Sums of two relatively prime cubes

R. C. Baker

81 Introduction
Let V(z) be the number of solutions (u,v) in Z? of
ul + o <2, (wv) =1,

and let
A1) L,
m2I'(2/3)
be the error term in the asymptotic formula for V' (z).
Recent progress in estimating E(x) has been conditional on the Riemann
hypothesis (R.H.). It is known that, for any ¢ > 0,

E(x) = V()

(1'1) E(ZL‘) — O(I331/1254+e)

if R.H. holds (Zhai and Cao [26]). Earlier bounds are due to Moroz [15],
Nowak [19], Miiller and Nowak [16], Nowak [17, 18, 19] and Zhai [25]. I shall
prove

Theorem 1 We have, subject to R.H.,
(1.2) E(z) = O(a"*),
where 6§ = 9581 /36864.

For comparison,

331/1254 = 0.26395... , 9581/36864 = 0.25990... .

The correct exponent in this problem is likely to be 2/9 (see for example,
Zhai [25]), which would make (1.2) an improvement of over 9% on (1.1).
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In the first instance, the improvement depends on a decomposition of
sums

(1.3) > uln)fn)

D<n<D’

into ‘Type I’ and ‘Type II’ sums. The decomposition is a slight variant of
that of Heath-Brown [7] for sums

> An)f(n).

D<n<D’

Here the complex function f is arbitrary, and 1 < D < D’ < 2D. The
decomposition is more flexible than that of Montgomery and Vaughan [14],
which is used in [25, 26]. See §2 for details.

The second component of the method is a collection of exponential sum
estimates in two integer variables, which we assemble in §§3-5. It is helpful
to compare these, and the way they are applied, with [25], [26]. The proof
of Theorem 1 reduces to the upper estimation of the quantities E;(x), Ea(z)
introduced in §6. Theorem 2 is used to dispatch Es(x). When I wrote the
first version of this paper, this was a substantial improvement (based on [21])
of the treatment in Zhai [25]. While the first version was being refereed, I
found that Zhai and Cao [26] had given a similar treatment of Ey(z). Clearly,
then, the present paper is stronger than [26] through the treatment of E;(z).
Zhai and Cao use only one method to estimate Type II sums

S(M,N) =Y > ambye (%:)

m~M n~N
D<mn<D’

namely Theorem 2 of [1], a ‘three variable’ method. Since one of the variables
reduces to the value 1, a refinement of the theorem is possible (Theorem 6
below). I deploy three further estimates for Type II sums (Lemmas 5, 7 and
Theorem 5).

When it comes to Type I sums (b, = 1 in S(M, N)), Zhai and Cao treat
the variable m trivially. I supplement this with Theorems 4 and 8. Moreover,
the decomposition of (1.3) in [26] requires the Type II method to work for

N € [D'Y3 D?



and the Type I method only for the ‘easy’ range N > D?*/3. In contrast,
for a particular range of D in the relevant interval [z%3 202%-] T exam-
ine what ranges of N are accessible for Types I and II, and then choose a
‘decomposition result’ from §2 to take advantage of this information.

I now comment briefly on Theorems 3, 4, 5, 7 and 8. The approach
in Theorems 3-5 resembles [3], but the outcome is different because in [3] a
‘degeneracy’ occurs. Theorem 7 is essentially a generalization of [6], Theorem
6.12, while Theorem 8 is an application of Theorem 7 to Type I sums.

At one point in [6], there is an implicit use of a relation

Of _0fi

ouz — Ou

which I could not verify (see the appeal to Lemma 6.10 for Tj on page 84).
The proof of Theorem 6 bypasses this difficulty. The argument also allows
for another lacuna in [6]: the proof will not work unless R = /ZY/X > 1.
Hence, in optimizing the estimate

512 <<N2Z_1+FN1/1221/2+"'+F1/2N1/4YZ3/4

on page 85, extra terms FNY2X1V2y-1/2 p12N1/4Ay1/4X3/4 must appear.
(It should be emphasized that [6] is much clearer than any discussion of
similar two-dimensional sums elsewhere in the literature.)

In §6, I recapitulate from the literature a decomposition

E(r) = Ey(x) + Ea(x) + Es(x)

and use R.H. to dispatch F3(z), essentially as in [25]. The treatment of Ey(x)
is also contained in §6. In §7, I complete the proof of Theorem 1 with the
treatment of Ey(z).

We conclude this section with a few remarks on notation. We assume, as
we may, that e is sufficiently small. In later sections, real constants «, 3,y
appear.

The symbol ¢ is reserved for a sufficiently small positive constant depend-
ing at most on «, 3,v. Constants implied by ‘O’ and ‘<’ notations depend
at most on «a, 3,7 and also (in §§1, 2, 3, 6, 7) on €. We write A < B if

u

A< B A.

The cardinality of a finite set F is denoted by |E|. The symbol D always
denotes a large positive number, and D’ satisfies D < D' < 2D. We write
‘n ~ N7 as an abbreviation for ‘N <n < 2N’. We reserve the symbols 1, J
for bounded real intervals.



§2 Decomposition of sums involving the Mobius
function.

Let
Y = (2D)Y*,

where k is a natural number, k < e~!. Let

M(s) = Z uw(n)n=?.

n<Y

It is easy to verify the identify

1) =3 (1 (’?)asv-lM(s)J‘ () (1L = Cls)M(s))

J

This is nearly the same as (6) of [7], which we can recover from (2.1) by

multiplying by ¢'(s).

Since
o0

po) 1
o e

n=1

we can express the coefficient of f(n) in the sum

(2.2) S(f)y= > un)f(n)

D<n<D’

by picking out the coefficient of n=* on the right in (2.1). The last term
makes no contribution, since

L= ((s)M(s) = > a(n)n™,

n>Y

for suitable a(n). On splitting up the ranges of summation into ranges
(N,2N] (N > 1/2), we find that S(f) is a linear combination of O((log D)*~1)
sums of the form

(2.3) Z w(ng) ... p(nog—1) f(ny ... .nog—1),

ni~N;, D<ni..nop_1<D’



2k—1
where H N; < D and

=1
(2.4) IN; <Y ifi > k.

We may allow one or more of the N; to be 1/2; so that n; = 1. This
explains why £ is the same in (2.1), (2.3).
We now define a Type I sum to be a sum of the form

(2.5) S1 = S51(M, N) Z A, Z f(mn)
mn~M n~N
D<mn<D’
in which a,, < m* for every € > 0. A Type II sum is a sum of the form
(2.6) Sy =S(M,N) =" anbuf(mn)
m~M n~N

D<mn<D’

in which a,, < m¢, b, < n¢ for every € > 0.

Lemmal Let 0 <oy <<, a9 +--+a =1. For S C{l,...,r},
we write S" = {1,...,r}\S and

g = E Q4.

€S

(i) Let h be an integer, h > 3. Suppose that o, < 2/(h + 1). Then some
os € [1/h,2/(h + 1)].

(ii) Let A > 2/3 and suppose that o, < A\. Then some og € [1 — \,1/2].

(iti) Let p € (3, %],
7 = min(1 — 2p, 3/10).

Suppose that o, < p. Then some og € [1,1/3] U [2/5,1/2].

11 4y
> — .
(e max(35+5)

Suppose that o, < 2x. Then some og € [x,V].

(iv) Let x <1/5 and



Proof. In each case, we suppose that the conclusion is false and obtain a
contradiction.

(i) Let T be the set of i for which o; € [0, ;27 — +]. Then o < 1/h. For
otherwise, the least og with S C T, 0 > 1/h would have

Jlo(2 1y 2
=T\t h) Rt
Our next step is to show that |T”| = h. If |T’| < h, then
l=0or+op < |T’|h_1—|—h_1 <1,

which is absurd. So |T"| > h.
Let 7,7 be distinct elements of 7”. Then

N > 9 2 1 S 1

a; Qyr = —_— = = = —.
h+1 h h

Consequently a; + oy > 2/(h + 1). It follows that

2 |7

2 h+1 h+1

Clearly |T'| = h. Now (2.7) yields

(27) o >

1
op < ——.

We can improve this bound further. Let o; = miTn a;. Then
JeT’

hOéi—f-O'TSO'T/—FO'T:l.

Adding on the inequality

h—1

h—1 —

( MT<h+1
we obtain 1 oh
hOéi+hUT<1+h+1:h+1.



Of course it follows that a; + o7 < 1/h. Now

h h h+1 h

1 1 2 1 2 2
23) or<g-a<y—( )-

Now let o, = max ;. From (2.8),
jEeT”

pe ol (2 2\ 2
Oy, - - > )
TS\ T hr1) S hra

and it follows that «a,, + o7 < 1/h. But now

o +or < hay, +or <1,

which is absurd.

(ii) It is clear at once from complementation that no og € [1 — A, A].
Hence a,, <1— X < 5. From part (i), some og € [1/3,1/2], which is absurd.

(iii) Let T be the set of all ¢ for which «; € [0,7). Then or < 2/5. To

see this, we prove in succession that og < 2/5 for S C T, |[S| =2,3,.... For
|S| = 2, we have

w

og <21

IA

5.
From the hypothesis, it is clear that og & [%, %] So o5 < 2/5.
Suppose 0g < % whenever S C T, |S| = j (where j > 2). For S C T,
|S| = j + 1, then,
j 575
hence og < 2/5. This proves our claim that or < 2/5.

We now have o7 > 3/5 and also

1/3<a; <p (ieT).
It follows that |T”| = 2. Hence

2
= < r < 2
3 o > 4p,



and so

This is absurd.
(iv) Let T be the set of i for which «; < 1) — x. Arguing as in (i), or < x.
Let U={i:a, € W—x.x)}, V={i: € (¢,2x]}. Then

oyt+oy=1—op>1—x.

We cannot have |V| > 2. For if |V| > 2, pick distinct 4, j in V' and let
W = {i,j}'; then

X<1—dx<ow <1-2¢9 <4,

which is absurd.
Suppose that |V| =1, V = {i}. Then

oy >1l—x—oy >1—3x > 2x.

Hence |U| > 3. Pick distinct j, k& in U and let W = {4, j,k}, then, since
¢ > 14 X (as we easily verify), we have

1= <3 -2y <ow <4y <1-—y,
XSUW’<77/}~

This is absurd, so V' is empty. Now
oy >1—x>4x.
So |U| > 5. Pick distinct ¢, 7, k, £ in U and let W = {4, j, k, £}; then
1—9¢ <4y -4y <ow <4x <1-—x,

leading to a contradiction once more.
We use this combinatorial lemma in conjunction with the familiar notion
of grouping variables in (2.3).

Lemma 2 Let h, A, p, 7 x, ¥ be as in Lemma 1. Let B > 0 and let f be a
complex function on Z N (D, D'].



(i) Suppose that every Type I sum with
N > D2/(ht1)
satisfies
(2.9) S1(M,N) < B
and every Type II sum with
DVh « N « D/(h+1)

satisfies
(2.10) So(M,N) < B.
Then
(2.11) S(f) < B(log3D)#
with A =2h — 1.

(ii) Suppose that every Type I sum with

M > D*
satisfies (2.9), and every Type II sum with
D' < M < D'?
satisfies (2.10). Then (2.11) holds with A = 3.
(#ii) Suppose that every Type I sum with
M > D*
satisfies (2.9), and every Type II sum with
D" < M < D'Y* or D <M< D'?
satisfies (2.10). Then (2.11) holds with A =5.
(iv) Suppose that every Type 1 sum with

M > DX

satisfies (2.9), and every Type 11 sum with
DX < M < DY
satisfies (2.10). Then (2.11) holds with A =5.
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Proof. (i) Take k = h in (2.3), so that ; < h%l We must show that every

sum (2.3) is < B. If some N; > eD? "V we must have i < k from (2.4).
Now we group the variables in (2.3) as

2k—1
n=n;, m= H nj

j=1

J#
and appeal to (2.9).

Now suppose that
(2.12) N; < DD (1 <4 <2k —1).
Let Dy = 2*N; ... N}, and write
2Nz = DSQ

Then a; >0, 0n+---4+a, =1, D < Dy < D, and each o; <2/(h+1). By

Lemma 1 (i), we have g € [%, hiﬂ} for some S C T'. Clearly

(2.13) D" < N =[] Ni < DY),
€S

Thus we may group the variables in such a way that the sum (2.3) becomes
a linear combination of O(1) Type II sums satisfying (2.10). The desired
estimate follows at once.

(ii) Take k = 2 in (2.3), so that 1/k < A. The argument is very similar
to the proof of (i), with
N; <eD* (1<i<3)
in place of (2.12), and with
D' "<« M= HNi < D'?
ieS
in place of (2.13).

(iii), (iv) Take k& = 3 in (2.3). The argument follows the same lines as
above, and we can omit the details.

We conclude this section by recording an elementary lemma that will be
used for ‘optimizations’ in §§3-5.
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Lemma 3 Lett <1, u <1,

t u
SOLEED WL
i=1 j=1

where A;, Bj, a;, b; are positive. Let 0 < Hy < Hy. Then there is some
H € [Hy, Hs] with

<<Z Z 7 B/ et +ZAH“1—|—ZBH

=1 j=1 =1 J=1

Proof. See [6], Lemma 2.4.

§3 Estimates for exponential sums

Lemma 4 Let 3 be a real constant, 3 <4, B(—1) #0. Let M > 1/2, 6 >
0. Let N(M,0) denote the number of integer quadruples (my, ms, My, ms),
1<m; <M, 1<m; <M, such that

(3.1) im? +mb —mf —ml| < oM.

Then
N(M,68) < M**e + M

Proof. Robert and Sargos ([21], Theorem 2) give the corresponding result
for quadruples satisfying (3.1) and

(The restriction 5 < 4 does not occur in their result.) We indicate the details
of their argument that have to be changed in order to get Lemma 4.
Clearly we may suppose that M is a power of 2. By Lemma 1 of [21],

4

>+ G
elzlys

m=1

By a splitting-up argument combined with Minkowski’s inequality, there is

an interval I of the form (H,2H]|, H < M, or [1, 2], such that

(o))

11

5—1
N(M,5) < § / dz.
0

5~ 1
(3.2) N(M,0) < L46/ dx.




Here L =log(M + 2). If I = [1,2], then trivially
N(M,8) < L*66 1 = L.

So we may suppose that [ = (H,2H].
Make a change of variable y = z(HM™!)? in the above integral. We

obtain
e (v(5))

m

S—YHM-1)B
(3.3)  N(M,9) <<L45(HM—1)—5/
0

If the upper limit of integration satisfies
SHHM™YY < H?
then it follows from [21], Lemma 7 that
N(M,6) < L*S(HM =)= HA+e/?
< LASM? < SMAFe,

since § < 4.
Suppose now that

Then

(3.4) /0 e >

0N HMY
< L* {—} /

([21], Lemma 3)

< SN HM )M
by a further application of [21], Lemma 7. Combining (3.3), (3.4), we obtain

N(M,d) < M**.

This completes the proof of Lemma 4.
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We introduce the notation

[(my,m2)|a = (Jma|® + [ma|®)

for an integer pair (ms,mg). The following theorem is roughly comparable
to Lemma 4.2 of [26].

Theorem 2 Let (k,\) be an exponent pair. Let v, be constants, v < 1,
v#£0,1<B8<4. Let M >1/2,1/2 < My < My, X > M. Let |ay,| <1,
’bmlme‘ S 17

Xm7|(mq, ms)]
s=Y Y % mbmm( M%w).

m~M mi~My mo~Mo

Then

K/ (242kK)
(35) S <, MM21+6 + MM22+6 (W) M—(1+H—>\)/(2+2ﬁ,)‘
2

We remark that if M; = Ms, Theorem 2 of the same strength as the
estimate for trilinear sums

S DD DRIAIS € L
A mi,ma € a1 a9
MY MO M
m~M mi~My mo~Mo

obtained by Heath-Brown’s method [8]. See for example [1], Theorem 2. The
estimate (3.5) deteriorates for fixed M; and increasing M,, but this will not
cost us anything in the application in §6.

Proof of Theorem 2. For my ~ My, mg ~ M, we have
(M1, m2)|s € [c1 M2, c2Ms)]

where c¢q, ¢y are suitable positive constants. Let () be an arbitrary natural
number. We divide [¢; My, coMs| into intervals Iy, ..., Ig of equal length, so
that

Q
<Y S| T b (vaj|\(4nj]1\,4:w)|ﬂ> |

m~M q=1 mZ'NMi
|(m1,m2)|g€lq
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Cauchy’s inequality gives

Q
(3.6) SP<MQY >

=@

Y

()

mn~M

where
m = (my, Mg, my,ma) (my,m; ~ M), D(m) = [(my,ma)|s — [(111,M2)|s

and the sum over m in (3.3) is restricted by

(3.7) |(ma,ma)lg € Lo, [(ma,12)]5 € 1.
Clearly
Xm"D(m)
: 2 < ik 'S
58) EERE) DD Core )‘

(39)

where m is restricted in the last sum by

M.

(3.9) ID(m)| < (e — e1)

Q
A splitting-up argument yields
XmYD(m)
2
(3.10) ISP < MQL Y |Y e (W)‘
(311 MM

Here L = log3Ms; and the sum over m in (3.10) is restricted by

(3.11) <A _ %) M, < [D(m)| < 2AM,,

2

The positive number A is of the form
(3.12) A=2"M;2 A<Q ', h>0.

Now it is easy to see that (3.11) implies (3.1) with My in place of M and
a suitable 0 < A. Accordingly, the number of quadruples satisfying (3.11) is
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If h=01in (3.12), we use the trivial estimate for the inner sum in (3.10). It
follows that

(3.13) S| < M?QLMS*e.

If h > 0, the number of quadruples satisfying (3.11) is < AM,". By the
definition of an exponent pair, we have

XmVD(m) kI A—K —1\—1
m;f( VT, )<<(XA)M + (XAM™Y

for any quadruple m counted in (3.10). Here the contribution to the right-
hand side of (3.10) from (XAM~1)~!is
(3.14) < MQLAM XA~ M
< MEF2NPX1Q <« M2QM2EH*
since X > M3. The remaining contribution is
(3.15) < MQAMF(X A M

< M1+)\7I§Q71€M24+26XI{
from (3.12). Collecting (3.13)—(3.15),
(316) S <« MM21+€Q1/2 + M(1+)\_H)/2M22+€XR/2Q_H/2.
Now the theorem follows on applying Lemma 3 with H; = 1 and arbitrarily
large Ho.

Lemma 5 Let o, 3 be real constants with afB(a — 1)(6 —1) # 0, X > 0,
M>1,N>1,|an| <1,|b,| <1,and1 < D < D'. Let L =log(2+XMN).
Let (k, A) be an exponent pair and

Xmon”
(317) S(M, N) = E E ambne (W) .
m~M n~N
D<mn<D’
Then

S(M, N) < LA{(X 245 Jf&+10m NO+11m4A)1/(12416%)
+ X1/6M2/3N3/4+)\/(12+12n) + (XM3N4)1/5
(X MTNIOYIL o 2/3 U124/ (124126)

+ MN1/2 + (X—1M14N23)1/22 +X_1/2MN}
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Proof. At the cost of a factor L, we can remove the condition D < mn < D’
from the sum in (3.17). See the discussion in the proof of [2], Lemma 11.
Now the result follows at once from Theorem 2 of Wu [24]. (As pointed out
by Wu, his theorem is essentially an abstraction of an idea of Jia [11].)

Lemma 6 Let a; be nonzero constants and M; > 1 (1 < j <4). Let X >0
and |amymy| < 1, |bmamy| < 1. Let L =log 2M, MyMsMy. We have

a1
Z A (Xm1 my*mg*my )
mimse m3m4 al a2 (0%} a3
NI M M M

mj~M
D<m1m2m3m4§D’

< LP{(X My My My My)Y? + My My (MsM,)"?
+ (M M) M3 My + XYM, My M My}

Proof.  We remove the condition D < mimamsmy < D’ as explained in
the preceding proof. Now the result follows from Theorem 2 of Fouvry and
Iwaniec [5].

The key element of the proof of Theorem 2 of [5] is the double large sieve
of Bombieri and Iwaniec [4]. The same applies to the following result of
Robert and Sargos [21], but they need the difficult ‘counting lemma’ stated
as Lemma 4, above.

Lemma 7 Let a, 3,7 be constants, a(a—1)Fy # 0. Let H, M, N be positive
integers and X > 1. Let |ap,| <1, |by| < 1. Then

XhPn'm
IDIEP I (HﬁNWMQ
D<mn<D’

e x \" 1 1 1
< (HNM) AN + (N toe Tz )

Proof.  After the preliminary removal of the condition D < mn < D’ as
above, this reduces to Theorem 1 of [21].

84 Applications of the theory of exponent pairs.

We begin with a simple lemma from [12] (Lemma 2.8).
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Lemma 8 Let K > 0 and let f be a continuously differentiable function on
[N,2N| with

— _ !
Fy = NgltégNU( )W, Fi= Nglggle (t)] > 0.

Then
me{ ”fl )”} < (Fy+1)(K + F; ' 1log 2N).

We next state a version of the ‘B-process’.

Lemma 9 Suppose that f has four continuous derivatives on [N,2N], f" >
0 on [N,2N], and for some F > 0,

IfO®)| =< FN77 (t~N,2<j<A4).
Let t, be defined by f'(t,) = v, and let ¢(v) = —f(t,) + vt,. Let L =
log(FN~ +2). Then for [a,b] C [N,2N],
(4.1) S ey =y wrlE
a<n<b f(a)<v<f(b) frt)
+O(L +min(F~2N, || f'(a)[7)
+min(F2N | F(0)]171).

Proof. This can easily be obtained by an elaboration of the proof of [6],
Lemma 3.6, with — f in place of f, and —v in place of v. We simply separate
the smallest term from the sum

Z min(| — f'(a) + v, F7Y/2N)

H1<v<Hj

on p. 29, and proceed similarly with b in place of a.
We now add to the hypothesis of Lemma 9 the assumption that

. (8% ) .
70 = (7) a0+ my) <<
where @ < 0, A is positive and independent of ¢, and

IR;(t)] <c® (a<t<b0<j<2).
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Then
|04\Atﬁ_1(1 + Ri(t,)) = —v > 0.

Hence
t, = (lafA) "D (1 + R(t,)) (=)D,

with

R(t) = (1 + Ry(t)) /@b — 1.
So

1
fr(t,) = gala— 1AL 72(1 + Ry(1,))

— TAI/(a—l)(_V)(a—2)/(a—1)(1 + R*(ty)),

with

7= —la/YC V(a—1)/2, R (t) = (1 + Ry(t))(1 + R(t))* 2 - 1.

Similarly,

(4.2)  6(v) = —At(1+ Ro(t,)) = (laA)V V(1 + R(t)) (—v)*/ Y
= ATV () D1+ R(t,)),
with v = —|a|~*/(@=1) —|a|7¥/(@=D and
V(1 + R(1) = a1+ Ro(£) (1 + R(1))* — |7/ V(1 + R(1)).
The point is that
max(|R*(t)], |R(t)]) <c¢ (a<t<b).
We now permit A to depend on a variable u:
A=Cg(u) (u~M,M < N)

where C' > 0,

(4.3) g(u) = u” <1 + Z dj(B/u)j> (u~ M)

j21
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where (3 is a nonzero constant,
(4.4) a+pf<1, 0<B<cM,
and the power series Y d;z/ converges in the unit disc. Writing h(t) =

11+ Ro(t)), we have

ft,u) = Ch(t)g(u)
in place of f(t). Let F = CMPN®. We rewrite (4.1), with [a(m),b(m)] in
place of [a, b], as

(4.5)

A(m)<v<B(m)
+O(L + min(F2N, | A(m)|| ™) + min(F~V2N, | B(m)|| 7).
Here

W(v) = (rCY D (1 + R (t,))(—v) @2/ ) "1 2e(1/8),

Gy, m) = 3(=v)*/ @ DC VD14 R(t,))g(m) D

A(m) = Cg(m)h'(a(m)) , B(m) = C g(m)h'(b(m)).
We apply this formula to the sum
Shg.C)=3 3 e(Chn)g(m))
m~M a(m)<n<b(m)

where [a(m),b(m)] C (N,2N]. Summing over m in (4.5) and interchanging
summations,

e(G(v,m
46 S 0= 3 W) 3 W
. —1/2 1
+O<ML+ ZMmm(F 2N, TG )|I)>
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Here G(m) is one of A(m), B(m),
B, = {m~ M : A(m) < v < B(m)}.
Let us suppose that
(4.7) E, is a union of O(1) disjoint intervals,
(4.8) G is continuously differentiable and G'(m) > F(MN)™!
(4.9) F>N.

In view of Lemma 8 and the monotonicity of g, (4.6) yields

(4.10)
S(h,g9,C) < (FN72)71/2FN ! maog1 Ze + ML+ FY2
IVC<<(J\F42M] mel
< F1/2+5M)\—n + ML
for any exponent pair (k,A). It is clear that 2 a ¥ ™) gatisfies the required

conditions ([6], pp. 30-31) for the last bound, for j = 1,2,.... (The exponent
in m~%/(®=1 is less than 1, by hypothesis.)
We summarize our conclusions in the following theorem. In the language

of [6], the theorem asserts that (;, ;, K /\) is an exponent quadruple.

Theorem 3 Let (k,\) be an exponent pair. Define S(h,g,C) by (4.6), with
the assumptions on h and g made above. Let F = CMPN®, M < N,
L =log(FN~'+2). Suppose further that (4.7), (4.8) hold. Then

(4.11) S(h,g,C) <« FY*** M * 4 ML+ MNF~'.

Note that the condition (4.9) has been dropped and the term MNF~!
incorporated in (4.11). This is justified since, if F' < ¢N, the Kusmin-Landau
theorem ([6], Theorem 2.1) gives

(4.12) S(h,g,C)= Y _ O(F'N) < MNF™".

mn~ M

We now apply Theorem 3 to Type I sums.
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Lemma 10 Let K > 1, M > 1, |ugm| <1 (k~ K,m ~ M). Let I, C
(K,2K]. There is a real number t such that

(4.13) S wem

m~M k€L,

< (log2K) Z

m~M

Z g, me(kt)

k~K

Proof. From Lemma 2.2 of [4], there is a positive continuous function Fi(t)
on R such that [, Fi(t)dt < log2K and

Z Uk,m S/

k€lm

Thus the left-hand side of (4.13) is

<[ RY

m~M

Z g me(kt)

k~K

Z ugme(kt)| dt

k~K

Z ug.me(kt)]|,

k~K

< log 2K max 2;4

as required.

Theorem 4 Let (k,\) be an exponent pair. Let o, 3 be constants, o # 0,
a<l, f<0. Lt X >0, M>1/2, N>1/2, MN =< D, Ny = min(M, N),
L =log(D+2). Let |ay,| <1, I,, C (N,2N],

(4.14) Si=> an Y e (ifj;—j\f) :

Then

(4.15) S, < LQ{DN*l/Q_i_DXfl+(D4+4I{Xl+2/€N7(1+2N)N02()‘7“))1/(6+4I€)}.

Proof. We may suppose that N is large. If X < ¢N, we proceed as in (4.12).
Now suppose that X > ¢N. Let @ be a natural number, @ < ¢2N.

By Lemma 10, there is a real number ¢ such that

By
Si< Ly Z(f()]f/_,n;;a +tn) .

m~M [n~N
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By the Cauchy-Schwarz inequality and the Weyl-van der Corput inequality
([6], (2.3.4)), and writing I(q) = (N,2N — ¢,

2
XmbPn© y
Ze VBN +1in

n~N

St < LMY

m~ M

< [?D*Q~' + 12DQ! ZZ Z (Xmﬁ ”+Q)a_”a)+tq).

MBN«
=1 m~M nel(q

After applying a splitting-up argument to the sum over ¢, we find that there
is a ¢ € [1,Q)] for which

_ _ XmP((n+q
< L*DQ + D@ | Y Y e ( M,BN)a )> :
m~M nel(q)

After a straightforward verification that the conditions are satisfied, we
may apply Theorem 3 to the above double sum, with either (n?, (m+q)*—m®)
or ((n + q)® —n® m?) in the role of h(n), g(m) (depending on whether N
is N or M). Thus

F=XNq,
L™S? < D2Q7' + D(X 2T N2 F*N}*Q2+" + Ny + DX 'NQ ™).
We can drop the last two terms since
DNy < D’N7' < D*Q™", D’X7'Q7'N < D*Q".

The resulting bound for L=%5? holds, in fact, for 0 < Q < ¢2N. An applica-
tion of Lemma 3 completes the proof.

We now adapt this proof to estimate a Type II sum.

Theorem 5 Make the hypothesis of Theorem 4 and suppose that |b,| < 1.

Let P
mPn®
S-S an X te(Gige )
m~M n~N
D<mn<D’
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Suppose further that

(4.16) N<M, X>D.

Then

(4.17) Sy < LTA(DN-Y? 4 DM~V 1 (DIH108 1426 y20=r) )1/ (144126) )

Proof. We remove the condition D < mn < D’ at the cost of a factor L.
Let Q be a positive integer, Q < ¢2N. As in the preceding proof, there is a
q € [1,Q)] such that (writing I,,, , = I, N (I;, — q))

(4.18)
J6] a
st D i (S o)
m~M n~N
DqL Xm# o« _po
<pigt e Y o (S ">)'.
n~N [m~M

Suppose further that @ < cM'/?. Using the Weyl-van der Corput in-
equality again, we obtain

(Rt

M LM 3 6(X<<m+q'>ﬁ—mﬂ><<n+q>a—na>>

2

MPBN«

for some ¢ < Q?, with J(¢') = (M,2M — ¢/|]. Combining this with (4.18)
and Cauchy’s inequality, we have
D4L2 D3q2q/L3

L8 <« 02 + 0" Su,N

where

(m+¢")° —m%)((n *—n®
SMN—Z Z ( +4) ]\/[szf(a( +9) ))

n~N meJ(q")
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An application of Theorem 3 to Sy y now yields

D XO3\ " D?
754<<_+Ds(< PY e+ )

Q2 D X@Q3

(this is of course also true for 0 < @ < 1).
We may discard the term D®/X@Q? since

D*/XQ° < D°/XQ* < D'/Q".
An application of Lemma 3 with H; — 04, Hy = min(c®?N, cM'/?) yields
L77S§ < D4N72 + D4M71 + (D11+10/€X1+2l€NQ(A*/{))Z/(7+6I€) + D3N

Since D3N < D*M~!, the theorem follows at once.
We now pursue a variant of the above arguments.

Theorem 6 Let (k,\) be an exponent pair. Let o, 3 be constants, o # 1,

B<0,a+f <2 Let N>1/2, X >N, M > N, MN = D, L =
log(XD +2). Let |ay,| <1, |b,| <1. Let

D<mn<D’

Then
SQ < LQ(DNfl/Z+DM71/4+X1/6(D4+SKN)\f/{)1/(6+6H))'

Proof. Let Q be a positive integer, Q < ¢®min(N, M'/?). Asin (4.18), there

isaq, 1 <qg<@, for which
Z XmP((n+ q)® —n®)
MBNe '

(4.19) L7282 < DXQ 4+ 2= DqL 3

n~N |m~M

We apply (4.5) to the inner sum, with the roles of n, m reversed, so that
(e, B) is replaced by (5, — 1):
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(4.20) > e (Xmﬁ((%ﬁ)f = na))

W (v)
=2 Syers AG)

+0 (L + min ((%) " ||A(n)||—1>
+ min ((%)_1/2 , ||B<n)y|1> + X%)

Here B(n) = 5= ((n+q)*—n®)BMP~1, A(n) = 2°7'B(n), I,, = [A(n), B(n)).
The last term on the right-hand side of (4.20) allows for a possible application
of the Kusmin-Landau inequality.

Combining (4.19), (4.20), there are numbers w,, |w,| < 1, with

- . LgD [ Xq\ '?
L 2 2 D2 1
52 < D*Q +—Q <—DM) §

+ L?’DN + LDX'?Q'?N—1/2,

n

> we(Gy, n))|

I/eln

Since DN < D?*Q~"' from Q < N < D'/?,

L—4522 < D2Q_1+DX1/2Q1/2N_1/2

+ Q*1/2X71/2D3/2M1/2 Z

n

Z wye(G(v, n))| :

vely,
We apply the Cauchy and Weyl-van der Corput inequalities to obtain
(4.21)

L7883 <« D*Q7 %+ D*°XQN!

+(QX)'D* % + % Z Z e(G1(v,n))
n  vel,N(In—h)
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with H (specified below) satisfying 0 < H < ¢X¢q/D and some h, 1 < h < H.
Here
Gi(v,n) = G(v+ h,n) — G(v,n).

We make the obvious choice
H = Q¢*NX/D?*

the assumption Q < 2M*'/? yields H < ¢(Xq/D).
We interchange the summations over n and v in (4.21). Once v is fixed,
n runs over a single interval. We apply the method of exponent pairs to

the order of size of GG is

Thus
Z e(G1(v,n)) < (RM)"NAF

n

< (Q*X/D)sN ",
Combining this with (4.21),
L7883 < D*Q 2+ D*XQN !
+ DQXQ(QSX/D)RN)\—H
< D4Q72 4 DZXQNfl 4 DanXlJrﬁQlJr?mN)\fn.
An application of Lemma 3 yields
L7883 < DY3(D*XN')*?
+ (D4)(1+35)/(3+3f€) (D2—5X1+5N)\—n>2/(3+3n)
+ DM+ D'N?
< D4/3X2/3N—2/3 + X2/3(D8+10/€N)\—H)2/(3+3H)
+D*M~'+ DN

In the last expression, the first term is clearly dominated by the second, and
Theorem 6 follows.
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§5 The AB theorem.

Let X > 1,Y > 1, N = XY. Let D be a subset of R = [X,2X] x [Y,2Y]
satisfying some mild restrictions discussed below. Let «, 3 be real,

(5.1) ()3 (B)s (a+B+1)2 #0,

where (a)g =1, (a)s = (a+s—1)(a)s—q for s =1,2,....
Theorem 6.12 of [6] states that, for ' > 0, L = log(F'N + 2),

Sy = Z e(FXYPm—n=")
(m,n)eD
< F1/3N1/2 +N5/6L2/3_|_F71/8N15/16L3/8
+F_1/4NL1/2

(67

(the ‘AB theorem’). In the present section, I extend this by replacing u= ¢,
v~" by more general functions hi(u), hy(v), with

(5.2) (ha(u) — w9 <l ()| (u~ X)
(5:3) (ha(v) =)D <l P)D| (v~ Y)

where 7 is a sufficiently small positive quantity (in terms of «, ) and j =
0,1,...,7 < 1. We write fo(u,v) = Ahy(u)ha(v) for (u,v) € R.
We must deal with some monotonicity conditions for

filw,viq,m) = folu+ g0 +71) = folu, )
1
:/0 %fo(u—{—qt,v—l—rt)dt.

These are a technical nuisance rather than a serious obstacle. We shall see
that R can be partitioned into O(1) rectangles R’ = I x J such that one
of fl(z,o) or f1(0’2) has no zero in each R’. This allows us to impose helpful
conditions in Lemmas 11-14 below. In these lemmas, let f(u,v) be a real
function on I x J and D C I x .J. We write f(@¥ for 9**° f /0u®ov®. Suppose
that £ is nonzero on R. Let ¢(w,v) denote the solution of

(5.4) f(LO)(?vD(wv v),v) =w.
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For any function ¢ having second order partial derivatives on D, let H¢ =
P20 (02 — L1112 We need to state some ‘omega conditions’ on f, which
we assume to be true for the duration of these lemmas.

(Q1) f has partial derivatives of all orders. For a suitable F' > 0 there is a
constant C] such that

1F@ (u,0)] < CLFX™Y ™" ((u,0) €I x J,0<a, b<4).
(Q2) There is a constant Cy such that the set
Uw)=A{u: (u,v) € D}
is the union of at most Cy intervals for each v.
(Q3) There is a constant Cj such that the set
V() ={v: (¢(¢,v),v) € D}
is the union of at most C'5 intervals for each £.

A function f : I — R is said to be C-monotonic if I can be partitioned
into C' intervals on each of which f is monotonic.

(€4) There is a constant Cy such that, for each fixed ¢, fEO(p(l,v),v) is
C'y-monotonic on J.

In Lemmas 11-14, implied constants depend at most on C1,...,Cy. In
Theorem 7, implied constants depend at most on C,...,Cy, a and [.

Lemma 11 Suppose that
|29 < A on D.

Then
Sy < DAY 4 A2

Proof. See [6], Lemma 6.6.
We shall write

g(w,v) = f(w(w>v)7v) - WP(wvv)-
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Lemma 12 We have

() 2 (w,) = D Wlaw,0), 0)/ OO W, v),0),
PR IR R

Proof. See [6], proof of Lemma 6.7.
Lemma 13 Suppose that
£59) = FXI, |09 < FY I (5 =1,9),
\Hf| = F?N~?

and that (Qs) — (€4) hold, and remain valid with the roles of the variables
interchanged. Then
Sy < F+ F'2NL.

Proof. We may follow the proof of [6], Lemma 6.11 almost verbatim.

We now give a variant of [6], Lemma 6.8.
Lemma 14 Suppose that
[fE = AL [Hf| =
on D. Then
S; < IDIMY2 + FM~'V2X ' M2 1 YAY2 4 YL

Proof. 1In view of Lemma 11, we may suppose that A > M. Replacing f
by —f if necessary, we may suppose that f?% < 0 on D. Lemma 3.6 of [6]
gives

Sp=2_ Z

n~Y mel(n

= Z (——+gkn>) 12O (4, ), m)| 2

n~Y keK(n

+O(YA Y24+ YL).
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Here
K(n)={k: (¢¥(k,n),n) € D}.

Changing the order of summation,

S Z (——+gkn>) 129k, m), )] 2

k<FX~1 neV(k

+O(YAV21YL).
Thanks to (€23), (€24), we may now apply partial summation to conclude that
(55) Sy Y. AN e(glhn) |+ O(YAT2 4+ Y L)
k< FX—1 neJ(k)

for an interval J(k) C V(k). Now an application of [6], Theorem 2.2, in
conjunction with (5.5) and Lemma 12, gives

ek M\ 2
(56) Sp< > A iz [V )|+(K) + YA 2+ YL

k<FX-1
Moreover,
DIVRI=D > L
’ w(lZn)eU(n)

Now the inner sum is the number of integer values assumed by f1%(m,n)
as m runs over U(n). Recalling (€22), the inner sum is

< FEO(t n)dt + 1
U(n)
< |U(n)| A+ 1.
Hence
(5.7) Z B) <) ([Um)|A+1)
n~Y
< |ID|A+Y.
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Combining (5.6), (5.7),
S < [D|MY2 4 A" MYV2Y + MYA(FX T +1) + YA+ YL

Since YA™Y2 > A~1M'2Y | the lemma follows.

For convenience, we record three more lemmas from [6].

Lemma 15 Let P be a polynomial over C having distinct zeros, P(0) # 0.
Let 6 > 0. Let q, r be integers, v # 0. Let
()l <}
rm

|E| < C(P){6N +1}.

Proof. For q # 0, this follows from [6], Lemma 6.4. For ¢ = 0, E is empty
if ¢ is sufficiently small, and otherwise the result is trivial.

E:{(m,n):mNX,nNY,

Then

Lemma 16 Let P, Q be polynomials over C having no common zero. Let
q, v, m, n be integers, rm # 0. Then

oo ()] Jo(2)) - ctr-

rm
Proof. This follows from [6], Lemma 6.5.

Lemma 17 For 1 < Q < X, 1< R <Y, we have

<<— o> Y elfilmmnigr)).

|q| <@ |r|<R (m,n)eD(q,r)
Here D(q,r) =D N (D — (g,7)),
(5.8) film,n;q,r) = f(m+q,n+7)— f(m,n).
Proof. See [6], p. 76.

In Theorem 7, we write f; € £ as an abbreviation for the following
hypothesis. If f; is restricted to a rectangle I x J with the property that
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F29 £ 0in E =1 x J, then (), (Q3), () hold for f; when the domain
of f1is D(q,r,0) or D'(q,r,0) (for all (¢,r) € Z*, 6 > 0). Here

D(g,r) ={(w,v) e (END)N(END — (¢,7))},
D(q,7,0) = {(u,v) € D(q,r) : 0 < |H f1]| < 26},
D'(q,7,0) = {(u,v) € D(q,r) : |Hf1| < 6}.

Moreover, fy has the same property when the variables interchange roles.

Theorem 7 Let 0 < n < c¢(a, B) where ¢ is sufficiently small. Let fy satisfy
(5.2), (5.3) and suppose that fo € €. Let F = AX Y% > N6 gnd
Y < X. Then

(5.9)
Sy, < L{Fl/3N1/2+N5/6 L prUBNIS/6 | pl/2 N1/2y 12 | p1/12 \1/2y5/12

+ 772/5N1/2F1/5Y2/5 + 771/4N3/4Y1/4
+ 7’]1/2F1/4N1/2Y1/4}.

Proof. We may assume that F > N°% and that Y > N'4. For suppose
that N6 <« F < N5/6. Since

(—a)(—a = 1)(=p)(=f —1) —a*F = af(a+ F+1),
it is easy to deduce from (5.2), (5.3) that
Hf, = F?N~2.

The omega conditions are rather straightforward to check for f;. Hence
Lemma 13 gives

Sp < F+ FV2NL < N6 4 p=1/SNW/I6],

as required. Now suppose that F' > N°6 and Y < N'/%. We note that (5.9)
is trivial for ' > N%2, so we suppose that F' < N32. Then Lemma 11 gives

S < N(FX Y2 4 (FX~3) 2y
< F1/2Y+F_1/8N15/16
< F1/3N1/2+F_1/8N15/16,
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since FY/SY N~12 « YN-V/4 <« 1.
We write fi(u,v) rather than f;(u,v;q,r) for the function in (5.8) with
f = fo. Let S =5} From Lemma 17,

N? N
(5.10) SP<—+5 >, ) Sl
lal<Q Ir|<R
(:)#(0,0)
where

Sar) = 3 elfilmn)

(m,n)eD(q,r)

Here Z is at our disposal subject to
X/Y < Z <N,
and we choose

Q=\ZX]Y , R=+\/ZY/X.

Q/X=R/Y =+Z/N <c.

For a fixed pair q,r,
p = max M m <c
; e e

We consider the contribution to the right-hand side of (5.10) from terms
with p = |r|/Y (in particular, r # 0). The remaining terms can be estimated
similarly.

The hypotheses of the theorem imply that, for bounded a, b

Note that

(a,b) _ (_1\a+b+1 —a—a —;6—[)1 %
(5.11) A" mm) = (<) Am =m0 LT, (L) 4 0o 4m) )

where

Moreover,

Hfi(m,n) = A¥m 20 2p 2072 7“_2 {U <%> +O(p+ ?7)}

n2
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where
U(z) = aB(a+ B+ 2){(a)z* + 2(a+1)(B+ 1)z + (B)2}.

As pointed out on p. 84 of [6], U(z) has degree 2 and has distinct zeros. We
also need the observation that no two of Ty, 7 ; and 75 have a common
zero; nor does T o or T share a zero with U.

Because of these observations, it suffices to prove (5.9) with D replaced
by a domain DN (I x J) with the property that fl(Z’O) £0in IxJ or f1(0’2) #0
in I x J. Let us suppose, say, that f1(2’0) £0in I x J.

Let 6 be a small positive number, to be chosen later. Consider the do-
mains (possibly empty):

Dy, = {(m,n) € D(q,7) : 26 FAN"2 < |H fy| < 2715p* FP N2

Too (£2)] 2 ¢} (52 0),
So,j = Z e(f(m,n)),

(mzn)EDO,j
n
(%)<
rm

S = Z e(f(m,n)),

(m,n)eDy

D, = {(m,n) € D(q,r) : |Hfi| < 6p°F>N~?}

and

D, = {(m,n) € D(q,7):

and
S2 = Z e(f(ma n))
(m,n)ED2

By Lemma 16, the sets Dy ; (0 < j < L), Dy, Dy form a partition of D(g,r).
Clearly

(5.12) |H 1| = 2760 F>N~2 and |f*”| = pF?X~? on Dy.
Moreover, from Lemma 16,

(5.13) |H f| =< p?F?N~2 and |f(*?| < pFX 2 on Dy,
(5.14) 129 < pFX 2 on D,.
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We may estimate the terms on the right in the decomposition

S(q,r) = Z So,j + 51+ S2

0<j<L
by applying Lemmas 11 and 14. For Dy ;, Dy, Dy are domains D(g,r,8) or
D'(q,r,0).
From Lemma 14 and (5.12),
(5.15) So; < N(PPFEN-2)V2 1 pp(§p2F2N-2) 12X
F(SPPFEIND) V2 LY (pFX 2V 1YL
& pF + p 2EVEN L 52y [ 4 672 L L,
Similarly, Lemma 14 and (5.13) give
(5.16) Sy < N(p*F2N~2)V2 4 pF(p? FAN-3)~1/2y !
4 (PPFENH) V2 4 X (pFY 32 4 XL
< pF +p 'FIN+ XL+ p Y2F~12N,

By Lemma 15, and since pN > N/X the number of points in Dy is
< (0 +p+n)N. From Lemma 11 and (5.14),

(5.17) Sy K (0 + p+n)p2FV2Y 4 p 272N,
Collecting (5.15)—(5.17),
S(q,r) < LpF + Lp~Y?F~Y2N + 25~ Y%y
+ Lo Pp T FIN + LNY ™ 4 (6 + p+n)p' P F'2Y.

Note that, since F > N°/6 we have pF > FX~' > 1. We may take
§ = c¢(pF)~1/3 to obtain

(5.18)  L728(q,7) < pF + p~\2F~12N 4 pl/S /6y

+p75/6F75/6N+ NY 1 +p3/2F1/2Y +np1/2F1/2Y
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Now if a is a constant, a > —1, we have

We combine this with (5.10), (5.18) to obtain
(5.19) L7328 <« N*Z71 4 FNY2ZV2 4 p 12 N4 z=1/4
| pYBNI/12y 1/12 | p=5/6 \29/12 7=5/12 | \2y—1
4 FU2NVAY Z3/4 4 p U2 N3y g1/,
We may discard F~/6N29/127-5/12 gince F > N°/:
F5/6N29/12 7=5/12 _ (N2 7= L)L/18( p \1/2 71/2)T/18 jy fo-11/9
< (N2Z-1)WI8(p N2 71/2)T/8,
Applying Lemma 3, we find that
282 « F23N 4 F2BNY12/18 4 p2/7 Nya/T
4 SN FASYAS L NS NDMAYBA L /A NT/ Ay
4 2N32Y 12 L pNV2 X2y 12 4 /e N1 /12y 101
4 FVRNVAXSAY VA L p2N? L N2yl g YN XAy A

Clearly we may suppose that F < N2 We use N°/¢ « F <« N3/2
NY* <Y < N2 to obtain

FrVANTAY VA o p=UANTS/S  p1/2N2 o p-1/AN15/8

FY2NVAX3Ay UL o NX3/4y A o N5/3 N3y 3/ « NB/3,
Moreover,

FATINYHT « PATNOT < (F2/3N>33/49<F71/2N2>16/49’

P23 NY12/13 o [2/13 £\19/13 < (FQ/SN)63/143(F—1/4N15/8)80/143‘
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Hence
(5.20) L728% <« F*3N + F7VANIS/E L i NF2SY /S o NO/3
g 2NB2Y Y2 L N2yl pFYENY Y2 L pNY L 4 PYSNY/S,
We noted above that
S <« FY2y 4+ NF~Y/2,
S* < FY?+ N°F~ .
If N2Y ! is the maximum term in (5.20),
S? < (N2Y~L)23(Fy?)l/3 4 N2l
< N33 | p-1/4p15/8
< (F2BN)V2(NS/3)1/2 | p1/AN1S/8)

which yields (5.9). We conclude that (5.9) always holds.
Let us now specialize h; and hy for application to Type I sums. We
suppose that

(a) Either hy(u) = u= or hy(u) = %, where p > 0 and p/X is
sufficiently small;

(b) Either hy(v) = v or hy(v) = %, where s > 0 and s/Y is
sufficiently small.

Thus hy(u) is a holomorphic function in G = {u € C:Reu € (%, 3X)}
satisfying the approximation (5.2) in G; and similarly for hy(v) and G' =
{v € C:Rev e (%,SY)}.

We further suppose that D is a rectangle.

We can now make some observations useful for verification of the omega
conditions, with fi, pF in place of f, F'. The condition (£2;) gives no diffi-
culty. Interchanging «, 3 if necessary, we suppose that

1F%9, v) > 1 on D.

Let us define ¥ as in (5.4), with f; in place of f. Then:
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(i) For fixed real k and ¢, the equation
(5.21) 0 (ke v) = ¢

has O(1) solutions v € J.
Take a suitable rectangle R in G’ containing J in its interior. We readily
obtain a holomorphic function g on G such that

l9(@)] < | (k)|

on R, namely

, et T QU
1(1 0)(kav) +g(v) = Ak o™P ;Tl,O <%>

for v € G. From Rouché’s theorem, the equation (5.21) has O(1) solutions
inside R.

(ii) For fixed real k and ¢, the equation

Yl v) =k

has O(1) solutions v € J.
For if ¢(¢,v) = k, then fl(l’o)(k, v) = £. This equation has O(1) solutions
v e J from (i).

(iii) For fixed real " and ¢, the equation

(5.22) g—f (6,0) = &'

has O(1) solutions v € J.
For (5.22) implies

[P ), 0) + K PO (WL 0), ) = 0.
In view of (ii), we need only show that
A v) + K 120 (kv) = 0

has O(1) solutions v € J. This is accompanied by an application of Rouché’s
theorem much as above.
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(iv) Let g be a given function on R?. Suppose that
h(v) = —g" Ok 0) iV (k,0) + gD (k,0) £ (k. 0)

is holomorphic in G for any fixed k in [. Suppose further that h has only
O(1) zeros on the interval J. Then the equation

(5.23) (q(e(C,v),v)) =0

has O(1) solutions v in J for fixed ¢. To see this, we apply Lemma 12 again.
Abbreviating (¢, v) to 1,

oy

(a((.0),0)) = 4O, 0) 5+ OV (1, 0)
_ =00, 0) i (0, 0) + ¢O0 (@, 0) 12 (0, 0)
20w, v) |

Our claim now follows from observation (ii) and the hypothesis concerning
the zeros of h.
The domain D(q,r, ), D'(q,r,0) take the form

{(u,v) eD:Hf, €I'}

where D has the property assumed above and I’ is an interval. Thus for (€,),
we need to show that (H fi)(u, k) is C-monotonic in u for fixed k, C' = O(1).
For (£23), (©4) we need statements of the form

‘q(¢(£,v),v) is C-monotonic in v for fixed ¢’

with C' = O(1). For (£23), we must take ¢ = H f1, and for (Q4), ¢ = fl(Q’O).
Thus the verification of these two conditions can be completed by showing
(for both choices of ¢) that the equation h(v) = 0 has O(1) solutions v in J.
As above, all we need is a suitably chosen rectangle R, containing .J in its
interior, and a holomorphic function g, |g(v)| < |h(v)| on R, such that g+ h
is of a simple form and can be seen to have finitely many zeros in G. The
case ¢ = H f; is distinctly more difficult.

Looking ahead to Theorem 8, we now take («, ) = (1,2). Routine
calculations, using the approximations to H f; and fl(a’b) already found above,
give the desired approximation g(v)+h(v) to h(v). No matter what the value
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of k, the rational function g + h cannot vanish identically. This is a matter
of examining the roots of certain quadratic and linear polynomials, which we
leave to the reader. In this way we can verify (§23). The corresponding tasks
for (€4) and (€23) are similar but simpler.

We now apply Theorem 7 to Type I sums.

Theorem 8 Let D > 1, MN =< D, X 3> NDY¢ L =log(XD+2), |a,| <1,
Let I, € (N,2N],

Then
9, < L3/2{D11/12 L DNY2 X114 p27/28 N1/14
L XY8DIB/6 N —1/8 4 x1/16 [)27/32 \r—1/16

+ XYWUN-YTDS/T X1/6D5/6N—1/6N0—1/6
+ X1/26D10/13N2/13}.

Proof. Let @) be a positive integer, ) < ¢N. Just as in the proof of Theorem
4, there is a ¢ € [1, Q)] and a rectangle D C [M, 2M] x [N,2N] for which

(5.24) SI<LD*Q '+ —— L Dq Y e XMNm ™ ((n+q)"' =n").

(m,n)eD

Let Ng = min(M, N). We apply Theorem 7 to the sum on the right-hand
side of (5.24), replacing F' by Xq/N, (X,Y,N) by (D/Ny, Ny, D) and n by
Q/N. (We note that Xq/N > D'/6)) Thus

L7352 « D*Q™' 4+ D{(XQ/N)/3*D'/?
+ D5/6 4 (XQ/N)—1/8D15/16
+(Q/NYPDYA(XQ/N)SNES 4 (Q/N)VAD¥ AN
+ (Q/N)1/2(XQ/N)1/4D1/2N5/4 +D1/2(XQ)1/2N‘1/2N0‘1/2
+ D1/2(XQ)l/uN_l/mNS’/lz}.
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We simplify this bound using Ny < N. We further restrict ) by
Q < X1/7D1/14N_1/7,

so that
(XQ)—1/8D31/16N1/8 < D2/Q

It follows that, for 0 < @ < min(cN, XY/7DYMN=VT) we have
L73512 < DZQ*l +X1/3D3/2N71/3Q1/3 + Dll/G
+ D11/8X1/2Q1/2N—1/2N0—1/4 + X1/5D3/2N—1/5Q3/5
_ _ —-1/2
+ D7/4Q1/4 4+ XVAD32N 1/2Q3/4 4 D3/2X1/2Q1/2N 1/2NO /
+ D3/2X1/12Q1/12N1/3.
Applying Lemma 3, we find that
L*3Sf < DL/e +X1/4D13/8N71/4 + D19/12X1/3N—1/3N(;1/6
+ X1/8D27/16N—1/8 + D2N_1 + D27/14X—1/7N1/7
+ XVTIN-2TDI/T 4 D5/3X1/3N—1/3N0—1/3
4 D20/13 x1/13 \j4/13.

Theorem 8 follows at once.

§6 Proof of Theorem 1: initial steps.
In this section, let s = o + it denote a complex variable.

Lemma 18 Assume the Riemann hypothesis, and let o € (%, 2}. Fory>1,
we have

p(n) _ 1 1/2—c+e(|q|e
> = g O )

Proof. This is proved in all essentials in [22], §14.25.
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We shall write

B ~2T%(1/3)
r(n) = Z 1, b= 30/3)

Ax) = Zr(n) — ba?/?,

Z(s)=> # (o >1).

Nowak [17] showed (in a more general context) that Z(s) has an analytic
continuation to o > 2/9 with the exception of a simple pole at s = 2/3, with
residue 2b/3. His discussion yields the estimate

(6.1) Z(s) < P10 (0 2 2/9 4 €]t 2 1).

Lemma 19 Let A be a constant, 2/9 < A < 1/2, and suppose that, for every
e >0,

oT
(6.2) / Z(A + it)|dt < T
T
for T > 1. Then fore >0, 1 <y < 23, we have
X _
E() =Y p(d)A (5) + Oy 2

d<y

Proof. This is essentially stated in [25]. We give details for the convenience
of the reader, following [17]. First of all,

(6.3) v = S Y uld)

mf3+nf¥<e d>1
d|m,d|n

d>1 d>1,t>1
d3(|mP+|n|*)<=z d3t<az

Y % £ @A () +Q),

d<y d<y
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where

d>y,t>1
d*t<z
Now let )
fl8)= === pnn™ (0>1/2),
C(S) n<y
so that
a(n)
f(3s)Z(s) = s e = > uld)r().
n>1 d>y,t>1
d3t=n
An application of Perron’s formula gives
1 24ix€ s
Qo)== [ 169209 % ds+0()

for any constant C' > 2 We move the vertical segment to the left. For a
sufficiently large C', we obtain

A+izC s
64) Q)= —— / £(33)2(5) = ds

T 2mi
s (1222002 2) o,

—32C

MixC s
_ L £(38)Z(s) % ds +ba** 3" %l) +0(1)

21 Jy_zc e

on applying (6.1) on the horizontal segments.
By a splitting up argument, there is a T, 1 < T < 2%, such that

(6.5)

)\1 2T
<= ;gx/ F(3\ + 3it) Z(\ + it)| dt

T-1

)\—i-ixc IS
/ fBx)Z(s) —ds
A S

_ixC

< x/\-i-ey%—?))\'

The last estimate follows from Lemma 18 and (6.2). The lemma follows at
once on combining (6.3)—(6.5), since

u(d)  6b  4T(1/3)
b 2 72 m(2/3)

a>1
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The best available value of A at present is 4/9:

Lemma 20 ForT > 1,

/2T
T

Proof. This follows from Lemma 3.1 of Zhai [25] on applying the Cauchy-
Schwarz inequality.

4
Z <§+zt>’ dt < T'logT.

Let ¥ (t) = {t} — 1/2, where { } denotes the fractional part.

Lemma 21 We may write

where, for a positive constant cy,

= 1 1
A(z) = ez Z 7173 €08 27 (€x1/3 — 5) +O(1),
=1

No(x)==8 > Y(lz—n")"*) +0(1).

(z/2)1/3<n<at/3
Proof. See Kritzel [12], Chapter 3.
On combining the last three lemmas, we obtain the decomposition
B(x) = Ey(x) + Ba(a) + Ba(x)

where (for a parameter y in [1, 2"/ 3] which is at our disposal)

kx'/3 1
72/9 _
Z dz/s k:4/3 cos 2 ( d 3>=

d<y
I~ 1/3
B@--sXu Y e((F-)")
d<y x1/3/(21/3d)<n<x1/3/d

and

Es(z) = O(a**ty /% 4 y).
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To obtain (1.2), we choose

y = 8/15-60/5

It now suffices to show, for any D, D', 1 < D <y, D < D' < 2D, and any
K > 1, that

Lal/3
(66) Z Z < ) < K4/3D2/3x6’72/9+e

k~K D<d<D'

and

6.7) Sud) S v ((% —n )1/3) <t

d~D anl/S/(Ql/Sd)

We complete this section with a proof of a stronger result than (6.7),
namely

_ Z 1(d) Z W ((% _ n3>1/3> < g T/2THe (D < 132/9).

d~D n~wl/3/(21/3d)
(This is the bound corresponding to (6.7) if 6 is replaced by 7/27).

Lemma 22 For H > 1, we have a representation

Yu)= > a(h)e hu+O<Zb )+0( b

1<|h|<H 1<h<H
with coefficients a(h) < 1/|h|, b(h) < 1/H.
Proof. See Vaaler [23], or the appendix to [6].

We now split up S(D) as follows. For d ~ D, (suppressing dependence

on d) let

L1/3

Nj = d(1 + 2—3j/2)1/3 v
Here J is the least integer such that

=0,1,...,J

l’l/g/d—NJ SZL‘E.
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Thus J < logz, Njiq — N; < 21/3273/2D~1 >> 7€ and in particular
(6.9) g1/39732 D71 s g

for j=0,1,...,J.
It suffices to show that for each 7 =0,...,J,

(6.10) Z# Z " ((_ - >1/3) < o7/

d~D nely
where Iy = 1,(j) = [N}, Nj11].
It is convenient to write P for 2/. We apply Lemma 22 with

(6.11) H = max(2?/*"P~3/2 1).

Thus the sum in (6.10) can be rewritten

2o 3 e (r(5-)")

d~D 1<|h|<H nely
x 1/3
+0 (Z Z b(h) Z e (h <$ - n3> )) + O(z"*).
d~D1<h<H nely

We need only show that, for 1 < K < H and |as| <1,

(6.12)  S(D,K,P):=K'> pu(d) an ) e (<__n3>1/3)

d~D h~K nely
< x7/27+6 )

The corresponding result with 1 in place of u(d) is, of course, easier.
We apply the B-process to the sum over n in (6.10). We may quote the
result from Kiihleitner [13], (3.5):

21/6

PS/ADI2 (32 |S"(D, K, P)| + Dlog,

(6.13) S(D,K,P) <

with

S(D.K.P) = 3 () (Z)l S bt m)e <—x1/3|(;,m)\3/z).

d~D (h,m)€eT
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Here b(h,m) < 1 and
T ={(h,m): h~ K, Ph<m <2Ph}.

Thus we must show that

— 23 (. m) s
(6.14) S Y b(h,m)e( ’(3’ )|/)

D<d<D’ (h,m)eT

< $5/54+6P5/4D1/2K3/2.

If
K < x5/27P1/2D71’

then (6.14) is trivial. We now assume that

(6.15) H>K >z%p/2p-t

We next dispose of the case where

(6.16) K < min(z 22T P71ADYR PR pt D2y

by treating the variables h,m trivially in (6.14). In view of Lemma 2 (ii), we
need only show that, for |a,,| <1, |b,| <1,

Y
6.17 e | — | < 5/54+e p1/4 p1/2 fr—1/2
( ) mw]\JanNa ‘ <mn> ’
D<mn<D'
whenever
(6.18) DB <« N< DV, Y =zBPK
and that for |a,,| <1,
(6 19) Z QA € L < x5/54+6P1/4D1/2K_1/2
| m~M, n~N " mn
D<mn<D'
whenever
(620) N >> D2/3 ’ Y - $1/3PK.
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For (6.17), we use Lemma 5 with M; = M, My =1, M3 = N, My = 1.
The left-hand side of (6.17) is

< (IOng)Q{Yl/Q +M1/2N+ MN1/2 +MN(Y/D)71/2}
< (1Og$)2{x1/6pl/2K1/2 + D5/6 + D3/2ZU_1/6P_1/2K_1/2}
< (logx)2{11/6P1/2K1/2 + D5/6}

< gB/54tepl/apl/2 r—1/2

where we appeal to (6.16) in the last step.
For (6.19), we treat m trivially and estimate the sum over n using the

exponent pair (3, 3). The left-hand side of (6.19) is

v\ /2 v o\
M| —= M| —
<u(5) v (55)

K MD™ PPV 4 D2y PP R
Certainly D2z~ V3P 1K~ « 2554 PYADV2~1/2 and we obtain
MD_1/2$1/6P1/2K1/2 < $5/54P1/4D1/2K_1/2

by appealing to (6.16) and (6.18). This completes the treatment of the case
(6.16).

We note in particular that (6.14) holds whenever H = 1. For in this case
K =1, while, (6.15) gives D > 2°/?"P1/2. Now (6.16) is easily verified. We
may now suppose that H = 2%/2"P~3/2_ Since K < H, we have

(6.21) KP3/? < 2227 P < g%/81,

We are now in a position to apply Theorem 2, with (k,\) = (1/2,1/2)
and essentially (D, K, PK, x'/*PKD™!) in place of (M, M, M>, X). We
may suppose, in addition to (6.21), that

(6.22) K > D p~1/2575/77,
For in the contrary case, we note that (6.16) holds, since
DPV2g /2T (=22 prlA D)L o DU2,3/2T

DP_1/21'_5/27($5/27P1/2D_2/3)_1 < D5/3[E—10/27 < 1.
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The condition X > M2 in Theorem 2 reduces to '/*PK D™ > P?K?,
that is,
DPK < z'/3,

This is a consequence of (6.21). Thus the left-hand side of (6.14) is
< z(DPK + D*3(PK)*(z'/*/(DPK))"/%)

< *DPK + D25 \/18+¢(p )11/,

It remains to show that
DPK < 25/ ps/ApU2[3/2.
(which is simply (6.22)), and that
DV (PRI  5/34 pS/ADU2 |32
that is,
P23 o 1/27

This is an easy consequence of (6.21):

P7/12K1/3 — P1/12(P3/2K)1/3 < $1/243+2/81.
This completes the proof of (6.14).

g7 Completion of the proof of Theorem 1.

It remains to prove (6.6). We write D = x. Since the trivial bound gives
(6.6) for ¢ < 30 — 2/3, we assume that

2 8 60
1 A13... =30 — - < ——-——=0221....
(7.1) 0.113 30 3<¢_15 5 0

We fix K > 1and D', D < D' <2D. Let

53 % o)

I~K m~M n~N
D<mn<D’

5= Y b (ﬁm;)

I~K m~M n~N
D<mn<D’

with coefficients satisfying |a,,| < 1, |b,] < 1.
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Lemma 23 Suppose that

(7.2) N > D?*/324/97%
Then
(73) Sl < K4/3D2/31,9—2/9+E’

provided that either

(7.4) N > D—25/21,-500/7+19/9
or
(7.5) N > [)—944/267,,—18886/89+4898/801

Proof. 1t suffices to show that

(7.6) S = Z Z Ame (6:;:

m~M n~N
D<mn<D’

) < 61/3D2/3x072/9+6.

We appeal to Theorem 4, with X =< ¢2'/3D~!. In (4.15), the terms DN~'/2,
DX~1% are acceptable because of (7.2). Since Ny < N and (1 + 2x)/(6 +
4rk) < 1/4, we need only show that

(D4+4f~§(x1/3D—1)1+2mN—(1+4n—2)\))1/(6+4f€) < D30-2/9.

The condition (7.4) arises on choosing (k,\) = (2,2) = BA2B(0,1), while

(7.5) arises from (k,A) = (&, 1 + 2%). The latter exponent pair requires
lengthy arguments (Huxley [9], Chapter 17).
We remark that the slightly stronger exponent pair in [10], (2,1 + %),

2057 2
would not significantly ‘reduce 6.

Lemma 24 Suppose that (7.2) holds, and that ¢ < 4 (0 — %) =0.151...,

(7.7) N < D~25/21,=500/7+19/9.
and
(7.8) N > £19/9-86 p1/s,

Then (7.3) holds.
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Proof. Tt suffices to prove (7.6). Since N < D < x'/3D~7/% we may appeal
to Theorem 8 with X = ¢z'/3*D~'. Thus

(79) Sl < (log $)3/2£1/6{D11/12 + DN*I/Q + x71/42D29/28N1/14
| V24 DUI6 N—1/8 o 1/48 [)25/32 \r—1/16 o 1/42 11/14 N—1/7
+ DBV L g1/ DL | 1/T8 [19/26 N2/18)

The first term on the right-hand side of (7.9) is acceptable since ¢ < 4(0 —
2/9). The second term is acceptable because of (7.2). The third term is
acceptable because of (7.7), which is stronger than the required condition

N < D~31/6,,140-25/9

since ¢ < 0.152.

The fourth, fifth, sixth and seventh terms are acceptable because of (7.8).
The eighth term is acceptable since D > %!, The last term is also accept-
able because of (7.7). This completes the proof of the lemma.

Lemma 25 Let ¢ < 1/6. We have
(710> 52 < K4/3D2/3x972/9+6

provided that (7.2) holds, and either

(7.11) N < min(z>7%0/5-14p=2 p1/2)
or
(7'12) N < min(D—2/3x15080/95—226/57’D1/2)'

Proof. 1t suffices to show that

1/3
I D I o B

mn
m~M n~N
D<mn<D’

We appeal to Theorem 5, with X =< (z'/3/D > D. Again, DN~Y/2 is
acceptable. Since M > D'? and ¢ < 1/6,

DM_1/4(D2/3939_2/9)_1 < D3/2450+2/9 o 1,
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so the term DM~'/* is acceptable. Since (1 + 2k)/(14 + 12k) < 1/3, it
remains to show that

(D11+10n(xl/S/D)PFZKNQ()\fn))1/(14+12ﬁ) < D39-2/9,

The condition (7.11) arises on choosing (r, ) = (3, 35) = BA*B(0, 1), while
(7.12) arises from (k,\) = (3%, 5 + ).

Lemma 26 We have (7.10) provided that (7.2) holds and either

(7.14) ¢ < 26/15—60 =0.17... , N < D'¥/64100-26/9
or
(7.15) ¢ >26/15—-60 , N < DY2.

Proof. Again, we need only prove (7.13). Lemma 5, with (x, A) = (1/2,1/2),
yields

St < (log )30V {/15 DY/2ONI/10 | f1/18 DU/2\1/9 4 1/15 2/5 N /5
| U3 DB/ B/ | p2/3 \B/18 | N —1/2 | .~ 1/66 [)15/22 \9/22
+ D3/2£L'_1/6}.

The last four terms are easily seen to be acceptable in view of (7.2). Since
N < D2 we have

2115 D2/5 N5 x1/15D9/20N1/10,
21/33 DB/ N3/ o (1/33 )15/22 o 1)2/3,0-2/9

Moreover,
2 1/15 D9/20 N1/10 o [)2/3,.0-2/9

for N < D'3/62100-26/9 " and certainly if (7.15) holds.
The remaining term '/ DV2NY? is < D?/33972/9 for N < D3/2x99-5/2,
which holds if either (7.14) or (7.15) is assumed.

Lemma 27 We have (7.10) provided that

(7.16) N > D*/38/9749
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and either

22 240
(7.17) ¢ < TR 0.155... , N < DP/3z40-11/9
or

22 240
(7.13) 622 2 N

Proof. From Lemma 7, essentially with (K, N, M, Kz'/?/D) in place of
(H,N, M, X), we have

52 <<[IfeK{xl/12D1/4Nl/4+DN_1/4+D1/2N1/2+D3/2$_1/6}.

The last term has already been discussed above. The second term is ac-
ceptable since (7.16) holds. The first term is acceptable since (7.17) (or, if

¢ > 2 — 2% the stronger condition (7.18)) holds. Finally, the third term is

acceptable since N < D2,

Lemma 28 Let

24 2

We have (7.10) provided that (7.2) holds and
(720) N < min((D659x50760_1410)1/187, D1/2>.

Proof.  We apply Theorem 6 with o = 8 = —1, X =< 2/2D~!, taking

(k,\) = BA (%7%—’— %) = (%,%), The term L2DN~? is acceptable

because of (7.2). The term L?DN~/* is acceptable since
DM™'* <« D® <« D*/32072/9
from (7.19). Finally, the term
X6 (D NARY I 6468) [ 1/18( 2725 £ISTY1/5076
is acceptable because of (7.20).

Completion of the proof of Theorem 1. We assume (7.1) and show that
(6.6) holds.
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Suppose first that

26
> = 66.
¢> 150

By Lemma 25, we have (7.13) for
D2/3.’L'4/9_20 < N« D1/2

and moreover, D%/3z4/9-20 « D1/3,
By Lemma 23, we have (7.3) for

N > D_25/21$_509/7+19/9.

We note that
(7.21) D~ 2/2=500/THIY « D35 for ¢ > 0.142.

Now (6.6) follows from Lemma 2 (ii).
Suppose next that

30 2 26
22 161 _ = <2
(7.22) 0.16 (0 9) o< ;00

We claim that (7.10) holds for D/* < N < D?® and (7.3) holds for N >>
D?/>. This is sufficient for (6.6) in view of Lemma 2 (i), with h = 4.
For S, we use Lemma 28. We have

D2/3,4/9-20 D1/4,

since ¢ < E —60 < % (9 — —) We also have

(D659$50769—1410)1/187 > D2/5;

this requires only ¢ > 0.156. Moreover,

min( D2, (D639 50760~1410Y1/187) - [)=25/21;~500/7+19/9.
this requires only ¢ > 0.157. In view of Lemma 25, we conclude that (7.13)
holds for D'/* < N < D% and (7.3) holds for N > D?/?®  as required for

the range (7.22).
Suppose next that

2 249 2
2 156... == 22 0— =
(7.23) 0.156... = 7 <o - ( 9)
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We claim that (7.10) holds for DY/* < N < D'3 and D*® < N < D'?,
while (7.3) holds for N > D?°. This is sufficient for (6.6), in view of Lemma
2 (ii).
We have
D2/354/9-20 < p1/s.

since ¢ < 3—70 («9 — %), while

(D659:L‘50769_1410)1/187 > D1/3;

this requires only ¢ > 0.153. Thus Lemma 28 gives (7.10) for D'/5 < N <
D3, Moreover, Lemma 27 gives (7.10) for D?/® < N < D'/2, and indeed
for D*° < N < D3/°. Now, recalling (7.21), we have (7.3) for N > D2/,
and we have established (6.6) in the range (7.23).

Suppose next that

2 22 240
24 150... =4(0-2 <= =7
(7.24) 0.15 ( 9)<¢_21 -

We now use Lemma 25. This yields (7.10) for
D2/354/9-20 o N o [)—2/3,;15080/95—226/57
while Lemma 27 yields (7.10) for
DA3,8/9-40 o N DF/3,40-11/9

Note that
5/3,,46-11/9 > D7944/267(%718880/89+4898/801,

5 944 2\ /5 944
Sl ) zafe-2) (2422
¢(3+267> = ( 9) (3+267)

_4898+£_9 1888+4
801 9 89 '

since

In view of Lemma 23, we have (7.10) for

N > D4/3x8/9_49.
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We now apply Lemma 2 (iv) with

DX — D2/3x4/97207 DY — [)—2/3,,15080/95-226/57

Since4(9—%)<gb§%(9—%),Wehave%<xg%,
1 4x) 1 4x
max(3’5+5)_5+5‘

)—2/3,,15080/95-226/57 - D1/5(D2/3:c4/9*29)4/5;

Moreover,

this requires only ¢ < 0.157. Thus Lemma 2 (iv) is applicable, and (6.6)
holds in the range (7.24).
Suppose now that

2 (2760 2
2 A38... = | ——-14 <4160—--).
o= 2T ) <o)
Then (7.3) holds for
(7.26) N > g19/9-89 p1/6,

To see this, we appeal to Lemma 24. We may suppose that (7.7) holds, in
view of Lemma 23.
In order to apply Lemma 2 with A = 5, we need only verify that

maX(Dl/B’xw/Q—SODl/G) < [)2/3,,15080/95-226/57

This requires only ¢ < 0.154, and we have established (6.6) in the range

(7.25).
Suppose finally that
2 (2760
(7.27) o < R (T — 14> )

From Lemma 25, (7.10) holds for
D2/3x4/9729 < N < D1/2.

Moreover,
DL/3,20-4/9 5 p2/3.
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In view of Lemma 2 (ii), it suffices to establish (7.6) for
N > D1/3$29_4/9.

We estimate the sum over m in (7.6) trivially and apply the exponent pair
(1/6,2/3) = AB(0, 1) to the sum over n. Since

('?/D > D> N,

this gives
01 /3N\ MC
S <M ( 5 ) N2
< (V6118 DB/6 N —1/2 o p1/6 [)2/3,.6-2/9
for

N > Dl/3x5/9729'

This is stronger than we need, and we have (6.6) for the range (7.27). This
completes the proof of Theorem 1.
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