Definition 1. A function f(x) is said to interpolate the set of points
{(xj,95) Yizg if f(x5) =y, for all j =0,...,n.

1. POLYNOMIAL INTERPOLATION

Theorem 2. Given the set {(z;,y;)}}—y, where each x; is distinct,
there exists a unique interpolating polynomial p(z) of degree at most n.

Proof. Define the family of n-degree polynomials

(1) Loj(z) =[] -2

Ti— Tk
k=0 " Uk
k#j

Note that L, ;(zx) = ;5. Hence, the linear combination
(2) p(x) = yiLn;(x)
§=0

is an interpolating polynomial for the given set. To prove uniqueness,
suppose there exists another interpolating polynomial ¢(x) of degree at
most n. Then the polynomial p(x) — g(x) is of degree at most n, yet it
has n + 1 roots at {x;},. This is a contradiction. O

The functions defined in (??) are called Lagrange basis functions, and
the process outlined in the proof is called Lagrange interpolation. It
is an important method for the theoretical development of polynomial
interpolation theory, however, is is generally not a good method for
computation. Another problem with lagrange interpolation is that it
is not easy to add additional points after computing the interpolating
polynomial.

Another way to interpolate is to solve the linear system

2 n
1 zy x5 --- xj ag Yo
1 oz 22 - af a, Y1
1 2. n
Ty T, Ty Qn Yn

The (n 4+ 1) x (n + 1) matrix is called the Vandermonde matrix and
is provably nonsingular, however, it is also often ill-conditioned. Thus,
this approach is likewise not suitable for computation.

The following iterative method of Newton interpolation is computa-
tionally practical and it allows for additional points to be added after

the fact.
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Theorem 3. Let p,_1(x) be the unique polynomial of degree at most
n — 1 that interpolates the set {(z;,y;)}i=y and let p,(x) be the unique
polynomial of degree at most n that interpolates the set {(x;,y;) .
Then p,(x) is given by

(3) (@) = poi () + anwn(),
where

(4) wn () = H( )
and FO

(5) an = %;)W

Proof. Note that p,(z) — p,—1(x) equals some scalar multiple of w, (z).
Indeed it is a polynomial of degree at most n with all the same zeros

as wy (7). Evaluating (??) at the point z,, yields (?7). O
Corollary 4. For {a;}7_, and w;(x) defined iteratively, as above, we
have

(6) pal) =) aju;(x),

=0
where wo(x) =1 and ag = yp.

The Corollary introduces an algorithm called divided differences that
will allow for fast computation. Let

flzo, 1, ..., o] = a
for each £k =0,...,n. We have the following:
Proposition 5.

(7) flton. oz = T o] = S0, k]

T — Xo

Proof. For each k, let py(x) denote the unique polynomial of degree at
most k that interpolates f(x) at {z;}¥_;. Now let P(x) be the unique
polynomial of degree at most k — 1 that interpolates f(x) at {a;}*_,.
Then we have

pr(x) = P(x) + i

(P(z) = pr-1 ().

Tk — To

By matching the k'*-order terms, we have (?7). O



2. CUBIC SPLINE
Definition 6. A spline of degree k with knots {to, ..., t,} is a function
s(x) that satisfies the following two properties:
(). On theinterval [t;,t;j11), s(x) is a polynomial of degree at most
k, that is, s(x) is a polynomial on every subinterval defined by
the knots.

(ii). The function s(z) has a continuous (k—1)" derivative at each
knot.

For example, consider the cubic spline s(z), which takes the form

So((L') S [to,tl)

81(1]) T € [tl,tg)
(8) s(x) =14 .
5n71<x> MRS [tnfbtn]a
where

sj(@) = a; + bj(2 — z)) + ¢j(x — 2;)° + dj(z — ;).
and
() 8;(t1) = 8j01(Lj1) = G
(11) Sj(tj-l—l) = 5j+1<tj+1) =0j+1
(ii). s7(tj41) = 8751 (Ej1) = 2¢0
Let h; = t;11 —t;, and assume that the knots are interpolation points
{(x}, yj)};lzo. We can solve everything in terms of y; and z;. Note that
(1)—(iii) reduce to:
Y1 = Yj + bihy + i+ d;hd
bj+1 = bj + 2thj + ?)d]hi
20j+1 = 2(3]' + 6djhj
Solving for d; we have
C. 1 — c.

d‘ — 7+ ) )

! 3h;
Then we can reduce to two equations
Cit1 + 2¢;
%hi = Yj+1 — Y
(¢j1 + i)y = bjpa — bj.

bih; +

Solving for b; we have

Yir1 =Y w1t 2¢
b; = - h'a
J hj 3 J
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which we can use to reduce to one equation
hj+10j+2 + 2(hj+1 + hj)cj—i-l + hjCj = Aj+17
where j =0,1,...,n— 2 and

Yi+2 — Yji+1 Yj+1 — Yj
A:1=3 — .
ok < hjsa h; )

Write as a linear system

[ * * * x | [ co T [ Ap ]
ho  2(ho + hl) h1 c1 A1
h1 2(h1 + hg) ho co Ao
ho 2(ha + hg) h3 c3 As

hn72 2(hn72 + hnfl) hnfl Cn—1 Anfl

L * * * * * L cn | A

where the top and bottom rows are yet to be determined and depend
on the boundary conditions at ¢ty and t,,.
The most common boundary conditions are:

Natural: Assume s"(zg) = §”(z,) = 0 or ¢g = ¢, = 0. Hence
set Ayg = A,, = 0 and the top row to be all zeros except the
first entry, which is a one, and the last row to be all zeros,
except the last entry, which is also a one.

Clamped: s'(z9) = o and §'(x,,) = . Hence set

3
2hoco + hoct = —(y1 — Yo) — 3

ho
and
3
hn—16n-1 + 2hp_10, = 30 — h—l(yn = Yn—1)-

Not a Knot: Assume s'(z1) = s{"(z1) or equivalently dy = d;
and s o(xp,—1) = s (xn—1) or equivalently d, o = d,_1.
Hence,

h100 — (ho + h1>61 + hoCQ =0
and

hn—lcn—Q - (hn—Q + hn—l)cn—l + hn—QCn = 0.



3. BERNSTEIN POLYNOMIALS

In 1912, Bernstein proved that the sequence of polynomials

Zf /n< >tll—t)

converges uniformly to the functlon f(z) € C[0,1], thus providing a
nice proof of the Weierstrass Approximation Theorem.

Definition 7. The Bernstein polynomials take the form
s = (7)) - om
Theorem 8.
9) Bt =3 (~1)" (T) <Z)t
i=j

Thus, we have the matriz representation

Hoo o --- 0
0
By Bp -+ Brl=[11t - t"] o :
Mmoo HUm1 Hmm
where

Proof.
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Example 9. The following equality provides the transition from the
power basis into the Bernstein basis for Rs[z].

1

-3

By BY B Bijj=[1t ¢ ]| §
1

W o WO
W w o o
_ o O O

Theorem 10. {B"(t)}!", is a basis for R,,[x].

Lemma 11. The following hold:

(). B™(t) > 0 on the interval [0, 1].
(ii). The set {B™(t)}™, forms a partition of unity, that is, satisfies

Theorem 12. Any set {B"(t)}", that is a partition of unity has the
property that any linear combination Y .- P;BI"(t) is in the convex
hull of { P}, denoted co({P;}",).

Theorem 13. The Bernstein polynomials can be recursively defined as
follows:

Bi(t) = (1 =) By~ (t) + tB; 7 (1)
Bi(t)=0 (ifk<0ork>n)

BY(t) = 1.
Proof.
(1—t)B ' +tB}~} = (” . ) kg (Z B Dtk(l _
{ " . ) <n - i)] (1 — )k
[ nk; Al =L é?(n__l);ﬂ R (1 — 1)
= mtk(l — )"



4. BEZIER CURVES

Definition 14. Given control points { P;},, we define the correspond-

ing Bezier curve
=Y PB®)
=0

Proposition 15. The Bezier curve R(t) is uniquely determined by its
control points.

Proposition 16. R([0,1]) C co({P;}1,)
Lemma 17.

- p_m! k gm—k(;
B () =(=1) m5—3 (t)-

Proof. This follows straightforwardly from the case £k = 1. Note that

aorw =5 |(7)ea-om]
_ m(T__ll)ti‘l(l — )T — m(m; 1)#(1 _ gymict

=m[By (1) — B (1))

= —mdé_B"\(t).
O
Theorem 18.
d* g
Pt = '; P)B"H(

Lemma 19. A degree m Bernstein polynomial can be expressed as a
linear combination of degree m + 1 Bernstein polynomaials. Indeed, we
have the following recursion relation

141

m+1—1
— —  B™H(p).
m—+1 ()

(10) B - B

7

Bl (t) +

Proof. Note that

e = (7)o = ke - S
i+1

and
(1-1) B (1) = ( ) gy Z L gy

TN iy _pymal—i _ '
e~ m+1

1



8

Thus
BIM(t) = tB(t) + (1 — ) B}'(t) =

v+ 1 41 m+1-—1
L) 4+ ————— B,
m‘l‘l Z+1()+ m+1 7 ()

U

Theorem 20. The Bezier curve P(t) = >  P;B"(t) of degree m can
be expressed as a Bezier curve P(t) = Zi”:gl Q:B"™(t) of degree m+1
via the relationship

Qo= F

Q= — t(1-—" B -1

i = ——— L5 - 5y t=1,...,m
m+1 ! m+1

Qm+1:Pm-

Bezier curves are symmetric, which means that the curve is the same
if you reverse the order of the control points. Bezier curves are affine
invariant. Also the tangent vectors at the end points are given by the
segments PyP; and P, P,,_1, respectively.

5. COMPOSITE BEZIER CURVES

Let 11 (t) = > 2 BB (t) and 7o(t) = > 7 Q; B} (t) be two Bezier
curves. The composite curve

v®={%® t€0,1]

Y2 (1 —1t) tell,2]

is called geometrically continuous, denoted G, if 7;(1) = 72(0). This
connection point at ¢t = 1 is called a knot or a joint. In terms of Bezier
control points, this means that P,, = Q. Note that a G° composite
curve can have corners or cusps. Indeed all that is required is continuity
att = 1.

By adding additional conditions on the control points, we can im-
prove the degree of smoothness of the resulting composite curve ~(t).
Specifically, we say that ~(¢) is geometrically continuously differen-
tiable, denoted G*, if it is G° and the tangent vectors of v, and v, at
the knot are in the same direction—specifically

71 (1) 72(0)
) =20 B = o
In terms of the control points, this means that both P, = @y and
P — Pyo1 = c1(Q1 — Qo), where ¢; = ||Py, — Py1[|/|Q1 — Qol|. This
means that the control points P,,_1,P,, = ()9, and (J; are colinear.
Geometric continuity is a weaker condition than parametric continu-
ity. For a curve to be parametrically C*, we would require that both
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the direction and magnitudes of the tangent vectors at the knot be the
same.

It is sometimes necessary for a composite curve to have continuous
curvature. Such curves are said to be geometrically twice differentiable,
denoted G2, if they are G' and /(1) = c274(0) + ¢2+4(0). In terms of
the control points, this last condition reduces to

(Q1 = Qo) + c1(Qo — 2Q1 + Qo).

P —2Pn 1+ Ppao= =

m—1

6. DIFFERENCE EQUATIONS

Definition 21. Given the sequence {y,}n-,, we define the difference
operators

(5+yn = Yn+1 — Yn
5—yn =Yn — Yn—1

and the shift operators

E yn = ynt1
E—yn = Yn-1-

Remark. Note that EL =1+ 4 and 6+ = £(E —1).

Lemma 22.

(i)‘ 53? == ZZL:O (7:) E:kt
(i), B2 =370, () (=1)Fas,
Lemma 23.
(i). 0% (0T yn) = 0Ly,
i 5:ﬁ:(yn + Zn) = 5:l:yn + 5:I:Zn
(iil). d+(ay,) = ad+y,
(lV) 5i(ynzn> - (5:tyn)(E:th) + yn(é:tzn>’
(v).

5. (&) _ (Oxyn)zn — yn(éizn)‘

Zn Zn E:I: Zn

Lemma 24 (Fundumental Theorem).

& n+1<n — YmZm
Z(Si(yizi) _ {y +1%n+1 — Y

YnZn — Ym—12m—1
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Theorem 25 (Summation by Parts).

n

(11) Z yi(5+zi) = Yn+1%n+1 — YmAm — Z(5+Zi>E+2i-

(12) Zyi(é,zi) = Ynin = Ym—-1Zm—1 — Z(&Zi)EfZi-

Proof. By summing the product rule and applying the Fundumental
Theorem, we have

n

Z yi(5izi) = Z 51(%’%) - Z(5iyi)(EiZi)

i=m



