REDUCIBLE GALOIS REPRESENTATIONS AND THE
HOMOLOGY OF GL(3,7)

AVNER ASH AND DARRIN DOUD

ABSTRACT. Let F, be an algebraic closure of a finite field of characteristic
p. Let p be a continuous homomorphism from the absolute Galois group of
Q to GL(3,F,) which is isomorphic to a direct sum of a character and a two-
dimensional odd irreducible representation. Under the condition that the Serre
conductor of p is squarefree, we prove that p is attached to a Hecke eigenclass
in the homology of an arithmetic subgroup I" of GL(3,Z). In addition, we
prove that the coefficient module needed is, in fact, predicted by the main
conjecture of [3].

1. INTRODUCTION

Fix a prime p and let Fp be an algebraic closure of a finite field of characteristic p.
Generalizations of Serre’s conjecture [13] connect the homology of arithmetic groups
I’ with Galois representations p. When T is a congruence subgroup of GL(n,Z) and
the target of p is GL(n,F,), such a conjecture was first published in [5], extended
in [3] and further improved in [8]. See Section 2 for a version of the conjecture in
the cases that we treat here.

A common way to study the homology of a group G is to use a resolution C4 of
Z by free Z|G]-modules. The homology of G with coefficients in a G-module M is
then the homology of C4 ®¢ M. In this paper, where G is a congruence subgroup
of GL(n,Z), we use instead a resolution of Z by Z[G]-modules that have large but
well-understood stabilizers, namely the chains on the simplex spanned by the points
of projective n-space (or more exactly a certain subcomplex of this, spliced with the
sharbly complex of [4]). The stabilizers are parabolic subgroups whose homology
is known. The homology of Cy ®¢ M is replaced by a spectral sequence whose E!
page is computable, via Shapiro’s Lemma, from the homology of the stabilizers.

This spectral sequence is Hecke equivariant. We give a general formula for com-
puting Hecke operators acting on the kind of modules that appear in the E' page.
A packet of Hecke eigenvalues appearing in the E;’ ,~term will appear in the homol-
ogy of G, if it survives to E;5,. We can show this if we can determine that the given
packet does not occur in any of the terms of the spectral sequence that can hit the
E} ,term under the differentials. (For this to work we need finite generation of
the relevant E'l-terms over the ground field.) This is what we do for the reducible
representations we study in this paper.

Our main theorem (Theorem 2.5) states that for any p : Gg — GL(3,F,) with
p > 3 prime, such that p is a direct sum of a two-dimensional odd irreducible
representation and a character, and the Serre conductor of p is squarefree, there
is a Hecke eigenclass in the homology H3(T'g(3,N),V ® €) that is attached to p,
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where N, V', and € are predicted by Conjecture 2.4. In addition, for any such p,
there may be several predicted values for V; we will show that all of them yield
eigenclasses with p attached. (The definition of odd is recalled in the paragraph
before Conjecture 2.4.)

Let X,, be the Borel-Serre bordification of the symmetric space for GL(n,R).
The Galois representations that we consider should be attached to eigenclasses in
the homology of the boundary of X5/I". However, when n > 2, the mod p topology
of the boundary of X,,/T" is quite complicated, and becomes increasingly intricate
as n increases. Our method is designed to avoid the need to compute the homology
of this boundary.

A similar approach may eventually attach Galois representations to the boundary
homology of congruence subgroups of GL(n,Z) for any n, but some new ideas will
be needed. So far, we can only treat n = 2,3 (except for the case of sums of
characters in [1]). There are two reasons we cannot immediately extrapolate the
methods below even to GL(4). First, the spliced complex we use does not work
for n > 3, for a reason we point out after the proof of Lemma 7.2. A more serious
problem is the following: the reason that the Hecke eigenpacket of interest does
not occur in any of the terms of the spectral sequence that can hit the Ezl,yq—term in
which it does occur, is that these other terms all boil down to Hy’s and H;’s, and
it is known from earlier work that these low dimensional homology groups can only
support Hecke eigenpackets whose attached Galois representations are the sums of
3 characters. Such general facts are not known for Hy, for £ > 1 and n > 3.

We wish to thank the referees for helpful suggestions, especially one of them who
enabled us to improve almost every page of our manuscript.

2. CONJECTURAL CONNECTIONS BETWEEN (GALOIS REPRESENTATIONS AND
ARITHMETIC HOMOLOGY

A Hecke pair (T',S) in a group G is a subgroup I' C G and a subsemigroup
S C G such that I' C S and for any s € S both I'Ns™1T's and sI's~* NI have finite
index in I'.

If we let R be a ring and M a right R[S]-module, then for s € S there is a natural
action of a double coset I'sT" on the homology H;(T', M). We denote by H(T', S) the
R-algebra under convolution generated by all the double cosets I'sI" with s € S. We
call H(T, S) a Hecke algebra, and the double cosets Hecke operators. The action of
the double cosets on homology makes H;(T', M) an H(T, S)-module.

We will use the following groups and semigroups in GL,,.

Definition 2.1. Let N be a positive integer and p a prime.

(1) So(n,N)* is the semigroup of matrices s € M, (Z) such that det(s) is
relatively prime to pN and the first row of s is congruent to (x,0,...,0)
modulo N.

(2) So(n, N) is the subsemigroup of s € So(n, N)* such that det(s) > 0.

(3) To(n, N)* = Sp(n, N)* N GL(n,Z).

(4) To(n,N) = So(n, N)NGL(n,Z).

~ In the case in which we are interested, the ring R will be the algebraic closure
F, of a finite field of order p, S will be Sy(n, N), and I" will be Ty(n, N). We will
denote the Hecke algebra H(T'g(n, N), So(n, N)) by H, n. We note that H,, y is
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commutative, and contains the Hecke operators T'(¢, k) = I'Dy ,I" where ¢ { pN and
Dl,k = dlag(17 Tty 1aé7 e 7€)
—_—— ——
n—=k k
Definition 2.2. Let V be an H, n-module, and let v € V be a simultaneous eigen-
vector of all the T(£, k) with £4pN and 0 < k < n. Denote by a({, k) the eigenvalue
of T(¢, k) acting on v. B
We say that the Galois representation p : Gg — GL(n,F,) is attached to v if
det(I — p(Froby)X) =Y (=1)*e*E=D"2q(0, k) X*

k=0

for all primes £t pN for which p is unramified at £.

(Note that we use the arithmetic Frobenius, so that if w is the cyclotomic character,
w(Froby) = {L.)

The H,, n modules that we use to find Hecke eigenvectors attached to Galois
representations will be the homology of admissible modules for Sy(n, N).

Definition 2.3. For a fized prime p, an admissible module M (cf. [2]) for a sub-
semigroup S of GL(n,Q) is a finite dimensional vector space over Fp for which there
exists an N such that S acts on M through reduction modulo N. (In particular,
the denominators in S are all prime to N.)

Specifically, the admissible modules that we need will be irreducible F,[GL(3,F,,)]
modules, on which subsets of M3(Z) consisting of matrices of determinant prime to
p will act through reduction modulo p. Such modules are parameterized by triples
(a,b,c) with0 <a—bb—c<p—1and 0 <c<p-—2. The module corresponding
to the triple (a, b, ¢) will be denoted F(a,b,c). (See Section 5 for details.)

In order to connect irreducible modules with Galois representations, we will need
the mod p cyclotomic character w, and the niveau two characters wo and wh [12].
Note that a power of the cyclotomic character may be written as w®, with a well
defined modulo p — 1 (since w has order p — 1). Similarly, a power of wy that is not
a power of w may be written as wj* with m well defined modulo p? — 1 and not a
multiple of p+ 1. Given such an m, with 0 < m < p? — 1, we may write m = a+bp
with 0 < a,b < p and a # b (for instance writing m in base p). In fact, we may
write m = a + bp with 0 < a — b < p (by adding p to a and subtracting one from
b, as necessary). Note that the pair (a,b) is only well defined modulo p — 1, since
adding p — 1 to each of @ and b changes m by p? — 1, yielding the same power of
wa.

Next, we recall the two different types of wild ramification for a representation
p: I, — GLa(F,) of the inertia group I, at p having the form

wrtl
p(‘[p) ~ < 0 wa) I

namely peu ramifié and trés ramifié, and refer the reader to [13] for definitions.

We now state a conjecture connecting certain three-dimensional Galois represen-
tations with eigenvectors in arithmetic homology groups. We state the conjecture
only for certain representations; for a more general conjecture that applies to a
much wider class of representations see [3, 5, 8]. Recall that a two-dimensional
mod-p Galois representation is called “odd” if the eigenvalues of the action of a
complex conjugation are (1,—1) (which is no condition if p = 2).
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Conjecture 2.4. Let p be a prime, and let F,, be an algebraic closure of F,. Let
p: Gg — GL(3,F,) be a Galois representation that is a sum of an irreducible odd
two-dimensional representation and a character. Let N be the Serre conductor of p
and € the nebentype of p (see [13]). Then we may choose an irreducible admissible
F,[GL(3,F,)]-module V such that p is attached to a homology class in the Hs y-
module H3(I'o(3,N),V ®¢).

If p =0 @Y, where ¥ = w o and xo is unramified at p, we may describe the V'
that yield attached eigenclasses in terms of the restriction of o to inertia at p. If

w®  x
U‘I”N 0 wb)’

we choose a,b,c modulo p—1 so that 0 <a—bb—c<pand0<c<p—1, with
the restriction that if o is trés ramifié, then a — b = p, and let V' be the irreducible
module F(a — 2,b—1,¢). We may also choose a,b,c so that 0 < ¢ —a,a—b <p
and 0 < b<p—1, witha—b=p if o is trés ramifié, and let V = F(c—2,a—1,b).

If
w‘21+bp 0
7l ( 0 wg"”p)

and 0 < a—b < p, we either take 0 <a—b,b—c<p and 0 < c < p—1 and choose
V=F(a—2,b—1,c), or we take 0 <c—a,a—b<pand 0 <b<p—1 and take
V to be F(c—2,a —1,b).

For each value of V' described above, there is an Hs, n-eigenclass in H3(T'o(3, N), V®
€) with p attached.

Our goal in this paper is to prove the following theorem.

Theorem 2.5. Let p > 3. Then Conjecture 2./ is true for representations p having
squarefree Serre conductor.

Note that generically, for a tamely ramified Galois representation, there will be
two choices of the integers a and b (obtained by permuting the diagonal characters
in each case). Hence, for a tamely ramified representation there will normally be
four predicted weights (if o is wildly ramified, there will only be two weights, since
we cannot permute the two characters on the diagonal). It can happen that there
are additional weights. For instance, if a —b = 1 (mod p — 1), we may choose
a=>b+1or a=>b+p. Unless otherwise indicated (i.e. in the trés ramifié case), all
of these weights are predicted.

In the conjecture, the two predictions of weights arise from embedding the image
of p into one of the two standard Levi subgroups

* % 0 * 0 0
¥ x 0 and 0 * =
0 0 =« 0 x =%

There is also an embedding of the image of p into the Levi subgroup
*

* 0
0 % O
* 0 *

but this embedding, for p of the type we consider, would violate a strict parity
condition, and thus has no predicted weights according to the main conjecture of
[3]. Theoretical considerations lead us to believe that we might find an eigenclass
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attached to p in a weight predicted from this forbidden embedding in a homology
group of different degree, namely, Ho(I'g(3, N), V ®¢). Proving the existence of this
class is one possible future application of the techniques described in this paper.

3. HECKE ACTIONS ON INDUCED REPRESENTATIONS

For any set A, ZA denotes the abelian group of formal finite linear combinations
of elements of A. If A is a semigroup or group, ZA is naturally a ring. Tensor
products without a subscript are to be taken over Z.

We follow Brown’s notation for tensor products [6, Chap. III, p. 55], except our
conventions reverse left and right. If G is a group, H is a subgroup of G, A is a
right ZH-module and B is a left ZH-module and a right ZG-module, then A®zy B
denotes the right ZG-module where ah®zpb = a®zy hb and (a®zgb)g = a®zy bg
for any h € H and g € G. If B = ZG (with the obvious left action of H and right
action of G), A ®zy ZG is the induced module from H to G of A.

If M and N are two right ZG-modules, define M ®c N to be the coinvariants
of the ZG-module M ® N, where g € G acts by (m ® n)g = mg ® ng. Thus
M ®¢g N is naturally isomorphic to M ®zg N’, where N’ is the left ZG-module
whose underlying abelian group is N and where g € G acts by gn = ng~!.

Let ' C S C G where G is a group, I a subgroup, S a subsemigroup and (T, S)
a Hecke pair. Let X be a set on which G acts on the right.

Remark: In general, the S-action will not preserve the I'-orbits in X. Here is an
example: Consider I' = T'y(2,25) acting on P!(Z). Let s = diag(2,1). Note that

(5:1)amd (5:6)=(5:1)|)

1) and (5:6)s = (10:6) = (5 : 3) are in different T-orbits.

For any x € X and any subsemigroup 1" of G, write T,, = Stabp xz. We define
the concept of an S-sheaf W on X: For any « € X, W, is an abelian group, and
for any g € S,z € X there is given a homomorphism fx(g) : W, — Wy, such that
w(h) o u(g) = p(gh) for all g,h € S and p(1) = idw,. Then W = @,exW, is a
right ZS-module. If F' is any right ZS-module, then W ® F' is a right ZS-module
with the action given by (w ® f)g = wg ® fg for any g € S.

By [6, Corollary II1.5.4, p. 68], an S-sheaf W restricted to I' is a direct sum of
induced I'-modules. For a € X, write X, = al' for the orbit of @ under I'. Choose
a subset A C X such that X =[], 4 Xq. For each a € Alet W(a] = ©pex,Ws C
W. Then Wla] is naturally isomorphic as right I-module to the induced module
W, ®zr, ZT. Note that in general S does not preserve Wa].

We abbreviate ®zr, by ®,. Then

are in the same I'-orbit. However (5:1)s = (10:

W @aEAW[a] ~ @aEAWa ®CL Zr.

Let F be a right S-module. Then W ® F' is an S-module and therefore W &p F =
Hy(I,W ® F) carries a natural action of the Hecke algebra H(T", S) which we want
to compute.

If Y is a set on which a group K acts on the right, let F.(Y/K) denote the set of
K-invariant functions whose support is a finite number of K-orbits. If in addition
a group H acts on the left on Y, commuting with the K-action, let F.(H\Y/K)
denote the set of H x K-invariant functions whose support is a finite number of
H x K-orbits.
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Given a Hecke pair (T, S), the Hecke algebra H = H(T, S) will be identified with
Fo(T\S/T"), where multiplication is convolution of functions.

For any I'module N, let ® denote the natural projection from N to the coin-
variants Ny = Ho(I', N). Let © be a choice of coset representatives so that
I'sT = ng@ gl. If h € H, and z € W ® F, writing T}, for the Hecke opera-
tor corresponding to h we have:

T =2 | > hig

geo®

This does not depend on the choice of ©. If h is the characteristic function of

s’ =[] soT, then
2)| Ty = (Z zsa>

since h(g) = 0 unless g € I'sI', in which case g = s, for some «,, and then
h(sq) = 1.

We will now determine the Hecke action in terms of the isomorphism of homology
given by Shapiro’s lemma. Associativity of tensor products gives a canonical isomor-
phism A : Wla|@r F = (W, ®,ZI' @r F ~ W,®r, F viaw®,y®r f — w®r, fy~!

We seek a formula for T}, on Wia] @r F ~ W, ®, ZI' @ F, which is spanned by
elements of the form w ®, 1 ®r f with w € W, and f € F. We know

O(w @, 1@ f)|Th = (w@a 1&r f)|Th =Y h(g)((w @4 1)g ®r [f9).
geO
Now (w ®, 1)g = wg. Write ag = b(a, g)d(a, g) with b(a,g) € A,d(a,g) € T'. Then
w € W, implies that wg € Wy, 4)0(a, g) so that

! ®b(a,g) 5(&, g)

wyg = wgd(a, )
Thus
O(w®a 1@ f)|Th =Y _ h(g)wgd(a,g) ™" @p(ag) I(a,g) ®r fg.
geEO®
Up to now, we suppressed any dependence of © on a, but our choice of ©® may
depend on a if we wish.
Ifz=), w"®,1® f* then

NTh= Y hlg)w'gs(a,9) " @paq) I(a,g) @r fg.

a geB,

We now choose the coset representatives O, so that ag =0 if g € ©, and ag € X,.
We obtain

@(Zw“®a1®f‘l> Ty = @ ZZZ gJwg @y 1@r fg
a g€9a

Via the isomorphism A, this corresponds to

(Zw ®r, f“) |Th—ZZZh Ywg ®r, fg.

qEOa

Call this Formula (1).
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Define hap(g) = h(g) if ag = b and = 0 otherwise. Clearly, hap € Fo(T\S/T).
Corresponding to hgp, is a Hecke operator Ty;. It maps I';-homology to I',-homology.

Theorem 3.1. Let W be an S-sheaf on the G-set X and F a right S-module. Let
A be a set of representatives of the I'-orbits of X. Let

AWeerF — @, W, ®r, F

be the natural isomorphism described above. Then T}y, on the left is equivariant to
the matriz (Typ) on the right.

If F is a resolution of Z by projective Z['|-modules which are also S-modules,
then X induces the isomorphism on homology given by Shapiro’s lemma and we have

Hq(ra W) ~ @QGAHq(Fa, Wa)7
and again T}, on the left is equivariant to the matriz (T,,) on the right.

Proof. Without loss of generality, h is the characteristic function of T'sT" =[] s, I
For given a,b, we choose the s, so that if as, € X} then as, = b. Then we may
choose O, to be the union over all double cosets of the collections of s,’s.

Then the term in Formula (1) corresponding to a,b is

U,p = Z h(Sa)w*sq ®r, [*Sa-

asa€X,
We must show that
Uop = (w* @r, f*)|Tas-
To compute |Typ, write I'y ST, = [[ tI'y. Then

(w® ®r, ST =D hap(t)uw't @r, f1.
t

Now hgap(t) = 0 unless at = b and ¢t € T'sI". So if hgap(t) # 0, we have t = s, for
some «,, and b = at = as,y = by (since s, € ©,). It follows that v € T'y.

In other words, ha(t) = 0 unless t € s,I'y for some « for which as, = b, and in
this case hqp(t) = h(t) = h(Sq). Therefore

(' @r, f)NTw= > Y ht)wter, ft= Y h(sa)w'se ®r, f*sa

sa_ t€sa Ty so

asq=b asq=b

which equals W .

If F' is a complex, the action of the Hecke operators on W @r F' and &, W, ®r, F
commutes with the boundary maps in F. Therefore T}, on H,(I', W) and (T5) on
@acaHy (Lo, W,) are equivariant with respect to . O

4. PREPARING TO COMPUTE HECKE OPERATORS IN GLj3

In this section we determine the s, ’s that we need to study reducible 3-dimensional
Galois representations.

Let Py be the stabilizer of the line spanned by (1,0, ...,0) in affine n-space, on
which GL(n) acts on the right. Note that the elements of Py are characterized by
the fact that all entries in the top row except for the first are zero.
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We set
10 - 0 £ 0 - 0 1 0 - 0

We set

and we define
P, = g;lpogxu U, = g;lUO.gm L}; = gz_lL(l)g:ry Li = gglL(Q)gz-
For s € P, we set ¥%(s) = ¥i(gzs9,1)-

We have the following theorem (the steps of the proof are identical to those in
[1, Theorem 7], after transposing and replacing d by —d):

Theorem 4.1. Let d be a positive divisor of N, and assume ged(d, N/d) = 1. Then
(1) UdL(li N Fo(n, N) =UgN Fo(n, N)
(2) If s € Py So(n,N)E, then ¥l(s) = s11 (mod d) and ¥2(s)11 = s11
(mod N/d).
(3) Y3(Pan So(n, N)E) C So(n—1,N/d)*.
(4) 12 induces an exact sequence

2
1 — UgNTo(n, N) — Py NTo(n, N) 25 To(n — 1, N/d)* — 1.

In order to compute Hecke operators with respect to the Hecke pair (Sp(3, V), To(3, N)),
we use the coset representatives described in the next theorem.

Theorem 4.2. We have the following coset decompositions of double cosets

To(3, N)sTo(3,N) = [ J gT0(3,N),
geC
where

(1) For s = diag(1,1,¥), with £ prime and (¢,

1 00 1 00 ¢ 0
C= 01 0)J,{a £ 0],[0 1 :0<a,b,c <l -1
0 0
(

b ¢ / 0 0 1
(2) For s = diag(1,¢,¢), with £ prime and ({,N) =1,
0

1 0 0\ /¢ 0 0\ /¢ 0
c={la ¢ 0of,{0 1 0],[0 ¢ 0]:0<abec<t—1
b o ¢/ \o ¢ ¢/ \o o1

Proof. One checks that the given elements are all in the double coset, and that
none are in the same coset of T'g(3, N). Because the cardinality of C' is equal to the
number of cosets of I'y(3, V) in the double coset, they must form a complete set of
coset representatives. (I



REDUCIBLE GALOIS REPRESENTATIONS 9

The next theorem is adapted to the following situation: Using the notations of
Section 3, let G = GL(3,Q), X = P2(Q), I' = I'¢(3, N). We assume N is squarefree,
in which case, as proved in [1], the I'-orbits of X may be represented by the set

A={(1:d:0)|d>0, d|N}.

Also, any s as in Theorem 4.2 takes each I'-orbit to itself. For each s the following
theorem gives a « such that (1 : d: 0)sy = (1 : d: 0). Thus s fixes each orbit
set-wise, and {s,} = {sy} with these 7’s, where we choose a = (1 : d : 0). The
theorem also gives the values of ¥§,i = 1,2 which we will need to compute the
action of I', on the S-sheaves we deal with in Sections 8 and 9.

Theorem 4.3. Let N be squarefree, let £ be a prime not dividing N, let d be a
divisor of N, and let s be a matriz of the form

¢4 0 0
s = a 62 0
b C 63

that is in one of the sets C in Theorem 4.2. Then there exists a v € To(3, N) of
the form

A B 0
vy=|C D 0
0 0 1

such that sy € Py = g;lPogd, and for x = gdsvggl € Py we have
(1) If 61 =45 and a =0, then x11 = ¢1 and

2N _ Lo 0
%(33) - (C— bd 63 .
(2) Ift1=4,4,=1 and a =0, then 11 =1 and

2, 4 0
Yolw) = (—bd+o€ )
(3) Ift1=1,4,=1¢, and Ltad + 1, then x1; = 1 and

Y 0
P (x) = <—b£d+ clad +1) 53) ’

(4) If t4 =1, b3 = ¢, and l|ad + 1, then x11 = ¢ and

%(95) - (—bd+ Cadz—l 63 .
We give the proof of this theorem in the appendix.

5. IRREDUCIBLE REPRESENTATIONS

Let By, be the Borel subgroup of GL(m) consisting of upper triangular matrices,
and let T;, be the maximal torus of diagonal matrices. An algebraic weight with
respect to the pair (B, T,) is an m-tuple of integers (a1, ..., a,,) which represents
the map diag(t1,...ty) — ¢7* - - t%m. This weight is dominant if a3 > ag > -+ >
Ay«

A dominant weight is said to be p-restricted if 0 < a; — a;41 < p — 1 for
1<i<mand0 < a, <p-—2. For any p-restricted weight there exists a unique
(up to isomorphism) irreducible right F,[GL(m,F,)l-module F’(ay,...,am,) with
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highest weight (ai,...,as). This module remains irreducible when restricted to
F,[GL(m, Z/pZ)], and all irreducible F,[GL(m, Z/pZ)]-modules occur this way [7,
p. 412]. These modules are, in fact, absolutely irreducible [11, Corollary 11.2.9],
and we will write F(ay,...,am) = F, ® F'(a1,...,a,) for the irreducible module
over ]Fp.. We will relax the condition that 0 < a,, < p — 2, and allow a,, to be
arbitrary, stipulating that we can adjust the entire m-tuple by adding the same
multiple of p — 1 to each entry without changing the corresponding modules. This
is equivalent to tensoring with the (p — 1) power of the determinant, which changes
the modules over GL(m,F,), but not over GL(m, Z/pZ).

In a similar way, all the irreducible F, [GL(1,Z/pZ) x GL(m — 1, Z/pZ)]-modules
are classified by m-tuples (ai,...,a,,) such that (ag,...,a,) is p-restricted for
GL(m—1) and a; is considered modulo p—1. We will denote the F,[GL(1,Z/pZ) x
GL(m—1,Z/pZ)]-module corresponding to (a1, ...,an) by M'(as;as,...,am). We
note that this module is just F’(as,...,am) as an Fy[GL(1,Z/pZ) x GL(m —
1,7Z/pZ)]-module, with GL(1,Z/pZ) acting as scalars via the a;-power map. The
corresponding module defined over IF‘,, will be denoted M (aq;asg,...,am) = I_Fp ®
M'(ar;az2,...,am).

Note that we will also consider any GL(m, Z/pZ)-module as a GL(m, Z,)-module
via reduction modulo p. In this way, we make any GL(m,Z/pZ)-module into an
So(m, N)-module. Note that if N and p are relatively prime, then the image of
So(m, N) under reduction modulo p is all of GL(m,Z/pZ).

Given a GL(m, Z,)-module E, we will denote the action of s € GL(m, Z,) by els.
We denote by E* the module with the same underlying abelian group as E, but
with s € GL(m, Z,) acting via e|*s = e|g,sg; . We note that if £ = F(ay,...,an)
is an irreducible module, then E¥ is also isomorphic to F(aq,...,an), since g, is
an intertwining map. For a Dirichlet character x of conductor N, we denote by EY
the Sp(n, N) module with the same underlying abelian group as E but with the
action of s given by e|%s = x(s)e|grsg; *, where x(s) is defined as x(s11).

Theorem 5.1. Let n > 2, let (a1,...,a,) be a p-restricted weight, and set F =
F(ay,...,a,). Let x be a Dirichlet character of conductor N, which factors as
XoX1, where xo has conductor d, and x1 has conductor N/d with (d,N/d) = 1.
Assume p does not divide N. Then

(1) The module of invariants FU2/P) js isomorphic to M (ay;ay,...,an_1).

(2) The module FU¢"So(N) considered as a PyN So(n, N)-module is isomorphic
to (FUo),

(8) The action of PyN So(n, N) on the module ngmsﬂ(""m is given by

elvs = xo(¥i(5)) (i) X1 (V3 (5))el (V3 (5)).
where the vertical bar on the right denotes the action of GL(n—1,Z,) on F(a1, ..., an-1).

Proof. (1) Set U = Uy(Z/p), and L = Py(Z/p)/U = L{(Z/p) x L3(Z/p). Let A be
the outer automorphism of GL(n) given by A(g) = '¢g~!. The contragredient of F,
or FV, is a GL(n,Z,)-module with the same underlying abelian group as F, but
with the action given by f|Vg = f|A(g). We note that as GL(n,Z,)-modules, the
contragredient and the dual, Hom(F,F,) are isomorphic.

As L-modules, we have that FU 2 ((FV)A(U))V, Then by [10, Proposition 5.10]
(see also [9, Lemma 2.5]), we see that

FU = (F(*ana ceey 70’1)A(U))v = M(*(Z,“ —Qp—1---, 70’1)\/ = M(an;alv cee ,an—l)-
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(2) Since N and p are relatively prime, U;NSp(n, N) and Uy have the same image
in GL(n,Z/pZ), so we need only consider V4. We see that FUs = ((F~)Y0)d,
However, as described above, F~% = F' = F(ay,...,a,). Hence, by part (1), we
find that FY = M(a,;ay,...,a,1)%

(3) We identify FUe"So(N) with M(an;ai,...,a,-1)% Then, for e € FU, we
have

e|d5— x(s)elgasgy
X(s)e| (a(s) x ¥3(s))
X(8)(a(s)) " elvg(s)
= x0(¥a(8))x1 (¥ () (¥a ()" el (s)

since e € FY = M(ay,;aq,...,a,-1) as a GL(1) x GL(n — 1)-module and

xX(s) = x(s11) = xo(s11)x1(511) = X0(¥g(s))x1(¥3(5))
by Theorem 4.1(2).

6. POINTS IN GENERAL POSITION

Let K be an infinite field, V' an n-dimensional K-vector space, and denote the
projective space by P = P(V). Fix a basis of V. Given points ay,...,a, € P, we say
that the points are in general position if any subset of them spans a linear space
of maximal possible dimension. We define a simplicial complex Y9 = Y9(K) as
follows. The vertices of Y9 are points in P, and are acted upon by GL, (K) on the
right. The p-simplices of Y9 are spanned by (p + 1)-tuples of vertices that are in
general position. We let X9 denote the chain complex of oriented chains on YY.
The augmentation is the map € : X§ — Z that sends each vertex to 1. If zg, ...,z
are vertices spanning a p-simplex A in X9, we denote by & = (o, . .., p) the chain
supported on A with coefficient 1. It is antisymmetric in the arguments. Then X
is generated over Z by these basic chains Z. If vg,...,v, € V — {0}, and we denote
by 7; the element of P containing v;, we may write (vo, ..., v,) for the basic chain
(Tos - -+, Tp).

Theorem 6.1. If K is infinite, then X9 is an acyclic resolution of Z by GL(n, K)-
modules.

Proof. Let &; = (x40, ..., ip) be a basic chain supported on a p-simplex for each i,
and suppose that z = ), ¢;Z; is a cycle, i.e. a p-chain that is taken to zero by the
boundary map.

Since K is infinite, we may choose a point y € P such that for each i, the set
{Zi0, Ti1,- - ., Tip,y} is in general position. Let y; = (zi0, i1, - - -, Tip, Y)-

Then

5’2 CilYi = Zciayi
p -
= ZZ .'1/'7,0, o 7551']'7 .. axipay) + (_1)p+2 Zci(IiOa s 7:1;7;])7@\)
%

i =0
=0=xz,
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where the double sum is 0 since z is a cycle. Adjusting the sign, we see that every
cycle is a boundary. ([

7. A SPLICED SHARBLY COMPLEX

In this section, K is an infinite field. We are going to splice the complex X9 with
the sharbly complex. Recall the Steinberg module St, and the sharbly complex
Sh™ for an n-dimensional K-vector space V as described for example in [4]. If
Viy...,Unt+k are vectors in V, denote by [v1,...,v,4k] the basic k-sharbly. It is
antisymmetric in the arguments, it doesn’t change if any argument is multiplied by
a non-zero element of K, and it vanishes if the arguments do not span V over
K. An element g € GL(n,K) acts on a basic k-sharbly by [v1,...,Un4k]lg =

[v1g, ..., Unt+kg]. The Z-span of the basic k-sharblies, subject to these relations,
is by definition Sh{(V). The boundary map Shi, (V) — Shji(V) is given by
[”Ul, ey vn+k+1] (g Zi(fl)l[vl, ey f)i, N vn+k+l]~

The module St,(V'), which is free as a Z-module, is isomorphic as a GL(n, K)-
module to the cokernel of the boundary map ShT (V) — Shi(V). For [vy,...,v,] €
Sh{(V), we denote the image of [v1,...,v,] in the cokernel St, (V) by {v1,...,v,}.

If K = Q, Borel-Serre duality, as improved by Brown [6, X.3.6], gives us Hecke-
equivariant isomorphisms H;(I', St, @ M) ~ H"("_l)/z_i(lﬂ7 M) for any subgroup
of finite index I" C GL(n,Z) and any S-module M on which (n+1)! acts invertibly.

We know that

<= ShH(V) = Sh (V) — - = Sh{(V) — St, (V) =0

is an exact sequence of GL(n, K)-modules.

Sending (v1,...,Unt+k) t0O [U1,...,Up4k]| defines an injective map of GL(n, K)-
modules ¢ : X9, | — Shy. Note that ¢ induces an isomorphism X _; ~ Shy.

We now set n = 3 and V = K2, dropping the n and the V from the notation
Sh(V). Define a new complex X of GL(3, K)-modules as follows. For i > 2,
X; = Sh;_5 and the boundary map X;;; — X, is the same as in the sharbly
complex. We define X, = X§ with the same augmentation map ¢ : Xo — Z. It
remains to define X; and the boundary maps X — X; — Xj.

Let P* denote the set of planes in K3. We set X1 = @ j;cp. St2(H). An element
g € GL(3, K) acts on {a,b} € X7 by sending it to {ag, bg}.

Note that X5 is generated freely over Z by “generic sharblies”, i.e. [a,b,c| such
that the determinant of the matrix with rows a, b, ¢ is nonzero. Define the boundary
map 0z : Xo — X1 by [a,b,¢] — {a,b} + {b,c} + {c, a} for any generic [a,b,c]. It is
well-defined and is GL(3, K)-equivariant. We define the boundary map 9; : X; —
Xo by {a,b} — (b) — (a).

Lemma 7.1. Let R be the submodule of X{ generated by
{(a,b) + (b,¢) + (c,a) | H € P*, a,b,c € H, (a,b,c) € X3(H)}.
For H € P* and a,b € H, let (a,b) = {a,b} € Sta(H). Then

(a) The map ¢ : X{ — X1 induces an isomorphism of GL(3, K)-modules ¢ :

(b) The boundary map in the generic complex X{ — X§ = Xo induces the
GL(3, K)-equivariant boundary map 0, : X1 — X after identifying X, with X{ /R
via ¢.
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Proof. (a) The map 1 is clearly GL(3, K)-equivariant and surjective. If t € X7, we
can write t = )y p. ty, where tg is supported on symbols (u,v) with u,v € H.
Then ¥(t) = 0 if and only if ¢(ty) = 0 for all H. For each H, Sty(H) is the
cokernel of the boundary map 3 : Shy(H) — Sho(H). The image of § is generated
by the basic relations {u,v} + {v,w} + {w,u} where (u,v,w) runs over triples in
H such that w,v,w generate pairwise distinct lines. Therefore the kernel of v is
exactly R.

(b) The boundary map 9; : X{ — Xy in X9 sends (a,b) to (b) — (a). This
contains R in its kernel, and induces a map X;/R — X, which clearly becomes 0;
after the identification via ¢. It is obviously GL(3, K)-equivariant. O

Lemma 7.2. The sequence of Z|GL(3, K)]-modules
XX =2 X0 X1 2 Xg—>Z—0
15 exact.

Proof. Since the sharbly sequence is exact and the augmentation map is surjective,
the only nodes which need checking are those at X;, ¢ = 0,1, 2. Denote the boundary
map from X; — X; 1 by 0;. Denote the boundary maps in X9 by 99. We identify
X, with its image in Shy via ¢, under which identification (1) 9], = Olxy,,
and (2) X§ and Shg are isomorphic.

Node at Xo: Clearly 09y = 0. Let x € Xo. If e(x) = 0, there exists y € X7
with 97 (y) = x because X9 is exact. Then 0 (vy) = .

Node at X;: Clearly 81002 = 0. Let y € X; such that 9, (y) = 0. Choose y' € X7
such that y = ¥y’. Then 9{(y’) = 0. Hence there exists z € Xj = Shg = X, with
09(z) =y because XY is exact. Then 93(z) = y.

Node at X5: Clearly 95 0 93 = 0. Now suppose z € X5 such that ds(z) = 0.
Then 03 (z) € R. We will show (*) for every r € R there exists 7 € X3 = Shy

such that r = 9505(7) € X{. Then 94 (z — 05(d9(x)) = 0. Therefore there exists

t € X§ C X3 such that 93(t) = 95(t) =  — 95(85(x)). Then 95(t + 95(x)) = x.
Proof of (*): Let H € P*, a,b,c € H,(a,b,c) € XJ(H). (The last condition just
means that a,b, ¢ are pairwise distinct.) It suffices to let r = (a,b) + (b, ¢) + (¢, a)
and find 7. Pick v € H. Set 7 = [a, b, ¢,v]. Then 053(F) = [b,¢c,v] — [a, ¢, v] + [a, b, V]
since [a, b, c] = 0 in Shy. Hence 95 (95(7)) = 7. O

A straightforward attempt to generalize this lemma for n > 3 doesn’t work. The
reason the lemma works for n = 3 is that any tuple of pairwise distinct lines in a
plane is generic.

We now specialize to the case in which K = Q, and we let I" be a subgroup of
finite index in SL(3,Z). If M is any S-module, X1 ® M = @, cp. Sta(H) @ M. If
H is a fixed plane, let Py be its stabilizer in GL(3) and Uy the unipotent radical
of Py. Since SL(3,Z) acts transitively on P*, T' has a finite number of orbits in
P*, represented by the planes in a finite set, say H(T"). It follows from [6, Corollary
II1.5.4] that X;®M is isomorphic as an S-module to a finite sum of induced modules
D renr) IndI};HﬂF Sta(H) @ M, where Uy N T acts trivially on Sto(H).

8. THE SPECTRAL SEQUENCE FOR GLj3

Fix an admissible right S-module M. Let F be a resolution of Z by Z[S]-modules
which are free as Z[I']-modules. Let A = X ® M with the diagonal S-action and
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form the double complex A @p F. To compute the homology, we use the spectral
sequence from [6, VIL.5.(5.3)]. All the differentials on the E? page, i > 1 are Hecke-
equivariant because they are all induced by the differential on the double complex,
which is an S-module. From now on, we assume that 6 is invertible on M.

Since X is a resolution of Z by free Z-modules, we see that A is a resolution of
M. Therefore there is a weak equivalence from A to the chain complex consisting
of M concentrated in dimension 0, so that by [6, VIL.5.2], H.(T',A) =~ H.(T', M).

Hence, in the spectral sequence, we have

Ej,=Hy(I',X; @ M) = H; (T, M).
For each j # 1, X; ® M is isomorphic to a direct sum of induced representations

X; oM~ EB Indf. M,
Ueaj

where Cj is the set of vertices in Yy; if j > 2, C; is the set of basic sharblies
[V1,...,vj41] with vy,...,vj41 vectors in Q? that span Q?; 5j is a set of represen-
tatives for the I'-orbits in C; for j # 1; I, is the stabilizer of o, €, is the orientation
character recording how I', acts on o; and M, = M ® &,.

Note that for j # 1, o0 — M is an S-sheaf on C; whose total space is X; @ M.
Then we have by Theorem 3.1:

E},= € H,(T,, M,)
O'Eéj

if j # 1. We see easily that Hy(I'5, M,) = 0 in the following cases:

(1) For ¢ > 3 and o € Cj, since the virtual homological dimension of the
stabilizer P of a O-cycle is 3 and any torsion element of P has order invertible
on M.

(2) For ¢ > 1 and o € C; with j > 1, since the stabilizer of a basic sharbly is a
finite subgroup of GL(3,Z), hence of order invertible in M (see [6, Corollary
I11.10.2]).

The column with j = 1 will be treated later.
We then have the E' page of our spectral sequence as follows, where H;(o) :=
H;(T,, M,).

P Hs(o) Hs(T, Xy @ M) 0 0 0
0'66'0
P Ha(o) Ha(l, Xy ® M) 0 0 0
0650
P Hi(e) Hi(T, X, ® M) 0 0 0
0650

P Ho(o) Ho(T,X1® M) Hy(T,Sho® M) Ho(T',Shy @ M) Hy(T,Shy ® M)
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The rows of the spectral sequence above those shown are all 0 because all the
groups involved have homological dimension < 3 when 6 is invertible on the coeffi-
cient modules.

It will follow from Theorem 8.1 below that any Hecke eigenclass in Ej}; that
has an attached Galois representation which is the sum of an irreducible two-
dimensional representation and a character cannot be hit by any differential in
the spectral sequence and hence survives to E*°. (This uses the fact that the Hecke
eigenvalues determine the characteristic polynomials of Frobenius and hence the
attached Galois representation up to semi-simplification.)

Theorem 8.1. Assume that M is an admissible F,[S]-module with p > 3. Then the
E32, and Ei5 terms of the spectral sequence are finite dimensional Fp—vector spaces
and all systems of Hecke eigenvalues appearing in them are attached to Galois
representations that are sums of characters.

Proof. Since the sharbly complex is a resolution of St := St3(Q?), and 6 acts in-
vertibly on M, E}, ~ Hy(I',St @ M), cf. Corollary 8 in [4]. Borel-Serre duality
then gives an isomorphism of Hecke-modules E3, = H'(I', M), which is a finite
dimensional F,-vector space. By [2, Theorem 4.1.5], H'(T', M) is a sum of general-
ized Hecke eigenspaces, and any eigenclass appearing in H!(I', M) has an attached
Galois representation that is a sum of three characters.

We now consider E};. Recall that there is a finite set of planes H(T') such that

X1@M~ P Indp,p St2(H) @ M
HeH(T)

where U NT" acts trivially on Sta(H).
We define an S-sheaf on P* by H — Sto(H) ® M. We then use Theorem 3.1.
By Shapiro’s lemma, Ef; ~ D rewr) Hs(Pa NI, S5t2(H) @ M).
Let Ty denote (Pg NT)/(Ug NT). It is isomorphic to a congruence subgroup
of GL(2,Z). We have the Hochschild-Serre spectral sequence

E2 = H;(Ty, Hy(Uy T, Sta(H) © M)) = Hjiq(Py N, Sto(H) © M).

Because Uy NI acts trivially on Sto(H), we have Hy(Uyg NI, Sto(H) @ M) ~
Sto(H) @ C(H,q) where C(H,q) = Hy(Ug NT, M) is an admissible I' y-module on
which 6 acts invertibly. Also, the homological dimension of Uy NT is 2. Therefore
the only nonzero term in the E? page of the Hochschild-Serre spectral sequence
when j + ¢ = 3 occurs when j = 1, = 2. So any packet of Hecke eigenvalues
occurring in
Hs(Py NT,Sta(H) @ M)

also occurs in

Hy(Tpy,Sta(H) @ C(H,2)).
By Borel-Serre duality, this is isomorphic to H°(T'y, C(H,2)) and by [2, Theorem
4.1.4], this is a sum of generalized Hecke eigenspaces, and any system of Hecke
eigenvalues occurring here has as attached Galois representation a sum of two char-
acters. At this point we also see that E}; is finite dimensional over F,,.

Now we use Theorem 3.1 to compute the Hecke operators on E{;, following the
same outline as that used in Section 9 for E;. In both computations, the Hecke
eigenvalues occurring in the homology of I" with coefficients in an S-sheaf on a
I'-set are determined, where the homology of a stabilizer with coefficients in a stalk
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of the sheaf is known to have an attached two-dimensional Galois representation
7. In section 9, 7 is irreducible, while in the case at hand, 7 is the sum of two
characters. In both situations, the corresponding Hecke eigenclass has an attached
Galois representation of the form 7 @) for some character . Thus Ei; is a sum of
generalized Hecke eigenspaces, and any system of Hecke eigenvalues occurring here
has as attached Galois representation a sum of three characters. O

9. REDUCIBLE GALOIS REPRESENTATIONS

We continue to assume that 6 is invertible on M and we set I' = I'(3, N). We
note that for o € Cp, the orientation character is trivial, so that M, = M. For
any d|N,d > 0, we have taken (1 : d : 0) (with stabilizer P;) as a representative
of its T-orbit in Cy. Therefore, El; contains Hs(Py N To(3,N), M) as a direct
summand. We will find the system of Hecke eigenvalues in which we are interested
in a summand of this form.

Let p : Gg — GL3(F,) be a Galois representation that can be written as a
direct sum p = o @ 9, where 0 : Gg — GL3(I_FP) is an odd, irreducible, two-
dimensional representation, and 1 : Gg — GLi(F,) is a character. Let N; be
the Serre conductor of o, and let d be the Serre conductor of v, and assume that
N = Nidis squarefree. We will show that p = 0®1) is attached to a Hecke eigenclass
in El; with T'=T(3, N), and coefficient module as predicted by Conjecture 2.4.

We set 7 = 0 @w ™!, so that p = (1 @ w) ® 1. Assume that the predicted weight
of 7 in Serre’s conjecture is F'(a,b), with 0 <a—b<p—1and 0 <b < p—1. Then

if 7 is ordinary, we have
| woetl
T o~
To 0 w

and if 7 is supersingular, we have

w§a+l)+bp 0
T\Ip ~ 0 w;(a+1)+bp :

Note that 7 has Serre conductor N; (the same as o), and we may factor det(r) =
w(@tb+)y | where the conductor of y; divides N;. We may also factor 1) = wyo,
where xo has conductor d and 0 < ¢ < p — 1. We will denote by Ay the trace of
7(Frobg). We note then that the trace of p(Froby) is equal to €Ay + xo(£)£¢ and its
cotrace (the coefficient of X2 in det(I — p(Froby)X)) is equal to £(xy(£)¢*+o+2 +
Xo0(£)¢¢Xs). Examining Conjecture 2.4, we see that the predicted weight of p is
F(a,b,c) (where, if necessary we add p — 1 to both a and b so that (a,b,c) will
be p-restricted, and note that by our conventions this change does not change the
module F(a,b)). In addition, the nebentype of p is x = xoX1, and the level of p is
N = Nyd.

Denote by M the module F(a,b,c),. We now consider the Hochschild-Serre
spectral sequence for the homology of the exact sequence

2
1 — UygNTo(3,N) — PyNTo(3,N) Y4 To(2, N/d)* — 1

with coefficients in M.
This spectral sequence degenerates at E? because it is only two columns thick,
and we have

E}, = H;(To(2,N/d)*, Hy(UsNTo(3,N), M)).
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The desired Hecke eigenclass stems from E%, = H;(I'o(2, N/d)*, Ho(UsNTo(3, N), M)).
Because 6 is invertible on M, E?q = 0 for all j > 2. Also, E2; = 0 because
Us NTo(3,N) has homological dimension 2. Therefore there is a natural isomor-
phism Y : H3(P;NTo(3,N), M) — ESS = E%,.

Note that since U; NTy(3, N) is an abelian group of rank 2,

Hy(UyNTo(3,N), M) = H°(U;NTo(3,N), M) = NfUaNTo(3,N)

By Theorem 5.1, MYaNTo(m:N) = Nf(c; q, b)4. Recall that M (c; a,b) is just F(a,b)
as a GLy-module, Wlth an additional action of GL; through the c-power map. After
unwinding the various identifications we have made, including the use of Shapiro’s
lemma, we find that the action of T'g(2, N1)* on F(a,b),, is the standard action.
Hence, we are interested in finding a certain class in Hy(I'o(2, N/d)*, F(a,b)y,)
where Py acts on F'(a,b), (yielding a Hecke action on the homology) as described
in Theorem 5.1.

We know by Serre’s conjecture, which is now a theorem, that 7 is attached to
a Hecke eigenclass in H1((2, N1), F(a,b)y,). Since 7 is irreducible, it is attached
to a cusp form, and by Eichler-Shimura it is also attached to a Hecke eigenclass f
in

Hi(To(2, N1)*, F(a,

b)x1)-

So for the two dimensional Hecke operator Ty = T'(¢, 1), we have f|r, = \¢f, where
A¢ = Tr(r(F'roby)). We identify Hi(I'o(2, N1)*, F(a,b)y, ) with E%, via the identi-
fications above and set f = Y ~1(f) € Hs(P;NTy(3,N), M) C Dyeq, Hs(o) = Egs
in the first spectral sequence of Section 8. The calculation below shows that
H3(P;NTy(3,N), M) is stable under the Hecke action on the displayed spectral
sequence of the previous section and shows how the three-dimensional Hecke oper-
ators T(¢,1) and T(¢,2) act on f.

For each prime ¢ { pN and for each coset representative in 7'(¢,1), we apply
Theorem 4.3 to translate the coset representatives s by an element v € I'g(3, N)
into P; and then let x = gdsvggl € Py, and obtain:

X1

1 0 0
Ifs=10 1 0] then (by case 1 of Theorem 4.3),
a1 Q9 Y4

(6%} —Oéld 4

Yh(sy) = i) = 1 and $3(s7) = Y2 (z) = ( 1 0) .

1 00
Ifs=ap ¢ 0| with £1aod+ 1, then (by case 3 of Theorem 4.3)
0 0 1
s = L and i) = ()
1 0 0
Ifs=|ayp ¢ 0] with ¢Jagd+ 1, then (by case 4 of Theorem 4.3)
0 0 1

s = tand ) = ().
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If s = (

Consider the S-sheaf on C that sends every o € Cy to M, whose total space is
Xo®M. Use Theorem 3.1 and the fact that N is assumed to be squarefree. Then by
Section 4, we know that s preserves the I'-orbits of Cp and T'(¢, 1) = &, 5 T,y where

0
1
0

OO
—_ o O

) then (by case 2 of Theorem 4.3)

s = and o) = ()

each Ty, acts on @,z Hs(0), stabilizing each summand. Since f is supported on
(1:d:0), we obtain from Theorems 3.1 and 5.1(3),

1 0
Qo — ald Y4
1,02

+ Z ! (f; (1)>+><o<€)€°’f
X1

agltapd+1
{0
(5 0) e

=£<fTe

= (O + xo (D)LY (f).

Similarly, for T'(¢,2):
1 0 0

Ifs=ap ¢ 0| with £1apd+ 1, then (by case 3 of Theorem 4.3)
a1 0 K

Y (f|T(¢,1))

(E O)
0 1
X1 X1

(o D)+1 (5 9)+xators
X1 X1

—f

Yb(x) = 1 and V2 (z) = (_Cflgd 2) .

1 0 0
If s = (ao L 0) with ¢|agd + 1, then (by case 4 of Theorem 4.3)
(05] (VI

Yd(a) = £ and ¥ (x) = (;M 2)

¢ 0 0
Ifs=10 1 0] then (by case 2 of Theorem 4.3)
0 (65 /

wé(x) =1 and z/Jg(x) = (of;f 2) .

If s =

OO
O > O

0
0 | then (by case 1 of Theorem 4.3)
1

s = tand ) = ().
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Hence,

Y(iT@w2)= > f

o, fapd+1 X1

+> 7 (g 2) +xo(0)0°f
Qg X1

. (0 )+ n0es
= (D2 4 xo(OEMY (),

¢ 0 . 10
G a*zkwwdmaﬂmﬁ)

(E 0)
0 1
X1

=0f T,

Therefore fis attached to wT ® wxo = p, which has predicted weight F'(a, b, ¢).
Since fis not attached to a direct sum of characters, by Theorem 8.1 it not only ap-
pears in E&g, but also survives into £5%, and hence appears in H3(I'o(3, V), F'(a, b, ¢)y ).
We have thus proved the following theorem:

Theorem 9.1. Let p > 3 and let p : Gg — GL(3,F,) be a Galois representation
of squarefree Serre conductor N and nebentype x that decomposes as a sum of a
character and an irreducible odd two-dimensional Galois representation 7. Then p
is attached to a homology eigenclass in H3(Ty(3,N),V,,), where V is the first of the
two weights predicted by conjecture 2.4.

Proof of Theorem 2.5: We now verify that the second of the two weights pre-
dicted by Conjecture 2.4 also works. Let *p~! ® w? be the twisted contragredient
of p. This representation will still be a sum of a two-dimensional, odd, irreducible
representation and a character, and as such, will be attached to an eigenclass for
its first predicted weight of Conjecture 2.4, by Theorem 9.1. Since Conjecture 2.4
is compatible with duality according to the prescription in [5, Proposition 2.8], we
find that p is attached to an eigenclass in the dual of this weight. A simple com-
putation shows that this dual is exactly the second predicted weight for p. Hence,
p is attached to eigenclasses in both of the weights described in Conjecture 2.4,
concluding the proof of Theorem 2.5.

10. APPENDIX: PROOF OF THEOREM 4.3
Proof. To prove case 1, we take v = I, since s is already in P;. Hence x = gdsgd_l,
12 0
and we find that x1; = ¢1, and ¢Z(z) = cobd 0y):
For the other cases, note that a matrix is in Pygy if and only if it is of the form

r rd 0
¥ ok %
* k% ok

Since we want

Al + ad) + Clad  B(f1 + ad) + Dlad 0
gasy = * * 0] € Poga,
* * *
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we see that we must have B(¢1 + ad) + Dlyd = d(A(¢1 + ad) + Clad). Writing this
as a matrix equation, we have that

(01 + ad, dfs) <é g) —r(1,d)

for some r. We will assume that r > 0 (changing the signs of A, B, C, D if needed).
Since the matrix <é‘ g) must have determinant 1, we get

(1 + ad, dby) = r(1,d) (_DC ‘AB) .

We now specialize to case 2, in which ¢; = ¢ is prime, o = 1 and a = 0. In this
case r = 1 and we take

N
A:l—l—kj7 B=kN, D=/(+4C4d,

remembering that we must have 1 = AD — BC'. Now, using the Chinese Remainder
Theorem to choose C' so that

Cd=1 (mod{)and Cd=1—-4 (mod N/d)
we may choose
b — —-Cd—/1+1
— (N/aye

and we have our desired

A kKN 0

y=1|C D 0
0 0 1

We then find that ¥} (z) = 1 and

¢ 0
Yo() = (d —bd £3> '

In case 3, we proceed similarly. We have

(1 + ad, ¢d) = r(1,d) (DC _AB> 7

and again r = 1. We set B = kN and solve for A = k(N/d) + ¢ and D =
(ad +1) + Cd.

Since (N(ad + 1)/d,¢d) = 1, integers C and k exist as needed. Also, we find
Pi(z) =1 and

2/ N L 0
(@) = (c(ad+ 1) —bld l3)"
Finally, for case 4, we want
D -B
(14 ad, td) =r(1,d) (—C A)'

In this case, r = /.
Set
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Since d and (% m'Tad)) are relatively prime, a solution exists for k and C. We find
that ¢ (z) = £ and

v () = (C(lel) —bd Z)
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