Math 346 Lecture #3
6.3 The General Fréchet Derivative

We now extend the notion of the Fréchet derivative to the Banach space setting.
Throughout let (X, | - ||x) and (Y, || - ||y) be Banach spaces, and U an open set in X.
6.3.1 The Fréchet Derivative

Definition 6.3.1. A function f : U — Y is Fréchet differentiable at x € U if there
exists A € Z(X,Y) such that
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and we write Df(x) = A. We say f is Fréchet differentiable on U if f is Fréchet differ-
entiable at each x € U. We often refer to Fréchet differentiable simply as differentiable.

Note. When f is Fréchet differentiable at x € U, the derivative D f(x) is unique. This
follows from Proposition 6.2.10 (uniqueness of the derivative for finite dimensional X

and Y') whose proof carries over without change to the general Banach space setting (see
Remark 6.3.9).

Remark 6.3.2. The existence of the Fréchet derivative does not change when the norm
on X is replace by a topologically equivalent one and/or the norm on Y is replaced by a
topologically equivalent one.

Example 6.3.3. Any L € #(X,Y) is Fréchet differentiable with DL(x)(v) = L(v) for
all x € X and all v € X.

The proof of this is exactly the same as that given in Example 6.2.5 for finite-dimensional
Banach spaces.

Example (in lieu of 6.3.4). For X = C([0,1],R) with || - |x = || - [lec; ¥ = R with
|-y =|-|, and a fixed polynomial p(t) € R[¢], the function L : X — Y defined by

is a bounded linear functional, bounded because
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and so by Example 6.3.3, we have for each f € X that DL(f)g = L(g) for all g € X.

Note. When X is an infinite-dimensional Banach space, functions from an open subset
of X to Y are often defined by Banach-valued integration.



Example (in lieu of 6.3.5). Again with X = C([0,1],R) with || [[x = || ‘||, Y = R
with || - ||y = |- |, and a fixed polynomial p(t) € R[t], the function @ : X — R defined by

is not linear (unless p(t) = 0) but Fréchet differentiable on X.

Because DQ(f)g = D,Q(f) if @ is Fréchet differentiable at f, we guess the form of the
Fréchet derivative DQ(f) by computing the Gateaux derivative D,Q(f).

To this end we have for fixed f € X, fixed g € X, and r > 0 that
Q(f +rg) —Q(f)
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=lim | p(t) [3£2(t)g(t) +3rf()g*(t) +r?g°(t)] dt
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provided we can take the limit inside the integral. (Can you explain why this is justified?)

Thus the guess for the Fréchet derivative of ) at f is the linear transformation B : X — R
defined by
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Notice that the guess for the Fréchet derivative of an function defined by an integral is
another function defined by an integral. This is typical for functions defined by integra-
tion.

Now for each fixed f is our guess B for DQ(f) a bounded linear transformation?

If we set M = ||f||oo and K = ||p||oo, then for any g € X we have
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Thus our guess B for DQ(f) is a bounded linear transformation.

HB||X7y:sup{ : nonzerogGX} < 3KM*.



Now to show that our guess B is the Fréchet derivative of @) at f:
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because the integral is bounded for small A.

Therefore @) is Fréchet differentiable on X where for each f € X we have

DQ(f)(9) :/0 p(O[f(®))g(t) dt, g € X.

Definition 6.3.6. For f : U — Y, if Df : U — %(X,Y) given by x — Df(x) for
x € U, is continuous, then we say that f is continuously differentiable on U.

The set of continuously differentiable functions f : U — Y is denoted by C*(U,Y). We
will show in the next section that C'(U,Y’) is a vector space.

Note. The proof of Theorem 6.2.14 — for f : U — R™, with U open in R", if all the
partial derivatives D; f;(x) exist and are continuous for all x € U, then f is differentiable
at each x € U — actually shows that the function x — D f(x) for x € U is continuous
because in the standard coordinates each entry of the Jacobian (a matrix representation
of Df) is a continuous function on U. Thus the hypotheses of Theorem 6.2.14 imply that
feCYUR™).

Example. This is from Math 634 — Theory of Ordinary Differential Equations — you
are not responsible for knowing or reproducing this example.

But it is included to illustrate that the “same” function or operator may be continuously
differentiable on one Banach space, i.e., (C([0,1],R),|| - ||«), but not differentiable on
another Banach space, i.e., (L*([0,1],R), || - ||2)-

For X = C([0,1],R) equipped with the co-norm, we show that the operator F' : X — X
defined by

F(g)(t) = sin(g(t))

is continuously differentiable on X.
For fixed g € X, the linear operator B € .Z(X) defined by

B(h)(t) = (cos g(t))h(1)



is bounded because
|(cos g(0)) (1) < [A(B)] < [|P]loc-
The operator F' is differentiable with (DF(g)h)(t) = (cos g(t))h(t) for all h € X because

[F(g + h)(t) — F(g)(t) — (cos g(t))h(t)]
= |sin(g(t) 4 h(t)) —sing(t) — (cos g(t))h(t)]
= |sing(t) cos h(t) 4 cos g(t) sin h(t) — sin g(t) — (cos g(t))h(t)]
= (=14 cosh(t))sing(t) + (—h(t) + sin h(t)) cos g(t)|
< |(=1+4 cosh(t))sing(t)| + |(—h(t) + sin h(t)) cos g(t)]
= |sing(t)|| — 1+ cosh(t)| + | cos g(t)| | — h(t) + sin h(t)|
<| =14 cosh(t)|+|— h(t) +sinh(t)|
\h(t)]*> |h(te)|?
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where we have used the existence of t,ts € [0, 1] for which
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| — 1+ cosh(t)] = | — h(t) + sin h(t)] =

that follow from Lagrange’s Remainder Theorem applied to cos and sin respectively.

To show that g — DF(g) is continuous we start with

IDF(g1) — DF(g2)llec = sup [[DF(g1)h — DF(g2)h]l

Ihfloo=1

= sup sup [(cosgi(¢))h(t) — (cos ga(t))h(t)]
Ihlloo=1 t€[0,1]

= sup sup |h(t)[[cos gi(t) — cos ga(t)].
Ihlloo=1 t€[0,1]

By the Mean Value Theorem applied to cos whose derivative is bounded in absolute value
by 1, we have

| cos g1(t) — cos ga(t)] < |g1(t) — g2(t)]-
Thus
|DF(g1) — DF(g2)|lc < sup sup [h(t)] |gi(t) — g2(1)]
|h]loo=1 t€[0,1]

<llg1 = g2llo

which says that DF is Lipschitz continuous on X, and hence DF' continuous on X.

If we take the “same” operator F on the domain X = L?([0, 1], R) with its 2-norm, then



F(g)(t) = sing(t) is Lipschitz continuous because
1
I1F(o0) = Flgn)l = [ [sings(t) = singa(t)

0
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(where we have used the Mean Value Theorem to get | sin g (t)—sin go(t)| < |g1(t)—g2(1)]),
but this F' is not differentiable at ¢ = 0 (to show this requires a long tedious argument
that depends on the properties of Lebesgue integration).

We will now show that differentiability at a point implies continuity at that point. To
this end we need to articular a notation that differentiability implies. This is where we
will see the need for the Fréchet derivative to be a bounded linear transformation.

Definition. A function f: U — Y is locally Lipschitz at a point xy € U if there exists
d > 0 and L > 0 such that B(xg,d) C U and for all x € B(xo,d) there holds

[f(x) = f(xo0)lly < L|x —xollx-

Remark. Locally Lipschitz at a point is not the same as locally Lipschitz on U where
the latter means for every xo € U there exists 6 > 0 and L > 0 such that B(xg,d) C U
and for all x,z € B(xg,0) there holds

1F() = F()lly < Llx = zl|x

Neither of these are the same as Lipschitz on U which means there exists L > 0 such
that for all x,z € U there holds

If(x) = f(@)lly < Llx —z||x.
Lipschitz on U implies locally Lipschitz on U with the same constant L, and locally
Lipschitz on U implies locally Lipschitz at every point of U with the same constant L.

Proposition 6.3.7. If f : U — Y is Fréchet differentiable at xo € U then f is locally
Lipschitz at xq. (This is not the same as in the book; more about this after the proof.)

Proof. By the assumed differentiability of f at xq, we have for ¢ = 1 the existence of
d > 0 such that for all x € U satisfying ||x — xo||x < 0 there holds

1/ () = f(x) = Df(x0)(x — x0)[ly

<1
[ = o[ x

This can be rewritten as

1/ (x) = f(x) = Df(x0)(x = x0) [y < []x = xol|x-
Now by the triangle inequality we have
1f(x) = f(xo)lly = lF (x) = f(x0) = Df (x0)(x = x0) + D f (x0) (x = x0) |y

< Nf(x) = flxo) = Df(x0)(x = x0)[ly + [[Df (x0)(x — x0) Iy
< lx = xollx + | Df (x0) (x = x0)|y-



Since D f(xo) is a bounded linear transformation, we have (see Remark 3.5.12) that

D f(x0)(x = x0)|ly < ||Df(xo)llxv[lx — 0l x-

Thus we obtain

1£(x) = f(xo)lly < (1 + 1D (x0)lxy) Ix — ollx-
If B(xg,d) is not a subset of U, then by the openness of U there is a small enough value
of ¢ for which it is.
Taking L = 1+ ||Df(xo¢)||x,y now gives that f is locally Lipschitz at xq. O
Note. The statement of Proposition 6.3.7 given in the book — if f is differentiable on U,
then f is locally Lipschitz at every point of U — follows from what is proved above.
Corollary 6.3.8. If f : U — Y is differentiable at xo € U, then f is continuous at x.

This is not the same as in the book, but the statement of Corollary in 6.3.8 in the book
follows from this. It is HW (Exercise 6.14) to prove the version of Corollary 6.3.8 in the
book. (Remember that differentiability and continuity are point properties.)

Note. It is the boundedness of the Fréchet derivative that makes differentiability of a
function at a point imply continuity of the function at that point.

Proposition 6.3.10. If f : U — Y is differentiable at x € U and f is locally Lipschitz
at x with constant L, then ||Df(x)||xy < L.

Proof. By the assumed differentiability of f at x, for each € > 0 there exists 6 > 0 such
that for all 0 < ||h|| < § there holds

£+ h) = £6) = DIy _|
IAlx

By the assumed local Lipschitz at x with constant L > 0 there is ¥ > 0 such that for all
x+ h € B(x,v) C U there holds

[f(c+h) = Fly < LG+ h) +x][x = LAl x-

We can make ¢ smaller if needed so that 6 < v.
For a unit vector u € X, the vector h = (§/2)u satisfies 0 < ||h||x = /2 < 0. Thus
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Since
[Df(x)hlly < [[f(x+h) = f(x) = DAy + [ f(x+ 1) = fF&)y,

and since 0 < ||h||x < d, we obtain

IfGc+h) = F&) = DRy | /G4 R) = FE)ly

IDfully < Thlx Thlx
176+ h) = F) = DFGORIY | Lilhlx
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This implies that
HDf&MXy=wﬁﬁ)HDf®ﬁMY§€+lk
ul|x=1

Since € > 0 is arbitrary we obtain ||Df(x)||xy < L. O

Note. Another version of Proposition 6.3.10 is the following: If f is differentiable on U
and f is Lipschitz on U with constant L, then || D f(x)|/xy < L for all x € U. This follows
from Proposition 6.3.10 and Lipschitz on U implying locally Lipschitz at each point x € U
with the same constant L. We will see that the Mean Value Theorem (Section 6.5) is a
converse of this: if |Df(x)||xy < L for all x € U, then ||f(y) — f(z)|lx < L|ly — z||x
when the line segment (1 — t)y + tz, t € [0, 1], lies completely in U.

6.3.2 Fréchet Derivatives on Cartesian Products

Proposition 6.3.11. For Banach spaces Yi,...,Y,,, a function f : U — Y] x --- x Y},
defined by f(x) = (fi(x),..., fm(x)) is differentiable at x € U if each f; is differentiable
at x. Moreover, when f is differentiable at x, then for each h € X we have

Df(x)h = (Dfi(x)h, ..., Dfn(x)h).

The proof of this is similar to that of Proposition 6.1.5 (for curves) and is HW (Exercise
6.15).

Definition 6.3.12. Let Xi,..., X, be Banach spaces and let Ui, .., U, be nonempty
open subsets of the corresponding Banach spaces. For a function f: U; x--- x U, = Y,
the i*® partial derivative of f at (xy,...,%x,) € Uy X -+ x U, is the derivative of the
function

9i(z) = f(X1, oy Xio1, 2, Xig1s - - -, Xn)
and is denoted by D;f(x1, -+ ,X,), if it exists.

Example 6.3.13. Our familiar notion of partial derivatives for a function f : U — R™
for an nonempty open set U in R" is a special case of Definition 6.3.12: each X, is R and
Y is R™ which matches the definition of partial derivative given in Definition 6.1.13.

Theorem 6.3.14. For Banach spaces X1, ..., X,, and nonempty open subsets U, ..., U,
in the corresponding X;, let f : Uy x---xU, — Y. If f is differentiable at x = (x1,...,xy,),
then its partial derivatives D; f(x) all exist, and for each h = (hy, ..., h,) € X3 X+ x X,
we have
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Conversely, if all the partial derivatives D;f exist and are continuous on Uy X - - x U,
then f is continuously differentiable on Uy x --- x U,,.

The proof of this is straightforward and easy generalization of Theorems 6.2.11 and 6.2.14.



