Math 541 Lecture #28
IT1.6: Integral of Simple Functions
ITI.7: The Lebesgue Integral of Nonnegative Functions

§6: Integral of Simple Functions. For a measure space {X, A, u} let E € A.
For A € A and o € R we define the Lebesgue integral of ax4 to be

/a dui — ap(ENA) if a#0,
R I it o= 0.

The first case is well-defined as an element of R* for all @« € R—{0} because u(ENA) € R*;
it is possible for apu(E N A) = oo, and his happens when u(E N A) = oo and a # 0.

The second case hides the assumption 0 - oo = 0, i.e., 0- u(E N A) = 0 even when
w(ENA) =oo.

So we may simplify the definition of the Lebesgue integral of ax 4 to

/ axa dp = ap(E N A)
E

with the understanding that 0 - co = 0.

Let f: EE— R* be a nonnegative simple function with the canonical representation

f=>axe,
i=1

where {ay,as,...,a,} are the distinct values in the range of f and FEi, Es, ..., E, are
mutually disjoint measurable sets whose union is F.

The Lebesgue integral of f is defined by

/ fdu= Z/ a;Xg;, dit = Zai,u(E NE;) = Z%’M(Ei)-
B i=1 7 F i=1 i=1

This could be finite or infinite.
If the Lebesgue integral of f is finite, we say that f is Lebesgue integrable in E.

We note for a nonnegative simple f : E — R* that is integrable, that [f > 0] has finite
measure, for if p([f > 0]) = oo, then for some positive image value a; of f the measurable
set F; would have to have infinite Lebesgue measure, and hence

/Ef dp = Zam(Ei)

We have defined the Lebesgue integral of a nonnegative simple function f in terms of a
canonical representation of f.

Q.



What is the Lebesgue integral of a nonnegative simple function

f= Z biXFi
i=1

not assumed to be in canonical form?

Without loss of generality we may assume that the measurable sets FY, Fs, ..., F,, are
pairwise disjoint and whose union is F.

The values {by, bs, ..., by} of f are not assumed to be distinct.

Suppose that there are n distinct image values of f, which WLOG we may assume are
bi,ba, ..., b, for n < m.

We put f into canonical form by setting

Ez:U{-ng]:bz}a i:1,2,...,n.

Then .
f=) bixe
=1

is a canonical representation of f for which

/Ef dp = Z@M(Ez) = Zbi Z u(Fy) = iju(ﬂ).

Thus the integral is independent of the representation of the the nonnegative simple
function.

The following two properties of Lebesgue integration are Homework problems.

(1) For nonnegative simple functions f,g: F — R* if f < g a.e. in F, then

/Efduéngdu-

(2) For Lebesgue integrable nonnegative simple functions f, g : F — R*, we have
[t +sgdu=a [ fau+s [ gau
E E E
for all a, 8 € R.

§7: The Lebesgue Integral of Nonnegative Functions. For a measurable non-
negative function f : ' — R*, let Sy denote the collection of all nonnegative simple
functions ¢ : £ — R such that { < f.

Since ¢ = 0 satisfies ¢ < f, the collection S; is nonempty.
The Lebesgue integral of f over F is defined to be

/fduzsup/Cdu-
E ¢eS; JE



The supremum could be finite or infinite, but it always exists.

What is the difference between the Lebesgue integral and the Riemann integral? In the
latter we partition the domain of f while in the former we partition the range of f.

A nonnegative measurable function f : £ — R* is Lebesgue integrable if

[Efdu<oo.

For example, if i is the counting measure on N, then a nonnegative simple function
f N = [0,00] (a extended real-valued nonnegative sequence) is Lebesgue integrable if
and only if the series of nonnegative terms

/Efdﬂzsup/ECduzniO;f(n)

CESf

converges to a real number (where the supremum is realized by the limit of the sequence
of partial sums of the series).

For a measurable nonpositive function f : £ — R we define

Ajduz—éy¢Mu<fsm.

If f,g: E — R* are measurable and nonnegative with f < g a.e. in E, then Sy C S, so

that
/fdué/gdu~
E E

A measurable function f : E — R* is Lebesgue integrable if |f| is Lebesgue integrable.
From the decomposition f = f* — f~ where

f1+f

Jr:
=t

we have, since f < |f| and —f < |f| that

Thus if f is Lebesgue integrable, then f* and f~ are Lebesgue integrable because

(éﬁ@SéVW<mEAfWSAm@<m

For a Lebesgue integrable function f : E — R* we set

Af@zéﬁ@héfﬂw



If ' C Eis measurable and f : £ — R* is Lebesgue integrable, then fx g (the restriction
of f to E') is Lebesgue integrable and

fan= [ fxe du
E’ FE

For a measurable f : E — R* we set

/fdu:ooif/f+d,u:ooand/f_du<oo,
E E E

/fdu:—ooif/f+du<ooand/fdu:oo.
E E E

/ f dp undefined if / T du = oo and / [ dp = oc.
E E E

and

We leave



