Math 541 Lecture #9
I1.6: Constructing measures from outer measures

6. The Carathéodory Procedure. We shall now describe the Carathéodory procedure
of constructing a complete measure from an outer measure.

Let e be an outer measure on a set X.

For any A, E € P(X) we have the set identity
A=(ANE)U(A—-E)
for a union of disjoint sets, which by countable subadditivity of u. gives
pe(A) < pe(ANE) + pe(A — E).
We say an element E € P(X) is y.-measurable if for all A € P(X) there holds
pe(A) = pe(ANE) + pe(A = E).

We denote by A the collection of all p.-measurable elements of P(X).

Proposition 6.1. For an outer measure ., the collection A has the following properties.
(i) 0 e A.
(ii) If £ € A, then E° € A.
(iii) If £ € P(X) satisfies p.(EF) = 0, then £ € A.
(iv) If By, Ey € A, then Ey U E; € A.
(v) If By, Ey € A, then By — Ey € A.
(vi) If By, E5 € A, then Ey N Esy € A.
)

(vii) If {E,} is a countable collection of pairwise disjoint sets in A, then for all A € P(X)
there holds

Tim g, (Am (QE)) o <Am (QE)) :nio;;ze(AﬂEn).

(viii) A countable union of sets in A is in A.

Proof. (i) Since pe(ANO) + pre(A —0) = p1e(0) + pe(A) = pe(A) for all A € P(X), we
have that () € A.

(ii) For E € A we have pie(A) = pue(ANE) + pe(A — E) = p.(ANE) + p.(AN E°) for
all A e P(X).

Since AN E = A — E° we obtain p.(A) = pe(A — E°) + p.(AN E°) for all A € P(X),
which implies that E° € A.

(iii) If pe(F) = 0, then for all A € P(X) we have 0 < p.(ANE) < p(E) and p(A—FE) <
e (A) by monotonicity, so that for all A € P(X) there holds

pe(ANE) + p1e(A = E) < p1e(E) + pre(A) = 0+ pie(A) = pie(A).



Thus pe(A) = pe(ANE) 4+ pe(A— E) and so E € A.
(iv) For Ey, Ey € A we have for any A € P(X) that
fe(A) 2> pe(AN E) + pe(A — Er),
fe(A — Er) 2 pie((A — Ev) N Es) + pe((A — En) — Ea),
where the second inequality holds because A — F; € P(X).

Because of the common summand p.(A — E) in these inequalities we get
pe(A) = pe(ANEL) + pe((A = E1) N Ez) + pe((A — E1) — E).
By the subadditivity of u. we obtain
pe(A) > pe((ANEN) U (A= E)) N Ey)) + pe((A— Ey) — Ey).

By the set identities (AN Ey) U ((A— E1) N Ey) = AN (EyUE,) and (A — Ey) — By =
A — (Ey U Ey), we have

pe(A) = pe(AN(ELU Ey)) + pe(A — (Ey U Ey).

Thus E1 U E2 € A

(v) Using the set identity Fy — Ey = E1 N ES = (EfU E»)¢ and (ii) and (iv), we have that
E, — Ey € A whenever Ey, Fy € A.

(vi) Using the set identity EyNFEy = (E{UES)® and (ii) and (iv), we have that E1NE, € A
whenever E;, Ey € A.

(vii) For a countable collection {E,} of pairwise disjoint sets in A, set By, = U*_ E;.
By pairwise disjointness of {F, } we have that By 1 — By = Ej41 for all k.

Let A € P(X).

For k =1, we have pu.(AN B;) = Z}Zl pe(ANE;).

Suppose that for £ > 1 we have pu.(AN By) = 25:1 pe(ANE;).

By (iv) we have By € A, so that

f1e(AN Biy1) = pte((AN Biar) N Bi) + pie((AN Biya) — By)
= pte (AN By) + pe(AN Egyq)

By induction there holds (AN By) = Z?:l pe(ANE;) for all k € N.

By subadditivity and monotonicity of j., and the induction above, we have for all m € N
that

iue(AmEn) > e <G(AmEn)> = e (Am (GEn)>

n=1 n=1



Letting m — oo forces the inequalities to be equalities, giving the result.

(viii) We may assume that {E,,} are pairwise disjoint by replacing {E,} by {D,} where
Dy =FEyand D, = By — U By if needed since each D,, € A and UD,, = UE,,.

Each finite union U" | E,, belongs to A so that for all A € P(X) there holds

heA) = (m (@g)) e <A_OE>

Since A — U E, D A— U2, E,, we have by monotonicity that

( l | > > e ( I IEn> .
n=1 n=1
By (Vll) we have that

s (a0(U)) = (an(Um)).

n=1 n=1
Thus
te(A) > pe (Aﬂ( En>>—|—,u6 <A—UEn).
n=1 n=1
This implies that UE,, belongs to A. O

Proposition 6.2 (Carathéodory). The restriction of p,. to A is a complete measure.
Proof. The nonempty set A is a algebra by parts (i), (ii), and (iv) of Proposition 6.1.
The algebra A is a g-algebra by part (viii) of Proposition 6.1.

The outer measure . restricted to A is a measure, where countable additivity follows
from part (vii) of Proposition 6.1 with A = UE,, for {E,} in A being pairwise disjoint:

(09)+(@9)(22)

m=1 n=1

SN((V

The completeness of p,. restricted to A is by part (iii) of Proposition 6.1. 0



