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1. Let V be an RG-module, and let 8 be a G-invariant symmetric bilinear form
on V. Assume that there exist u,v € V such that S(u,u) > 0 and B(v,v) < 0.
Let 81 be a G-invariant symmetric bilinear form on V' with S;(x,2) > 0 for all

nonzero x € V. We then know that we can choose a basis {f1,..., fn} of V with
1 ifi=j,

(a) Let bj; = B(fi, f;). Prove that B = (b;;) is symmetric. Hence, by a well
known theorem, B is orthogonally diagonalizable (there is a real matrix
Q = (g;;) with QQT =T such that QBQT is diagonal).

(b) For 1 <i < n, set
€i = Z%‘jfj-
J

Prove that (e, es) = 0 if 7 # s, and that

Bi(er,es) ={

(¢) Prove that for at least one e;, we have B(e;, e;) > 0.
(d) Prove that for at least one e;, we have B(ej,e;) < 0.

1 ifr=s,

0 ifr#s.

2. Let U be an RG-module with basis v, ..., v,, and corresponding representation
p: G — GL(n,R). Let V be the CG-module with the same basis, and G-action
given by the same representation. Let + be a nonzero symmetric G-invariant
bilinear form on U.

Define, for A;, p; € C,

D Aiw Y v | =0 Xy (i, v;).
i j T g

Prove that 4 is a nonzero symmetric G-invariant bilinear form on V.

3. Let x be an irreducible character of G. Determine the possible values of

<X25 1G>G7

where 1¢ represents the trivial character of G.



