.13)

< H3X2logT / w2032 dw

J(5)

> (G h)w'?)

(h0)EE

< H3X9 log T Z Z / —20-3/2, 1/2(G(h1,€1) _ G(hQ,Eg)))dw.

(h1,01)€E (hat2)EE

Consider first the contribution to the right-hand side of (3.13) from
quadruples hq, £, hq, {5 with

|G(€1, hy) — G(la, hy)| < H/®.

There are O(H'2/5+</4) such quadruples, by Theorem 3 and Lemma 9. Esti-
mating the integral trivially, these quadruples contribute

< H™3/Fe/A X9 Jog T(X29) 201/
< <X2j)720'+1/2H73/5T6/2
<« (X20)20HA/5P=3/5+e/2 o p-lte/2—4

since
(X2])2a 4/5 - (X2])2/5(0+1/4) > T2/5 4
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Now consider the contribution to the right-hand side of (3.11) from quadru-

ples with
0H < |G(ly, h1) — G(La, ho)| < 20H,

where § = H=8/52F1 | =1,2,..., 6§ < 1. There are O(§H*) such quadru-
ples, again by Theorem 3 and Lemma 9. Estimating the integral via Lemma
13, these quadruples contribute

< OH X2 log T(X29)~2=3/2(§ H)~1 (X 27)1/?
< (X2 logT < T4
Thus quadruples with
|G(€y, hy) — G(ly, hy)| > H™¥/5

contribute O(T~1¢/2j=4) to the right-hand side of (3.13). This completes
the proof of Theorem 2.

84 Proof of Theorem 1.

For the convenience of the reader, we repeat some arguments from Huxley
and Nowak [10] without much change. Let y = y(z) be a large positive
number, y(x) < /2, to be chosen below. We have

(41) Ap(z)= > 1

0<Q(m1,mz)<z
ged (mi1,ma)=1

= ) > u(d)

0<Q(mi,m2)<z d|mi,d|ms

= St ()

_ ;,u(d)PD (?) + gu(d)PD (?) - m(D)xi Mc(zg)

= Fi(x) + Ey(z) + % m(D)z,
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say.
We now quote a formula of Perron type from [10]:

(42) Y udNp (%) L /3 " e(s) fy(zs)§d5+0(x1/3+6).

2T <
d>y —iad

Here

) = - 30 A,

(s) 2= m?

Since we assume R. H., we have

. pn —o+e €
(43) o vty = 37 B ey 4 1)
n>y

for 0 > 1/2 + €. This is obtained by a slight variant of the proof of [17,
Theorem 14.25(A)].

By a slight adaptation of the application of the residue theorem in §4 of
[10], we find that

1 3+iz8 :L,s
(44) % s ZD(S)fy(QS);dS
L RSt mD)af(2) 4 O)
=i ) (s)fy(25) — +m(D)zfy :

5

We may combine (4.2) and (4.4) to obtain

Ba(w) = 3 u(d)No (3) = m(D)zf,(2)

d>y
3 1.5
1 5z 8
= — Z 25) — 1/3+€ '
2mi Js ;.5 p(s)fy(25) . ds + O(x'/77)

5

After a splitting-up argument and an application of (4.3),

or
Ey(z) < y/?76/53/5%</2 (Tl/ | Zp(o +it)| dt + 1) + gl/3te
T
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for some T, 2 < T < 2°. By Theorem 2 and Cauchy’s inequality,
By(z) < y~T/103/54e | 1 3 e

We choose y so that y~7/1023/5> = 25/13 that is,

y = 2413

It remains to show that
El([E) < £E5/13+€.

With the notation of Lemma 2, we have an expression of the form
J 21/2
= Zﬂ(d) Z €;S <fja 7) +O(y)-
d<y Jj=1
Accordingly, it suffices to show that, for D € [1/2, ],
'/ 5/13+¢/2

4.5 S| f,— | <Kz ¢
(45) S was (157

whenever fp = f : I = [a,b] — R, f* is continuous, f® is never 0, and
f'(a), f'(b) are rational.
We apply Lemma 10, with L = x

(4.6) Zu(d)5< ) > > n a’“‘Sh( %/2>

d~D d~D 0<|h|<L

21/?
o(Z > S (f,T) )
d~D |h|<L

By the choice of L, the contribution to the right-hand side of (4.6) from
bo is O(2°/13). T now show that

L1/2
(4.7) Z Z CLhSh ( ] ) < 2P/13+¢/2.

d~D 0<|h|<L

1/2-5/13 _ ,.3/26.

It will be clear from the discussion that the proof of

L1/2
Z Z bS), (f’ 7) < l,5/13+6/2

d~D 0<|h|<L
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is simpler. So once we prove (4.7), the proof of Theorem 1 will be complete.
By a splitting-up argument, it suffices to show that

2172
(4.8) Z ap, Z (d)Sh (ﬁ T) < g5/13+¢/3

h~H d~D

whenever

1
(4.9) ap < H™', = < H < 2%/,

< D < g1,
5 <

N | —

We apply the B-process (Lemma 11). The contribution from the term
O(log2M) to the left-hand side of (4.8) is

< Z ht Z logz < ¥/ log z.
h~H — d~D
We have thus reduced the proof to showing that
-3/2 z \ /4 G(l,h)z'? 5/13+¢/3
(4100 HP2 S b)Y (ﬁ) u(d)e (T < 2P/1Hes3,

(h,0)EE d~D

with £ as in (2.25) and |c(h, 0)| < 1.
We first treat the case

(4.11) H > D/3y735/™
of (4.10) by a method similar to that of Zhai [21]. Let
2172
S= %m0y e (FEHEY,
(h0)eE d~D

where f; = “(‘fi)f/);/z < 1. Let @ be anatural number, we partition [-CH, CH|

(C' > 0,C = (D)) into subintervals Iy, ..., I of equal length. Thus

|S\<ZZ > e )e(%w)i.

q=1 d~D | G(t,h)€l,
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(Summation conditions (h,¢) € £ are implicit here and below.) Cauchy’s

inequality gives
Q
G, h)— G }K))
_ 2 ( 1/2
(4.12) |S|*< QD 5 E nge< g x

=1 G(th)El,
G(¢' h)el,

<QD >

(GEh)~G (e )| <2CH

. ( (Gl - G- ) /> ‘

d~D

For quadruples with
’G(ﬁ, h’) - G(€/7 h/)| < H73/57

we estimate

S(h,f, h/’gl) _ Z ¢ <G(€, h) - G(£’7 h/) le)

d
d~D
trivially. There are O(H'%/°*¢) such quadruples by Theorem 3 and Lemma
9, giving
(4.13) > S(ht,W ') < H?*FD
hoLR O

for these quadruples.
Now consider quadruples with
(4.14) OH < |G(¢,h) — G(l',h)| < 20H,
where § = H=%52F1 Lk =0,1,..., 6 < 2C/Q. For these quadruples, the
exponent pair (%, %) gives the estimate

SH /2

1/2
S(h, 6,0 ') < ( ) + (6Hz?D72)7L,
(See [5] for the theory of exponent pairs.) Again by Theorem 3 and Lemma
9, there are O(6H?) quadruples satisfying (4.14). For these quadruples,
SH 1/2
(415) > S(h 4 0) < 6H* ( ’
h 0

1/2
) + 0HY(6HzY? D)1
< Q_3/2H9/2x1/4D_1/2 + H3:- 122
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Note that
H3.Z'_1/2D2 < HlQ/SD,

since
HD <<I‘3/26+4/13 < I1/2.

Hence we can combine (4.12), (4.13) and (4.15) (summed over O(log z) values
of §) to obtain

|S|2 < QD(H12/5+6D + Q_3/2H9/2$1/4D_1/2 log ZE),
S < 2 /H(QVEDHSS 4 Q-VAHY VS DY),
Minimizing this expression over @) € [1,00) in the usual way, we obtain
S < DH6/5[E€/3 + (DH6/5)1/3<H9/4I1/8D1/4)2/3l’6/3
< a3 (DHYS 4 DV2EY9/10,1/12y
Accordingly, the left-hand side of (4.10) is
< H¥2D Y21/ e/3( D [g6/5 | pU2 p19/10,1/12)
By the lower bound (4.11) imposed on H,

H 310 DL/2,1/4%e/3 o 5/13+¢/3

Moreover,
2/51/3+e/3 o 148/300+¢/3 - ,5/13

from (4.9). This gives the desired bound in the case (4.11).
For the smaller values of H we need a lemma.

Lemma 17 Let H > 1, N > 1/2, A > 0. The number of solutions of

G(,h) G(,K)| AH
(4.16) . <=

with (h,0) € €, (W, ') e E, n~ N, n' ~ N is

O(H'"/* *Nlog2N + AH*N*).
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Proof. Let 1 < d < N. We estimate the number of solutions of (4.16)
with (n,n’) = d, say N(d). Fix such a pair n, n’. We apply Theorem 3 in
conjunction with Lemma 9, with ¢ = —*-. The number of quadruples &, /,
h', 0 satisfying (4.16) is

< H2/5+ 1 AHA

Summing over n,n’,

N\ 2
(4.17) N(d) < <E> (H'2/5% 1 AH*).
On the other hand, we may fix h, ¢, h’, ¢’ and observe that (4.16) implies
GW,h) n
4.1 - — A.
( 8) ’ G{(El7 h/) n/ <<

Since the n/n’ are spaced apart at least (N/d)~2, the number of solutions of
(4.18) is

P —
e
Summing over h, £, b/, V',
N(d) < H* + AH*N?d 2.
This can be combined with (4.17) to obtain
N(d) < HY> *Nd~! + AH*N?d~2.

Summing over d gives the bound claimed in the lemma.

Completion of the proof of Theorem 1. To prove (4.10) when
(4.19) H < D?3g=35/™8,
we use a standard decomposition of sums

> u(d)F(d)

d~D

(where F'is any complex function on [D,2D]); see [12] or [2]. The sum can
be decomposed into O(D%) sums of the forms

(I) Z amF(mn),
m~M,n~N
mn~D
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N> D*? | a,| < 1;

and
(II) Z b F'(mn),
m~M,n~N
mn~D
with

D'® < N < D"? Jam| <1, by <1.
In (4.10), we have

_ G, h)xt/?
d — 1/2 )
)=d ™' )" e(h, e (—d ,
(hL)eE
so that sums of type I take the form
g h) 1/2
S, = M—1/2 h é . —1/2
f 2 b)) am ) n o

(h,0)EE m~ M n~N
mn~D

with |a,,| < 1, and sums of type II take the form

S =D ¢(h) ZamZbe( )1/2),
(h,)eE m~M nNND

with |a,,| <1, |b,| < 1. We have to show that

(4.20) Sy < H3/2g5/13-1/44¢/6 _ pr3/2,7/52+¢/6

for N > D??, and

(4.21) Syy < HB/2T/324</6

for D'/? <« N <« D'Y2. The case that determines the exponent in Theorem

1 will turn out to be (4.21) with D = 2413, H = D>3273/™ and any N,
D'? < N < D2,
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We begin with (4.20). By a partial summation argument it suffices to
show that, for fixed (h, /) € &,

G(l, h)z'/?
4.22 D1/2 "\ [~ 1/2,7/52+¢/6
(4.22) > am Y e( — < x
m~ M N<n<u
mn~D

1/2

for u € [N,2N]. We apply Theorem 4 of [2] with a = 8 = —1, X < f2—
kK = A = 1/2. The left-hand side of (4.22) is

(423) < <log x)2D*1/2<DN*1/2 + DXL + <D6X2N72)1/8).

We observe that X > D2 > N, since z'/2 > D%?2. Since N > D?/3, the
bound in (4.23) is

< (logz)*(DYS 4 HY21/8 D=1/%),
Recalling (4.19),
DYS(H1/247/52)=1 « [,=35/156-7/52
< p13-35/156-7/52
Moreover,
HYAg M8 D=VB([=1/2,7/52)=1 o D13/12,-36/104 1

Thus (4.23) is a satisfactory bound and we pass on to (4.21).
By a standard device (see for example pp. 49-50 of Harman [6]) it suffices
to show that

1/2
(4.24) Sh = Z c(h,?) Z A, Z bne (M)
(h0)ee m~M  nN mn

< D1/2H3/2$7/52+6/7.

Let

H 1/24€/8
R = max (1, x—) .

NM?
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We partition [—OTH,C/TH} (where C" = C'(D) > 0) into R subintervals
Ji, ..., Jg of equal length. We have

SIS Y| S e (MM

nm
m~M r=1

Gleh) cJr

suppressing summation conditions (h,¢) € £, n ~ N here and below. By
Cauchy’s inequality,

(4.25) S, P < MR Y S(w)

r=1 G(h,t) G,
n K

n

eJr

<MR > S(v).

G(h,t) G4 <2C'H
n n/ — NR

Sw)y=Y e <(G(i, h) G, h’)) 931/2) |

n' m
m~M

By Lemma 17 there are O(H'%/5+Nlog4N) vectors v for which

GULB) G| _ s
n n'
Estimating S(v) trivially, we find that
(4.26) > S(w) < aSH'PNM

for these v.
Now consider those v with

oH ‘G(E,h) G )|  20H
— < <

~ < _

4.27
(4.27) . - Tk

where
§=HYSN"2k1 =12 ... 6§<20/R.
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Again by Lemma 17, there are O(§H*N?z/®) of these v. We can apply the
Kusmin-Landau estimate [5, Theorem 2.1] to obtain

SH /2 -1
S(v) < (WF) >

since

d ( (G(é, h) Gw,h')) 33'1/2) < SHa'/?

dm n n/ m N M?
H.Tl/Q g
<mp <o
Thus those v with (4.27) satisfy
SHzY/2\
(4.28) > S(v) < SH*N? ( N;\}Q ) ¢/

< Hz VPHBENS NP
< HSSNM

since
N2M << D3/2 < x1/2—6/8'

We conclude from (4.25), (4.26), (4.28) that

|S7,1> < RH'/PNM?z/®
< $6/4<H16/5NM2 + H21/5$1/2).

Since N > D3,
(429) S}I < $€/8(H8/5D5/6+H21/10,I‘1/4).
Now

H8/5D5/6<D1/2H3/2CC7/52)_1
— H1/10D1/3ZE—7/52

< DY2pmT/56-7/52 o pl/2,-2/13
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while
H21/10x1/4(D1/2H3/29:7/52)_1

— HFD243/26 < D/2,=2/13 <

Thus (4.29) is a satisfactory estimate for S7;, and the proof of Theorem 1 is
complete.

References

[1] T. M. Apostol, Mathematical Analysis, Addison Wesley 1957.

[2] R. C. Baker, Sums of two relatively prime cubes, Acta Arith. 129
(2007), 103-146.

[3] R. C. Baker, Sums of two relatively prime k-th powers, to appear.

[4] J. G. van der Corput, Uber Gitterpunkte in der Ebene, Math. Annalen
81 (1920), 1-20.

[5] S. W. Graham and G. Kolesnik, Van der Corput’s Method of Expo-
nential Sums, Cambridge University Press, 1991.

[6] G.Harman, Prime-detecting Sieves, Princeton University Press, 2007.

(7] D. Hensley, The number of lattice points within a contour and visible
from the origin, Pacific J. Math. 166 (1994), 295-304.

[8] M. N. Huxley, The mean lattice point discrepancy, Proc. Edinburgh
Math. Soc. 38 (1995), 525-531.

[9] M. N. Huxley, Exponential sums and lattice points. I1I, Proc. London
Math. Soc. 87 (2003), 591-6009.

[10] M. N. Huxley and W. G. Nowak, Primitive lattice points in convex
planar domains, Acta Arith. 76 (1996), 271-283.

[11] M. Kiihleitner and W. G. Nowak, The asymptotic behaviour of the
mean-square of fractional part sums, Proc. Edinburgh Math. Soc. 43
(2000), 309-323.

46



[12] H. L. Montgomery and R. C. Vaughan, The distribution of squarefree
numbers, Recent Progress in Analytic Number Theory, vol. 1, 247—
256, Academic Press 1981.

[13] B. Z. Moroz, On the number of primitive lattice points in plane do-
mains, Monatsh. Math. 99 (1985), 37-43.

[14] W. Miiller, Lattice points in convex planar domains: power moments
with an application to primitive lattice points, Proc. Number Theory
Conference (Vienna, 1996), 189-199.

[15] W. G. Nowak, Fractional part sums and lattice points, Proc. Edin-
burgh Math. Soc. 41 (1998), 497-515.

[16] O. Robert and P. Sargos, Three-dimensional exponential sums with
monomials, J. Reine Angew. Math. 591 (2006), 1-20.

[17] E. C. Titchmarsh, The Theory of the Riemann Zeta Function, 2nd ed.,
Oxford University Press, 1986.

(18] J. D. Vaaler, Some extremal problems in Fourier analysis, Bull. Amer.
Math. Soc. 12 (1985), 183-216.

[19] N. Watt, Ezponential sums and the Riemann zeta-function II, J. Lon-
don Math. Soc. 39 (1989), 385-404.

[20] J. Wu, On the primitive circle problem, Monatsh. Math. 135 (2002),
69-81.

[21] W. G. Zhai, On primitive lattice points in planar domains, Acta
Arith. 109 (2003), 1-26.

Department of Mathematics
Brigham Young University
Provo, UT 84602, U.S.A.

baker@math.byu.edu

47



