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NUMBERS WITH A LARGE PRIME FACTOR II

ROGER BAKER AND GLYN HARMAN

To Klaus Roth with warmest good wishes on the occasion of his 80th birthday.

1. INTRODUCTION
Let  be a large positive number and y = z'/2. Even if we assume the Riemann
hypothesis, it appears to be hopelessly difficult to show that there is a prime number p
in the interval Z = (z,z 4 y]. One approach is to assume that there are Siegel zeros. By
making a precise hypothesis of this nature, Friedlander and Iwaniec [3] show that there
are primes in intervals [z, z + 2%%/7] for long ranges of .

Ramachandra [13] suggested the problem of showing that there is a number n in 7
having a large prime factor p with p > 2¢. This is an “approximation” to the original
question. Here of course ¢ is to be made as large as possible. Increasing values of ¢
for which such a p can be shown to exist have been provided by Ramachandra [13, 14],
Graham [4], Baker [1], Jia [7, 8, 9, 10], Liu [11], Baker and Harman [2], Liu and Wu [12]
and Harman [6].

In Harman’s book, the value of ¢ is 0.74, and it is noted that recent work on expo-
nential sums due to Wu [17] and Robert and Sargos [16] give room for further progress.
In this chapter, we pursue this programme, and prove the following result. We write
P(n) for the largest prime factor of a natural number n, and Q(n) for the smallest prime
factor of n, with Q(1) = 1.

Theorem. For all sufficiently large x, there are integers n in the interval T with
P(n) > $0.7428‘

We shall quote liberally from earlier works on the subject, especially [2, 12, 6]. Let €
be a positive number, which we suppose is sufficiently small. Let

N(d)=>"1,

nel
d|n

L =logz, U=21%°"¢and ¢ = 0.7428. Then (see [6, Section 6.2])
Y AdN(d) =) (logn — A(n)) = yL + O(y),

d<z nezl
3
A(d)N(d) = (- —¢€]yL+O(y),
%:U (5 ) y y
and
> Ad)N(d) = O(y).

U<d<zx
d not prime
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It suffices for the proof of our theorem to show that

>~ (logp)N(p) < (% + %) yL. (1.1)

U<p<a?®

For then the above inequalities yield the existence of p > 2¢ with N(p) = 1. Obviously
N(n)=0or1forn>y.

Thus we have reduced the question to an upper bound sieve problem. Let v € [U, x5/ 4.
Define 0 by v = 2% and let K = (v,ev], A= {n:n € K, N(n) =1} and B= {n:n € K}.
Thus A is our set to be sieved, and B is a “comparison set”.

For a finite set £ of natural numbers, we write &; = {n:dn € £} and let |£| denote
the cardinality of £. We shall be concerned with the quantity

S(Ag,z) =|{n € Ag: Q(n) > z}|

and its averages over d. In particular, S() = S(A, (ev)'/?) is the number of primes
in A. It is not hard to see (compare, e.g. [1]) that (1.1) follows from the bound

¢

/ 05(6)do < %, (1.2)
0.6—e 5

which we shall establish in the following sections.

We close this section with a few remarks on notation. Throughout the chapter, we
suppose that x > C(e). We write = exp(—3/e) and J = [vy~12*"]. The quantity &
denotes C'n, where C is an absolute constant, not necessarily the same at each occurrence.
Constants implied by <, > and O( ) depend at most on e. Constants implied by O( )
are absolute. The notation ¥ < Z means ¥ <« Z < Y, and m ~ M stands for
M < m < 2M. We reserve £, m and n for natural number variables and p, ¢, 7, s, t
and u, possibly with suffices, for prime variables. Finally, let ¥(a) = a — [o] — 1/2.

2. THE ARITHMETICAL INFORMATION
Our first lemma concerns the “type I” sums S; associated to the problem,

5= % % he(in).

h~H n~N m~M
v<mn<ev

Lemma 1. Suppose that 3/5 <0 <3/4—¢€,1/2< H < J and |b,| <1. Then

St < vz~ (2.1)
provided that either
N < g?/57¢, (2.2)
or
W01/ « N < g1/ (2.3)

Proof. For the case (2.2), see [12, Corollary 2 of Theorem 2]. The condition v < mn < ev
can be removed at the cost of a logarithmic factor; for more details see [6, Section 3.2],
for example.

For the case (2.3), we apply Wu [17, Theorem 2], which is essentially an abstraction
of a result of Rivat and Sargos [15].
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Again, the condition v < mn < ev can be removed at the cost of a logarithmic
factor; this is done in [15], and the extra details can readily be incorporated into [17].
In the notation of [17], take k = 4, « = v = —1, 8 = 1, and replace (H, M, N, X) by
(N, H, M, Hxv~'). We then have the bound

ij—n < ((H:L"U_l)16N52H68]V[60)1/80 + ((Hxv_l)N2H2M4)l/4
+ NH+ N(HM)"? + NY2HM + X~Y2HMN.

Thus we have to verify that

(sz71)16N52H68M60 < ,1}80‘:6757 (24)
H(zv YN2H2M* < vtz~0, (2.5)
NH < vz, (2.6)
N(HM)Y? < vz=9, (2.7)
and
XY2HMN < zv™°. (2.8)

The left-hand side of (2.4) is < 29808827340 N8 < 480279 from (2.3). The left-
hand side of (2.5) is < 2°F1/20827 I N~2 < v4279 likewise. The left-hand side of (2.6)
is < vz~% since N < z'/27¢. The left-hand side of (2.7) is < N'/2(vax=1/2)1/241/230 <«
vz~ likewise. Finally, the left-hand side of (2.8) is < HY/2x=1/2403/2 « 29-3/42 «

vz ~9 since 6 < 3/4 — e. This completes the proof. a

In order to state our results for type II sums

=Y Y % mb(%)

h~H n~N m~M
v<mn<ev

we introduce some notation that is adapted from [12, 6]. We define ¢; by the following
table:

o1 o2 o3 o o o6 o7 Xy b9

AR E R
b| 5 18 54 3 131 323 771 32 2500
~ | 0.6 | 0.6111 | 0.6481 | 0.6667 | 0.687 | 0.6997 | 0.7095 | 0.7188 | 0.7428

In the above = gives the decimal to four significant figures. Put J; = [¢;, ¢;41). We
then write J(0) = [0 — 1/2 + €, 7(0) — €], where 7(0) is given by the next table:

Interval J1 Jo J3 Jy Js Js Jr
1190-3]120—5 | 550—25| 596 — 28 | 2450 — 119
TO0) [2=301 5| 7 17 17 66 261

It is convenient to write K(0) = [20 —1+4¢,3/2 — 20 —¢] for 6 < 5/8 —¢.
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Lemma 2. Suppose that ¢1 < 0 < ¢s. Then for |an| <1, |by| <1, 1/2< H < J, we
have S;; < vo~5", provided that either

2012 M« T O¢ (2.9)
or

0<5/8—e and 2?07 <« M < o?/?7%c (2.10)

Proof. Again, we may remove the condition v < mn < ev at the cost of a logarithmic
factor. The case (2.9) is covered in [1], with § € J;, and [12]. For the case (2.10), we
appeal to Robert and Sargos [16, Theorem 1], with X = Hzv~!. We obtain

G e HNM x \" 1 1 1
nr < NHM?2 +(HN)1/4+M1/2+X1/2 :

We already dealt with the last term. Next,

1/4 1/4
2 —1/246 (_T _ ,3/2,.—1/4+8 3 r—1/4 -5
HNM(W) < iV (W) = 327V N
from (2.10). And, HNM(HN)Y/* <« H3/*3/4 MYV « 03227 3/800 M1/ « pp—0
from (2.10). Finally, HNM'? <« v2zx=1/2H0M~1/2 < vz~ from (2.10). O

The key consequence of Lemma 2 is that (2.9) or (2.10) implies

5 T () () o
v<mn<ev

and consequently

DD amba=y Yy > % +O0(ya™>");

m~M n~N m~M n~N
mneA mneB

compare [2, 6]. Similarly for Lemma 1.

3. THE ALTERNATIVE SIEVE: INITIAL STAGE

The sieve introduced in [5], and discussed at length in [6], was designated the
“alternative sieve” in [2] — it is an alternative to the Rosser-Iwaniec sieve. In the
present context, we write

1
S = —
B N) =y > oy
mneB
Q=2

and compare this quantity with S(A,,,u). We can regard S(B,,,u) as “known”.

Lemma 3. We have

_ (logv/m y 1
S(BW’A)_“< log A )mlogA(HOf(L )

for m < vl and ¢ < XA < v/m. Here w(u) is Buchstab’s function.

Proof. This is a slight variant of [2, Lemma 8§]. O
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Under the conditions of Lemma 1,
b
bnlA,| = — 4+ Oc(yz™™" 3.1
3 bl =y 3= 2+ 0.l (31)

(compare [2, Lemma 9]), and one can easily deduce that

S Y bl L 0.
n~N  d<z®
pld=p<a”
provided that either
N < g?/572% (3.2)
or
WO 13/4e o N« p1/2-2€ (3.3)

Of course, if v < x73/120=¢ then v0gz—13/4+e « 52/5-2¢ g4 that (3.1) holds whenever
0 <73/120—€¢ and N < z'/?72 (3.4)

Arguing just as in [2, Lemma 10], we now obtain

Lemma 4. Suppose that one of (3.2), (3.3) or (3.4) holds. For every n ~ N, let
0<a, <1, and a,, =0 unless Q(n) > z. Then

> anS(An, ") = > anS(By,2") (1+o(exp(ﬁlog )))+O€(yx_4”).

n~N n~N

Here, and in succeeding lemmas, it is possible to attain a sharper error term on the
right-hand side by following the arguments in [6, Chapter 3]. Since this would not
improve our final result, we keep the exposition close to that of [2].

The other structural component of the alternative sieve, in the present application,
is
Lemma 5. Let ¢1 < 0 < ¢pg. Let h > 1 be given, and let D C {1,...,h}. Let
1< M < My, My <2M, and suppose that one of the two conditions below holds:

(i) Bither z%~1/2T « M < 270 =< or g0+ « M <« z1/27¢,
(ii) 0 < 5/8—¢; and either 120~ < M < a3/2720=¢ op g30-3/24e « M < g1=0-¢,

Then
* *

Z e Z S(Aplmph,vpl) - Z s Z S(Bplu.ph) + O(yx74”),

p1 Ph m o
Here x in the summation indicates that p1,...,pn satisfy z" < p; < --- < pp and
M < ljeppj < M, together with no more than e~ further conditions of the form

<[[r<s (3.5)
JEF

Proof. This is proved in exactly the same way as [2, Lemma 12], using Lemma 2 of this
chapter in place of [2, Lemma 11]. a
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—1/2—¢ T(0)—e€

It is convenient to write, for ¢ < 0 < ¢g, a = vz and b = x , and for
¢ <0 <5/8—¢, c=v2x 1t and d = £3/2729—¢, We also write w = b/a and w’ = d/c.
Note that w’ = w for § < 11/18, while w’ < w for 11/18 < 0 < 5/8 —¢.

Let E = E(z,€) be some function of z and €, with 0 < E(z,€) < e. We can now write
down some general conditions under which we have

> anS(Am, 2) =Y amS(Bm, 2)(1+ O(E)) (3.6)

for 2" < z < w; and some further conditions under which we have (3.6) for the range
z" < z < w'. When (3.6) holds, we say for brevity that ) amS(Awn,2) has an
asymptotic formula with error E.

Let us write
_f1/2—2¢ if ¢y <O <T3/120 — ¢,
TT2/5—2¢ if73/120 — e < 0 < ¢s.

Lemma 6. Let ¢y < 0 < ¢s. Let 1/2< M < a, 1/2 < N < a%a~t, M < M; < 2M,
N < Ny € 2N and 2" < z < w. Suppose that {1,...,h} partitions into two sets C

and D. Then .
Z e Z S(Ammphvw)
p1 Ph
has an asymptotic formula with error €. Here x in the summation indicates that p1,--- ,pn

satisfy z < py < -+ < pp, M < Hjecpj < M; and N < HiEDpj < Ny, together with
no more than e~ further conditions of the form (3.5).

Proof. This is proved in exactly the same way as [2, Lemma 13], using Lemma 4 of this
chapter in place of [2, Lemma 10]. d

Let g = 082~ 13/4¢ and ¢; < @ < 37/60. The significance of the number 37/60 is
that g < v/b holds for 6 < 37/60.

Lemma 7. Let ¢; < 0 <5/8—¢. Let P, > x",..., P, > 2", and suppose either that

Pl...Ph<<§, 2" <z <, (3.7)
or that 6 < 37/60 and
g<<P1~~-Ph<<%, " < 2 < w, (3.8)

where the condition Py ... Py, > g can be deleted in (3.8) if < 73/120 —e. Then
ST D S(Apy g ?) (3.9)
p1~Py Ph~Ph

has an asymptotic formula with error e.
Proof. This is similar to that of [2, Lemma 13], so we shall be brief. We write
Yoo Y Y
p pi~Py pr~Pr
and m = py - - - pp. Suppose first that (3.7) holds. By Buchstab’s identity,

ZS(Am,Z) :ZS(Amvxn)_Z Z S(Amqw(h)'

P z"<q1<z
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The first term on the right has an asymptotic formula with error

exp(—ilog E) , (3.10)
n n

by Lemma 4. The subsum of the second term on the right for which mgq; > v/d has
an asymptotic formula with error 27" by Lemma 5, since mg; < (v/d)z < v/c. To
the residual sum in which mgq; < v/d, we apply Buchstab again. If we continue in this
fashion, the j-th step is the identity

Z ZZS mqu.. qu)

P (3.11)
- Z Z mfh 45> TI) 72 Z S(Amq1mqg'+1an+1)
P (3.11) P (3.12)

with summation conditions

v
TSe < <<z maeoeg <o (3.11)
v
"<Qj+1<qj-~-q1<z, mqy g < . (3.12)

d
The first of the subtracted pair of sums has an asymptotic formula with error (3.10) by

Lemma 4, and the subsum of the second of the pair complementary to > 1 has an
asymptotic formula with error =", since
v v v v
Y < magr g <<,) , <(7) —_— 3.13
d mqi - qj+1 d dj+1 d w - ( )

The residual sum is ) 1 After O.(1) steps the residual sum is empty, giving a dec-
omposition of Zp S(Apm,z) into a main term and an error term. A corresponding
decomposition applies to > S(Bin, 2), and just as in the proof of [2, Lemma 13], (3.9)
has an asymptotic formula with error

n 12V exp (—E log E) <€
n n

This completes the proof of the case (3.7). The case (3.8) is very similar, with v/b and
w in the roles of v/d and w': thus (3.13) is replaced by

v v v v
< (3 < (o= .

4. ASSEMBLING THE COMPONENTS OF THE FINAL DECOMPOSITION

For each 6, we shall in Section 5 make a “final decomposition” of S(A, (ev)!/?) and a
corresponding decomposition of S(B, (ev)!/?), using Buchstab’s identity and, in some
cases, role reversals. Let us say this takes the form

k £ k L

S(A () ?)=>"8— > S, SB(er)/?) =) S - Y S

Jj=1 j=k+1 Jj=1 j=k+1
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Here S; > 0, S7 > 0 and for j < k and, say, k +1 < j < t, where ¢ < ¢, we have
S;=8:(1+0(e )) Thus we get the upper bound

S(A, (ev)/?) < | 8(B, (ev)'/?) +ZS (14 0O(e)).

We strive to make the “discarded sums” S;, with ¢ < k < ¢, as small as possible, thinking
of them as regions in euclidean spaces.
The first step is

S(A, (ev)'?) = S(Aw) = > S(Ap,p).
w<p< (ev)/?

To continue the process for p € I, an interval where no asymptotic formula is available

for
3 5(A,.p), (4.1)

pel
we need to give asymptotic formulae for
ZS(Ap,w) and Z Z S(Apg, w™)
pel pel w<q<p
where w* = w or w’, depending on p,q. If this cannot be done, we discard the sum

(4.1). These remarks should give context to the lemmas in the present section.

Lemma 8. Let 0 < 0.65 — ¢ and P < b%. Then
> S(Apw)
p~P

has an asymptotic formula.

Proof. See [6, Lemma 6.7]. O

Lemma 9. Let ¢1 <0< 5/8—¢, w< Q < P < (ev)'/?, and suppose that PQ? < v,
P,Q ¢ [a,b] U e, d] and PQ & [vd~ l,vc NuUwb~t,va™t]. Suppose further that either
(i) @ <73/120 —¢; or
(i) P < z'/?=ep~1/2,
Then
Z Z S(Apg,w')
p~P g~Q

has an asymptotic formula.

Proof. (i) If Q < a, we can apply Lemma 6, since P < (ev)'/? < z'/2/a. Thus we may

suppose that Q > b. We cannot have P > d, since b?>d = x'1/2780=3¢ > ¢, Thus we

have Q@ < P < ¢. Accordingly, PQ < ¢® < z'/2=¢ = va~'. Hence we have PQ < vb~,
and the result follows from Lemma 7.

(ii) We have PQ < z'72¢v~! < v/c. Hence PQ < v/d, and we may apply Lemma 7.

d
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Lemma 10. Suppose that 8 € [73/120 — €,47/75 — €], evb2 < P < (ev)'/?, and either
P < 2?5726~ or§ <11/18 — € and P > 2*/5"2¢a=1. Then

> S(App) = Y S(Byp)(1+0()) - v, (42)
p~P p~P
where Sy and V are defined as follows:
(i) For P < x?/5=2¢a=1, we have

Sy = S(Bpgr,7), (4.3)
v

where V is the set of conditions

1/2 1/2
ev ev

p~P w<<r<gqg<a, q<(—) R 7‘<(*) ,
p Pq

it being understood that no combination of the variables p,q,r satisfies the req-
uwirements of Lemma 5.
(i) For <11/18 — e and P > x*/5=2¢q=1, we have

Sy = S(Bgu, ), (4.4)
v

where V is the set of conditions

ev 1/2
mg~P, w<g<a, Q(m)=gq, w<u<(F> ,

it being understood that no combination of the variables m, q,u satisfies the req-
uwirements of Lemma 5.

Proof. This is essentially [6, Lemma 6.8], using Lemma 5 in place of the corresponding
result in [6]. O

The role reversal used in the second part of Lemma 10 does not yield useful results
if we extend it beyond 6 = ¢5. We now treat a role reversal for

3 S(App), (4.5)
p~P

where we assume that 73/120 — € < 0 < ¢ and b < P < vg~!. Besides primes ¢ with
pg € A, the above sum counts pg1q2 € A with p < ¢; < g2. The dependence of g; on p
suggests we first show that

> S(App) =D S(AP)+O[ L7 S(B,.p

p~P p~P p~P

Clearly, it suffices to show that

doo1=0[L7) 8B, |- (4.6)

Pq1q2 €A p~P
p~P
q1<q2

P<q:1<p
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The left-hand side of (4.6) is

Y -3
< E S(Apg,, P) =0 E = O(yL
= ( Pg2 ) = pgoL (y )

quvP*2 quvP’2
from Lemma 4, since vP~! > g. This implies (4.6).
We now proceed as in [6, Section 6.6]. The sum (4.5) is, with acceptable error,

(pliple A p~P Q) =P = 3 S(A(0),(2P)"?),
So5p

where A(¢) = {m:m ~ P, ml € A}. We rewrite the sum over ¢ as

Y. SAOw) - > S(AW0 ).
{=v/P 0
Q=P w<g<(2P)"/?
The first of the subtracted pair of sums has an asymptotic formula by Lemma 7, since
v/P > g. For the second sum, we note that ¢ < x13/8+ey=5/2 < ¢ since 0 > 17/28. We
reverse roles again, so that

ev\ 1/2
> osuop- X s (4w ().
L maq~P
w<g<(2P)"/? w<q<(2P)"/?
Q(m)>q
Since m < x3/4t3¢y=1 < b, we can restrict attention to m < @ in the last expression.
Now m is prime, since w? > a; write m = r. Apply Buchstab once more, so that

3 S<Am,<%)l/2>: S S = S S,

rq~P rq~P rq~P
wLg<r<a wLg<r<a wLg<r<a
w<u< (ev/P)/?
The first sum on the right-hand side satisfies the requirements of Lemma 6. We discard
those parts of the second sum for which we cannot give an asymptotic formula by
Lemma 5. This establishes the first part of the following result.

Lemma 11. Suppose that 73/120 — e < 0 < 13/21 and either

(i) 0 <11/18 and b < P <wvg~!; or

(i) P < z'/?—ep~1/2,
Then (4.2) holds, and corresponding to the two cases above, Sy and V are defined as
follows:

(i) We have

Sy = Z S(qum u)7
\%

where V is the set of conditions

evy /2
rg~P, w<g<r<a, w<u<(F> ,
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it being understood that no combination of variables r, q, u satisfies the conditions
of Lemma 5.
(ii) We have

Sy = ZS(BPquT):
v

where V is the set of conditions

B ov 1/2
pNP7 w <T<q<p7 r< E ) (47)

it being understood that no combination of variables p, q,r satisfies the conditions
of Lemma 5, and w” = w or w' depending on whether ¢ < a or q > b.

For the second part of the lemma, we apply Buchstab twice to the sum (4.5), tak-
ing into account Lemma 9(ii). We then discard the part of >, 7) S(Apgr, 1) to which
Lemma 5 does not apply.

5. COMPLETION OF THE PROOF OF THE THEOREM

As noted in the introduction, our treatment is just as in [6, Section 6.7] for 6 > 5/8 —e.
For the moment, suppose that ¢; < 6 < 5/8 —e. We begin our final decomposition with

S(A, (ev)l/Z) =5(Aw) - Z S(Ap,p) — Z S(Ap,p)

w<p<a p€la,b]U]c,d]
- > S(App)
b<p<(ev)'/?
pg[c.d]
= 51— 85— S5 S, (5-1)

say. We have asymptotic formulae for S; and S3. The treatment of So and Sy raises
several questions, the answers depending on 6.

(1) Is there an interval of p within Sy for which an asymptotic formula holds?

(ii) For the rest of So and Sy, which intervals I of p permit two further decompositions,
in the sense

ZS(Ap,p):ZS(Ap,w)— Z S(Apg,w) + Z S(Apgr,T)

pel pel pel pel
q€Jp q€Jp
wLg<p wLr<q<p
!
- § S(Apg, w') + § S(Apgr,7)
pel pel
q¢Jp q€Jp
w'<g<p w'<r<q<p
=S5 — S¢+ 57— Sg + S0, (5.2)

say?
(iii) In S7 and Sy, which portions permit two more decompositions to obtain sums

Z S(-qum wl) - Z S(qurs> w2) + Z S(qurstvt) = SIO - Sll + SlZ: (53)

say? How do we choose w; and wy according to the region in which (p,q,r), (p,q,7,$)
lie?
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(iv) Are there further intervals of p in which a role reversal in

3 S(A,.p) (5.4)

pel

is to be preferred to discarding the sum in (5.4)?

(v) Can a small part of (5.4) be recovered, rather than discarding all of it?

Of course, a decomposition terminates if some combination of variables allows us to
apply Lemma 5. For example, we do not decompose further the portion of S7 with
pqr € [c¢,d]. There are seven Buchstab decompositions in some cases; these will be noted
below.

We write T'(#) = (L/y)S(6). For simplicity of writing, we ignore any terms in the
construction of an upper bound for T'(#) which are O(e).

We now provide answers to (i)—(v) above.

(i) For 6 < 11/18, we have w? > a and, as in [6], there is an asymptotic formula for
the part Sj of Sy with p < b/2. For 6 > 11/18 there is nothing corresponding to Sj.

(ii)(a) For < 73/120, (5.2) is applied for I = (b'/2,a), (b, ¢), (d,v/?), and J, consists
of (w,a). For p < v'/2 implies p < x'/2a~". If ¢ > b, we place (p, q) in Sg, since pg> < v
implies pg < vb~1.

(b) For § € (73/120,11/18), (5.2) is applied for p < (z/v)*/? and d < p < x9/10=9,
Note that if p > d, then ¢ < b since db® > v; in this case, J, = (w,a). In fact, since
(z/v)Y/? < 29100 ] = (w,a) for p < (x/v)"/?; while for p < (x/v)'/2, ¢ > a, we may
place (p,q) in Ss since pg < x/v implies pg < v/c.

(c) For 6 € (11/18,13/21), apply (5.2) for p < (z/v)*/?, with J, = (w, a), arguing as
in the last paragraph.

(d) For 0 € (13/21,5/8), apply (5.2) for p < a, with J, = (w,a). The point here is
that w’ is too small for numerical results arising from Lemma 7 to be helpful.

(iii) We carry out two more decompositions if either

(a) p,q,r,r can be combined into two products m,n with m < z7a~! and n < a; or

(b) pgr? < v/c; or

(c) 6 < 73/120 and pgr? < z/2; or

(d) 73/120 < 6 < 37/60, and () p,q,r can be combined into two products m, n with
m < 2919=% and n < a, or else pgr < v/d; and (1) pgrw > ¢ and pgr? < /2.

If (a) is satisfied, we apply Lemma 6 to Sio and Sy;. If (b) is satisfied, then we apply
Lemma 7 to S11, and to S19 we can definitely apply Lemma 7 and may be able to apply
Lemma 6. If (c) is satisfied, we can apply Lemma 6 or 7 to Sip and S1;. Since for
w < r < s, () implies g < pgrs < /2, we can apply Lemma 7 in case (d) to Si;, and
either Lemma 6 or 7 applies to Sig. It is clear that, for § > 11/18, we always apply
Lemma 6 in preference to Lemma 7 if the necessary hypotheses are fulfilled, and this
determines wy and ws.

(iv)(a) A role reversal based on Lemma 10(ii) is used for 73/120 < 6 < 11/18 and
p> 291041,

(b) A role reversal based on Lemma 11 is used for 73/120 < 6 < 11/18 and
p € ((x/v)Y/? vg~1). The latter interval disappears for 6 > 11/18.

(v) According to (i)—(iv), S(A,, p) is discarded for vg=! < p < cif § € (73/120,11/18),
for p € (2'/2/v,¢) and p € (d,v/?) if 11/18 < 6 < 13/21, and for p € (b,c) and
p € (d,v'/?) if > 13/21. If § € (13/21,5/8), then b?c < v by a generous margin. From
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the discarded terms S(A,,p), we can recover those pgr in A with b < p < ¢ < r and
c<r<d.

Seven-dimensional integrals arise for § € (17/28,5/8), since then w8 < v/b, and it
can happen that in Sia, p, ¢, 7, s, ¢, u permit a treatment similar to that in (iii) whenever
w < u < t: for § close to 17/28, this would depend on the inequalities pgrstu < pgrst?
and pqrstu > pqrstw.

The above discussion will enable the reader to write down the multidimensional int-
egrals Iy, ..., I} such that

1
T(9)<§+Il+~~+lh. (5.5)
In the case 6 € (13/21,5/8), there is a further integral arising from (v), namely
(1-6)/2 1-0—a dﬂ da
Tner = / 32 3
1/6 max{30—3/2—a,a} B? «
such that .
T(0)<§+Il+“'+jh*1h+l- (5.6)
For integrals similar to Iy,..., I, see the discussion in [6, Section 6.7].
The conclusions that we obtain from (5.5) and (5.6) are as follows. We have
b2
0T(0) do < 0.01153; (5.7)
®1
note how close this is to the conjectural value 0.01111.... Further,
o
/ 0T(0) db < 0.12455. (5.8)
2

Of course, the saving in (5.8) compared with [6] comes only from ¢o < 6 < 5/8.
Just as in [6],

Ps
0T(0)do < 0.17597, (5.9)
$a
and
¢9 5
0T () db < §(¢g — ¢2) < 0.088. (5.10)

o8
We may combine (5.7)-(5.10) to give (1.2). This completes the proof of the theorem.
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