Math 541 Lecture #40
V.18: If E C RY and p € [1,00), then LP(E) is Separable, Part III
Relationship Among LP(FE) Spaces, Part |

§18.1: L*>(F) is not Separable. Unfortunately, the topological space L>(E), for a
Lebesgue measurable subset £ of RV of positive measure, is not separable; in this sense,
it is too big of a space.

We will demonstrate this lack of separability when E = RY.

Proposition 18.3. The complete metric space L>=(RY) is not separable.

Proof. For s > 0, let B,(0) be the open ball of radius s centered at the origin 0 in RY.
Then for s > r > 0 we have for every 0 < € < 1 that

p({z € RY - |[xp,0)(2) — XB,0)(2)] > 1 —¢€})
= 1(B4(0) - B.(0))
= 1(B;(0)) — u(B,(0)) > 0.

This implies that

||XBS(0) - XBT(O)Hoo
= inf{k e R: p({z € R" : |xp.0)(2) — xB,0)(z)| > k}) = 0}
> 1.

[What is ||x5,0) — XB,0)|lp for p € [1,00)7 It is u(Bs(0)) — u(B,(0)) which goes to zero
as s — .|

Consider the uncountable collection
S = {xB.0) : 5> 0} C L®(R"),

for which we have that for every f,g € S with f # g there holds || f — gl > 1.
Suppose there is a countable subset M of L>(R™) for which M = L>(RM).
Then for each f € L>(RY) we have by the denseness of M that for every open ball

Be(f) ={g € L*RY) : |f — glloo < €}

there exists h € M such that h € B.(f).

In particular, this means that for each f € L®(RY) there exists an h € M such that
f€Bys(h) ={f € LRY) : |f = hllo <1/3}.
Thus by the denseness of M in L>®(RY) we have

L¥(RY) = ] Buys(h).
hem



For each h € M the set By/3(h) NS consists of at most one element of S because for
distinet f,g € S, if ||f —hlloo < 1/3 and ||g—h|lw < 1/3, we would have the contradiction

L<[f = gllo < 1f = hlloo + 1A = glloc <1/3+1/3 < 1.

Thus at most only countably many of the elements of S are in

U Bua(h) = L*(RY).

heM
But S is uncountable, so uncountable many of the elements of S are not in this union,
giving a contradiction to the assumed existence of a countably dense subset. 0

Corollary. The complete metric space L°(RY) is does not satisfy the second axiom of
countability, but does satisfies the first axiom of countability.

Proof. By Proposition 18.3 and Proposition 13.2 of Chapter I, the topological space
L>(RY) does not satisfy the second axiom of countability.

However, at each element f € L°°(RY) there is a countable base at f, namely the balls
B,(f) where r € Q*. O

Relationships among the LT (E) Spaces. We will describe several relationships
among the LP(FE) spaces, starting with how the L*> norm fits in with the L? norms.

Proposition. If f € L"(E)NL>®(E) for some r € [1,00), and || f||oc > 0, then f € LP(E)
for all p € (r,00) where

£l < IFISTPILAI,

and
T (|1l = I e
Proof. For € > 0 set
Ve=A{z e E:|f(@)] > |fll — €}
Since || floo < 00, we have u(V,) > 0.

For any p € [r, 00) we have

1= [ 107 du= [ 11y d
> [ (1l = e = (11— ).

€

For p = r this gives
00 > [If1I7 = (1 fllos — €)"n(Ve).
This implies that u(V.) < oo, and hence we have that 0 < u(V,) < 0.

For arbitrary r < p < oo, we have

171y > (I Fllee = €) [1(V)] "



On the other hand,

1l = /E P dp = /E PP dp

g/EHme A1 = £ /E\f\ dy
— A

This implies that
1l < A1

Since
. 1-r/p r/p] _
T (A1 1717] = 1 o

the set
{Ifllp = < p < o0}
is bounded, and so f € LP(FE) for all p € (r, 00).

Since || £l > (|| fllse — €) [1(V)]"" and 0 < p(V2) < o0, we obtain

lim inf Hf”p > [ flloo — €
P—00

Since || fll, < [ FI15" I FIF? and limy o || £15" P F177 = || f]loos We obtain

limsup || f1l, < ||f]]oo-

n—o0

Thus for all 0 < € < || f|c0, We have

1Flloc — € < Timinf || £, < limsup ], < {|Fllo-

p—+00

Therefore we obtain

T 1 = /]l

which completes the proof.
Corollary. If f € L*(E)N L®(E), then f € LP(E) for all p € (0, 00).



