Example: Let f(z) = 23 + bx? + cx + d have roots oy, as, and as. Find the
polynomial g(z) that has roots ay + g, a1 + a3, and as + as.

Solution: Writing
f@)=2>4+ b’ +cx+d=(z— )z — )z — a3)
we find that
f(z) =2® — 012? + 092% — 03
where we write o; as shorthand for o;(ay,as,a3). Hence b = —oy, ¢ = 09 and
d= ags3.
Now g(z) = (z — (o1 + a2))(z — (a1 + a3))(z — (a2 + a3)).
Expanding this out, we find that
g(x) = 2% — 2(a1 + ag + az)2?
+ (a2 + a2 + a2 + 3cian + 3103 + 3azas)x
— (aPay + 2o + adaz + oo + a§a1 + a%og + 201 00i3)

We note that the coefficient of the 22 term is just —20, or 2b.
The coefficient of the x term is 07 — 209 + 302 = 07 +03. (As we showed in class,
a? + a3 + a2 = 0% — 203.) Hence, this coefficient is 02 + 09 = (=b)? + ¢ =b? +c.
Finally, to simplify the constant coefficient, we use the algorithm from class
today. Namely, find the leading term of
h = a%ag + Oé%Oég + a%ag + a%al + a%al + a%az + 20103
(I have removed the minus sign for convenience) to be afas = aZadad. As described

in class, the leading term of 05271)0970)0% is also aZaial. Then h— o0y will have

a smaller leading term. Doing the arithmetic (on a computer, of course), we find
that
h— 0109 = —(X102Q3 = —03.
Hence, h = 0109 — 03 = (=b)c — (—=d) = —bc + d.
Finally,
g(x) = 23 +2b2* + (b + )z — h
= 22 4 2bx® + (b? 4 ¢)x + (be — d).

To check this, we let f(z) = (x — 1)(z — 2)(x — 3) = 2® — 622 + 11z — 6 have
roots 1,2,3. The coefficients are b = —6, ¢ = 11, and d = —6. Then

g(x) = 22 + 2ba® + (b* 4 ¢)x + (be — d)
= 2% +2(=6)2® + ((—6)* + 11)z + ((—6)(11) — (—6))
=2° — 122° + 472 — 60
=(z—3)(z —4)(x —5)
has roots 3=1+2,4=1+4 3 and 5 = 2 + 3, as desired.



