Math 541 Lecture #15
I1.12: The Lebesgue Measure of Sets in R, Part II

§12.1: A Necessary and Sufficient Condition of Measurability. We will apply
the necessary and sufficient conditions we obtained before for the measurability of sets
to Lebesgue measure and subsets of R,

Let i be the Lebesgue measure in RY, and for any subset £ of RY, define

po(E) = inf{u(O) : O is open, E C O}.
This function p is a bit like the outer measure . from which Lebesgue was generated,
except the class of sets over which the infimum is taken is different.

Lemma. The set function p, satisfies u.(E) < pl(E) for all E € P(RY).
Proof. Recall that

Ne(E) = lnf{z)‘(Qn) B C U QnaQn € Q} .
n=1 n=1

Since = X\ on Q, we have

:U’e(E> = Hlf{ZIU’(Qn) B C U Qna@n S Q} .

On the other hand, since every open set O is the pairwise disjoint union of %—closed
dyadic cubes {@Q,} C Q, we have

L) = inf{u(O) ECO={]Q.Q.€ Q}

n=1
= inf{Zu(Qn) ECcO=]QuQne Q}
n=1 n=1

by countable additivity of p.

The set over which the inf for p.(E) is taken contains the set over which the inf for p.(F)
is taken.

Therefore p.(E) < pL(F). O

Note that every closed cube in RY (not just the dyadic cubes) and their interiors are
Lebesgue measurable because the closed cubes are closed subsets and the interiors are
open subsets.

Proposition 12.2. If a subset E of RY has finite outer measure, then p.(F) = p.(F).
Proof. Suppose the outer measure of F is finite.

By observation (2), we need only show that p.(F) < u.(E).



For € > 0, let {Q,,,} be a countable collection of %—closed dyadic cubes such that

EC Qe D mQen) < pe(E)+e
n=1 n=1
For each n there exists a closed cube Q[ , (not necessarily dyadic) such that

° o €
Qe,n C Qle’na M(Q;n - Qe,n) S 2_n

The union of the Q’En is open and contains £, so that
() < u(JQ) D maL)
=Y 1 (Qun V(@ — Q)
—Z< €,n +,LLQ _Qe,n>>

<nB)ter
n=1
< pe(E) + 2.

Since € > 0 is arbitrary, we obtain u.(E) < p.(E). O

Proposition 12.3. A subset E of RY of finite outer measure is Lebesgue measurable
if and only if for every € > 0 there exists an open set £, such that

ECE,.and p.(F, — F) <e.

Moreover, any set F of finite outer measure is Lebesgue measurable if and only if there
is a set Ej of type Gs such that

E C Es and p.(Es — FE) = 0.

Proof. Suppose a set F of finite outer measure is Lebesgue measurable.

Then for every € > 0 there is, by Proposition 10.2, a set E, . in Q, such that

E CE,. and p.(E,. — E) S

Do I

Since E, . and E are Lebesgue measurable we have that £, . — F is Lebesgue measurable.

Since p(E) = pe(E) < 0o, we have

fre(Eoc) = pte(E) = p(Eoe) — p(E) = By e — E) = pie(Eoe — E) S

DO |

Thus p.(Eye) < 00, so that by Proposition 12.2 we have p.(Ey ) = p.(Ey.).



Hence there is an open set £, such that E,. C E,. and

€

#(Boe) < pelBa) + 5.

These imply that £ C E,. and (by subtracting the finite p.(£) from both sides)
H(Eo) = e(B) < el End) = pne(E) + 5 < e
Since E and E, . are Lebesgue measurable with u(E) = p.(E) < oo, we have
pe(Eoe — E) = p(Eoe — E) = (Eoe) = p(E) = 1(Eo,e) — pe(E) < €.

Now for a set E of finite outer measure, suppose for every € > 0 there exists an open E, .
such that £/ C E, . and
pe(Eoe — E) <.

Since every open set is the countable union of %—closed dyadic cubes, we have E, . € Q,.
Hence by Proposition 10.2, we have that £ is Lebesgue measurable.
Now suppose that a set E of finite outer measure is Lebesgue measurable.

By the above argument, there is for each n € N an open set E,;/, such that
1
EC Eo,l/n and ,ue(Eo,l/n) < ﬂe(E) + ;
Since E' C M2 Ey1/k C By 1)y for all n, we have

1
HB(E) S ﬂe(mEo,l/k) g ﬂe(Eo,l/n) S HB(E) + E

For Es = NE,1/n, we obtain as n — oo that

,ue(E) - ,ue(EJ) = 0.

Since E and Es are Lebesgue measurable with pu(E) = p.(E) < oo we have
fe(Es — E) = p(Es — E) = p(Es) — w(E) = pe(Es) — pe(E) = 0.

Finally suppose for a set E of finite outer measure there exists a set Fj of type Gs such
that
E C Es and p.(Es — FE) = 0.

Since each open set is a countable union of %—closed dyadic cubes in Q, the set Es belongs
to Qo‘5'

Thus by Proposition 10.3, the set E is Lebesgue measurable. 0



