Math 541 Lecture #29
IT1.8: Fatou’s Lemma and the Monotone Convergence Theorem

§8: Fatou’s Lemma and the Monotone Convergence Theorem. We will
present these results in a manner that differs from the book: we will first prove the
Monotone Convergence Theorem, and use it to prove Fatou’s Lemma.

Proposition. Let {X, A, u} be a measure space. For E € A, if p : E — R is a
nonnegative simple function, then

A—)/gpdu,AEA,
A

is a measure on the o-algebra A.

Proof. If ¢ = """  b;xp, is the canonical representation of the nonnegative simple ¢,

then .
/Agp dp = Zbiu(A N B;).
i=1

The domain of A — fA @ dp is the o-algebra A, and A — fA @ dp is nonnegative for
each A because b; > 0 and u(ANB;) >0 foralli=1,2,... n.

For A =0, we have [, ¢ du=0.

For a countable collection { Ay} of pairwise disjoint sets in A, we have for A = UAj, that

/Aw dp = a;u(ANB)

i=1
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= zn:iai,u(/lk N B;)
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This gives countable additivity. ([l

The Monotone Convergence Theorem. If {f,} is a sequence of nonnegative
measurable functions defined on a measurable E, such that f, < f,41 for all n, and
f =1lim f,, = sup f,, (which exists), then

/fdu: lim/fndu.
E n—oo E



Proof. Because {f,} is monotone nondecreasing, the sequence

U

is monotone nondecreasing and so its limit exists (possibly equal to o).

Since f, < sup f, = f, we have for all n that

/EfndMS/Efdu,

lim fn dp < / fdu.
E

n—oo

and hence that
To establish the reverse inequality, we ﬁX a € (0,1), let ¢ be a simple function satisfying
0 <4y < f, and set

E,=[faza]={z € E: fu(z) > arp(z)}.

Then {F,} is monotone increasing sequence of measurable sets whose union is F, and

/fndMZ fndMZ/a@bdu:a/wdu.
E En n n
By the Proposition, the function

we have

V(A):/Awdu, Aec A

is a measure on A.

Since {E,} is monotone increasing with UE,, = E, we have that
lim w dp = lim v(E, / Y dpu.
Thus

n—o0

lim fnduZalim/¢du:a/¢du.
n—oo E, E
As this holds for all « € (0,1), it holds also for @« = 1, and taking the supremum over all
simple 0 < ¢ < f gives
lim fn dp > / fdu.
E

n—oo
This is the reverse inequality sought. 0]

Fatou’s Lemma. If {f,} is a sequence of nonnegative measurable functions on E, then

/ liminf f,, dp <lim inf/ fn dp.
E E



Proof. For each k we have for all ;7 > k that
g fu < fi

Hence for all 7 > k we have

i < ; .
/Egl;fn du_[EfJ dp

The left-hand side is a lower bound for the integrals on the right-hand side, so that

/Egi fa dp < ;gﬁ/Efj dp.

Since the sequence {inf,> f,} is monotone nondecreasing in k, we apply the Monotone
Convergence Theorem to get

/liminf fn du :/ lim inf f, du
E E

n— 00 k—oon>k

= fi ], nl fo o

< lim inf ;

= o ]Hzlk/Ef] an
n—oo

= liminf/ fn du,
E

giving the desired result.



