Math 541 Lecture #12
I1.10: Necessary and Sufficient Conditions for Measurability Part I

10. Necessary and sufficient conditions for measurability. Recall that a measure
A on a semilagebra Q (that is also a sequential covering of X) generates a o-algebra A
and a measure p on A (the restriction of the outer measure p,. to A).

That is, the measure 1 on A is an extension of the measure A\ on Q in that Q C A and
AME) = p(FE) for all E € Q.

Recall that A consists of those sets E in X for which
#e(A) > 1(ANE) + p1o(A - E)
for all sets A in X; we say the elements of A are p-measurable (what we called p.-

measurable sets before).

We let {X, A, u} be the measure space generated by the measure A on the sequential
covering and semialgebra Q.

We will describe sufficient and necessary conditions for the p-measurable sets in terms
of sets derived from elements of O.

Denote by 9, the collection of all sets that are countable unions of elements of Q.
Note that Q, C A since Q C A and the latter is a o-algebra.

Lemma. For each element £ = UQ,, of Q. there exists a countable collection of pairwise
disjoint set {D,} in A such that D, C @, for all n € N, and £ = UD,,, and each D, is
a finite union of pairwise disjoint elements of Q.

Proof. Recall that we have seen before that any countable union can be rewritten as a
countable union of disjoint sets: £ = UD,, where D; = (01, and

n—1

n—1
Dy=Qn—JQi=[)@—Q)), neN.
j=1 j=1
Here D,, C @, and since Q@ C A and the latter is a o-algebra, we have D,, € A.

Because Q is a semialgebra, each difference @), — @), is the finite disjoint union of elements

of Q.

Then for each n and j there exist k(j) disjoint sets Pj1, ..., Pj ) in Q (with k& depending
on n as well but suppressed in the notation for the sake of clarity) such that

k(5)
Qn - Qj = U Pj,l-
=1
We then have that
n—1 [ k()



Using the distributive law AN (BUC) = (AN B)U(ANC), we have
(AUB)N(CUD)=(AnC)U(AND)U(BNC)U(BND,).
Applying this repeatedly gives

Dy = (PiaUPoU---UP ) N (Poi UPopU---U P, p9)
N N (P11 UPyipU - U Py 1 k1))

=(PaNPyyN---NPq1)U(PLiNPyyNe--NPyy2)
U---U(Prea) N Pogy N N Postkn—1))-

That is, we have a union of k(1)k(2)-- - k(n — 1) sets of the form

n—1
() Pistiy
j=1

where for each j the value of s(j) is chosen from {1,2,...,k(j)}.

Because a semialgebra is also “closed” under intersections, we have that each of these
sets ﬂ?;lle,S(j) belongs to Q.

For another set ﬂ?;lle,r(j), where 7(5) € {1,2,...,k(j)} differs from s(j) for some j = j,
we have that ﬁ?;lleﬁ(j) and ﬂ?;lleJ(j) are disjoint because the first is a subset of Pj‘,s(j')a
the second a subset of P ), while P ) and P; ;) are disjoint.

Thus each D, is a disjoint union of elements of Q. 0

(]

Denote by OQ,s the collection of sets that are countable intersections of elements of Q,.
Note that Q,s C A because Q, C A and the latter is a o-algebra.

Proposition 10.1. If £ C X is of finite outer measure, then for each € > 0 there exists
E,. € Q, such that
E C By, and p(E) > p(E,) — e

Moreover, there exists a set E,5 € Q,5 such that
E C Ec75 and Ne(E> - M(EU )

Proof. For a given € > 0 there exists {Q,} in Q such that

pe(B)+€>> MQud), EC|JQne
n=1

Set By = UQy .

By the Lemma we can replace U@, by a union of disjoint elements D, . € A satisfying
D, C Qne (and where each D,, . is a finite disjoint union of elements of Q — something
we will not need here).

Then p(Dpe) = pre(Dne) < tte(Qne) < AM(@n,e) because D, € A and D, C @y € Q.



Thus by the pairwise disjointness of {D,, .} and the countable additivity of u we get

Z/\ Qne > Z =Hu (U Dn,s) = N(Etm)'

This gives
1o(E) + € > u(E,).

Now for each n € N, there is E, 1/, € Q, that satifies

1
N(Eo—,l/n) - ﬁ < ,ue(E) < /fle(Ea,l/n) = /’L(EU,I/R)J

the last inequality holds by E2 C E, 1/, and the monotonicity of ji., while the last equality
holds by p = e on A.

The set Eys = NE,1/n € Qos contains E because each E, i/, does.
Homework Problem 12A. Prove that E,; satisfies ji.(E) = p(FEys). O



Appendix. Proof that a measure \ on semialgebra is countably subadditive.

Suppose for {Q,} C Q that
n=1

By Lemma in this Lecture Note there exist disjoint subsets D,, C @,, such that

Q = U D,
n=1

where Dy = () and for each n > 2, there exists k(n) € N and sets P;; € Q for all
j=1,...,nand [ =1,... k(n) such that

n—1 n—1 n—1 [k() n—1
Du=Qu—-JQi= @ -Q)=) U =U(ﬂPj,sm)-
j=1

j=1 j=1 j=1 \i= s
Set

ﬂ 3,5(9)

For different functions s, the sets E, ; are pairwise disjoint. Then

= L_Jan: UUEn,s

n=1 s

is a countable union of pairwise disjoint sets. Hence by countable additivity we have

=D D MEwny.

n=1 s

If we can show the claim that for all n there holds

Y AEns) < MQn)

then we obtain the desired countable subadditivity,
A (U Qn> <Y MQu).
n=1 n=1
It remains to establish the claim. To this end we consider Q,, — D,, i.e.,

- l?ns:C2nﬁ Fns :Qnﬂ Erczs
(o] el

= ﬂ QuNE;,) =[)(@Qn— Eny).

S



Since @, € Q and E,, € Q, there exists m(n,s) € N and disjoint A4, ; € Q for
=1,...,m(n,s) such that

(n.s)
Qn - En,s = U An,s,t~
t=1

Thus
m(n,s)

Qn - U En,s = ﬂ U An,s,t

s t=1

The finite intersection of the finite disjoint union can be written as a finite disjoint union
of finite intersections of the sets A,, s; where these finite intersections belong to Q. (Recall
the proof of the Lemma in this Lecture Note wherein the order of the intersection and
union were reversed.) That is, there exist finitely many disjoint elements By, ..., B, of

Q such that
Qn - UEn,s = UB’L
s =1
Because D,, C @), we obtain
Qn = UEn,s U UB’L
S =1
Thus by finite additivity we have
S i=1

Since A > 0, we obtain

M@Qn) = AMEny),

which establishes the claim.



