Name:

Student ID:

Section: _002

Instructor: Scott Glasgow

Math 314 (Calculus of Several Variables) RED
Exam 1 May 16-17, 2013
Instructions:

e For questions which require a written answer, show all your work. Full credit will be
given only if the necessary work is shown, justifying your answer.

e Simplify your answers.

e Calculators are not allowed. Textbooks are not allowed. Notes are not allowed.

e Should you need more space than is allotted to answer a question, use the back of the
page the problem is on and indicate this fact.

e Talking about the exam with other students before the graded exam is returned to you
is a violation of the Honor Code.



Part I: Multiple Choice Mark the correct answer on the bubble sheet provided.

_ e -1 t*—t : : :
1. (5 points) If r(t) = ,——— tlogt), then limr(t) =limr(t)is

t°+t 0" tlo
a) (L-11) b) (L11) ¢) (1,-1,-1)
d) <1, -1, O> e) <1,1, —1> f) does not exist (including infinite)
Solution: We have the “forms”
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et 2t-1 .t 0 2:0-1 .
lim—,lim Jdim——)=(e lim-t
o 1 o 2t4+1 to —t2
=<1’_T1’—0>=<1,_1,O>.

So the answer is d).



2. (5 points) Consider the following graph of a space curve:

Which of the following vector-valued functions give rise to this graph?
a) <cos(t),sin(t),t(1+t2)‘1> b) (cost,sint,cos2t) ) <cos(t),sin(t),(1+t2)‘l>
d) (cost,sint, tanht) e) <cost,sint,coszt> ) (cost,sint,cos 2t)

Solution: The correct answer is c):
. 1
r(t) = COS(t),Sln(t),—2 ; (3)
1+t
it sports all the right symmetries and asymptotic values. For examples,

r(t) = <cos(t),sin(t),ﬁ> =(X(t),Y (t), Z(t))

= (4)
X()=X(), Y(E)=-Y(®), Z(-t)=2(),
tIlrir;(x (t),Y (), Z(t))=(d.n.e. d.n.e., 0},

where, further, the “d.n.e.components” actually correspond to periodic motion, as in the graph
above.



3. (5 points) The parametric equations for the tangent line of the space curve
r(t) :<et,2+sin(t),3+log (t+1)> (5)

at the point <1, 2,3> can be written as
{ 1 { 1
a) x=1l+e,y=2+cos(t),z=3+——, b) x=e',y=cos(t),z=—, c¢) x=t,y=t,z=t,
t+1 t+1

d) x=1-t,y=2-t,z=3+t, e) x=1-t,y=2-t,z=3-t, f)noneofthe

above

Solution: The correct answer is e): the tangent line is always of the form

R)=r(t,)+tr't,),  teR (6)
Since
rt,) = <et°,2+sin(t0),3+log (t, +1)>:<1,2,3> < t, =0, (7)

we find that in (6) we must choose t; =0, whence, since

r'e) = <et , cos(t),$> (8)
the tangent line is given by
R(t)=r(0)+tr'(0), teR (9)
where
r'(0) = <e°,cos(0),ﬁ> =(1,11), (10)
and, so,

R(t) =r(0)+tr'(0)=(1,2,3)+t(1,1,1) =(1,2,3) + (t, t,t)

11
=(1+t,2+t,3+t),  teR, )

Replacing twith —t (which maps R to itself) we get the results in e).



4. (5 points) Let b>a. The arc length function s(t) for a space curve r(t):t e[a,b]is
a) s@)= dulr(u)], te[ab],

b) s(t) = [ duF'()-r'(u), te[ab],

0 s(t)= durq) tefab],

d s =J:du r(u), te[ab],

o) st)= ] dulrw) .

f) f) none of the above.

Solution: By definitions we certainly have

s(t) = lim Z”Aﬂ” =: j;||dr(u)||, te[a,b], (12)

lalvo

whence with the chain rule, etc., we certainly get

st) = = [LJau]|-= W) = [ dullr @)
[ F @, tefad],

and, so, the only correct answer is b).

dr

dr
dua(u) a(u)

(13)



5. (5 points) Given that the arc length function s(t) of a space curve r(t):te [a,b] satisfies

E0 ), (14)

and the unit tangent vector (function) is given by

_ ')
" ror -

and that one straightforward representation of the curvature (function) is given by

c(t(s)) =HdTg(s” , (16)
S
another representation of curvature not referencing the arc length function is
, 7o) NG .
[r®)] [r®)]
[T®l , 1
d)y e)|T'(®) e~
ol ol ol
Solution: The solution is a): by the Chain Rule
. H dT(t)H i H aT() , ds| _ re) -
dt  dt]| re)”




Part Il: In the following problems, show all work, and simplify your results.

6. (25 points) Find the arc length function s(t) for the space curve
r(t) :<e2tsin(t),e2t cos(t),7> te[0,27] (18)

such that s(0) =0. Then reparameterize the curve according to arc length S. To check

your results (and which is worth some points), confirm that for your specific answer
r(s) =r(t(s)) you do in fact get the necessary result that

d .
HE F(s)

=[F(s)|=1, (19)

the “="in (19) indicating “independent of s”. In lieu of that specific computation, you
can show that (19) holds generally, which is actually much easier.

Solution: We have
r'(u) = <e2“ (2sin(u) +cos(u)),e* (2cos(u) —sin(u)), 0> (20)

thus by (12) we have

s(t) = [ duy/r(u) F'(u) = [ duy/r'(w)-r'(u) (21)

where
r'(u)-r'(u) = e® (2sin(u) +cos(u))’ +&™ (2cos(u) —sin(u))’
(4sin’(u) +4sin(u) cos(u) +cos® (u) )+
=e* (22)
(4 cos®(u) —4cos(u)sin(u) +sin® (u))
=e" (5sin’(u) +5co0s’ (u)) = 5¢*
whence

s(t) = J:du«/r’(u) r'(u) = I;du\/5e4“ = Jgj;du e = \/E[%} =5 e” _1, (23)

2

and we find that



t(s) =%Iog (%HJ. (24)

Thus we can write the curve as

14 28

N 2=log i 25 21log[§+l) 1 2
r(s):=r(t(s»=<e2 & Jsm(ilog(—u]),ez & cos(—mg[— j) 7>
2 (B 2\ {5 5

= <(%+1jsin(% log (% +1]), (% +1} cos(% log (% +lj), 7>.

From (25) we find

2
2 1. (2s 2s 1, (2s 1 5
Esm(glog[EHJ)+£E+1]cos(zlog[£+l))§28+1,
r'(s)= V5
2
2 25 025 einctiog[ 241 ) 135
\/E cos(= Iog(\/g 1}) [\/§+1]S|n(2|09[\/§+1})228+1’0
5
:% 25|n(—log[\/§+1j)+cos( Iog[\z/g j) 2cos(= Iog(T j)—sin(%log(%+lj),0>
%(25ln(9)+cos(¢9) 2cos(0) —sin(6),0)
(26)
which gives

IF'(s)] = H%(Z sin(@) +cos(6), 2cos(8) —sin(), O)H

1 . 2 ; 2
_E\/(Zsm(ehcos(e)) +(2cos(8) —sin(8)) o

= %\/(4s,in2 (6) +4sin(9) cos(6) + cos’ () ) + (4 cos® (9) — 4cos(B) sin(d) +sin’ (6) )

1 — 2oy L E_
_E\/SS”] (6) +5cos (9)—\@\/5 1

as advertized. Generally we simply note that



r(s)=r(t(s)) =

F(s) =%r(t(s» :%(s)r“(s”w

dt(s) _ r’(t(s))%, (28)

and then get that, writing the arc length function as S(t), and using (14),

S(t(s))=s=
(s L) _grpsn L) __d di¢s) _ d _
Ir (t(S))IIK—S(t(S)) s dt(S)S(t(S)) s dSS(t(S))—l
(29)
=
dt(s): 1
ds  |rctes))|’
which in (28) gives
i, , dt(s) 1 r'(t(s))
=r'(t(s)) —==r'(t = =T(t 30
F'(s)=r'(t(s)) ™ r((S))”r,(t(S))|| )] (t(s)) (30)

and which readily then gives (19).



7. (15 points) Find the curvature of the curve in the previous problem.

Solution: From (17), which is

[Tl

O ol .
we decide to compute in turn
r'(t) = <eZ‘ (2sin(t) + cos(t)),e* (2cos(t) —sin(t)), o> (32)
then, as above,
[r'®)] = 5e™ (33)
then
- :8” _ <e2‘ (2sin(t) + cos(t)g:;t(Zcos(t) —sin(t)), o>
1, : >
=E<25m(t)+cos(t),2cos(t)—sm(t),0>
then
T'(t) = %%QSin(t) +cos(t), 2cos(t) —sin(t), 0) .
=i5<2cos(t)—sin(t),—23in(t)—cos(t),O)

then



IT'®)|= H%{Z cos(t) —sin(t), —2sin(t) — cos(t), 0>H

\/(2cos(t) —sin(t))2 +(—2sin(t) - cos(t))2

\/(Zcos(t)—sin(t))z +(25in(t)+cos(t))2 (36)

\/(4 cos’ (t) — 4 cos(t)sin(t) +sin’ (t) )+ (4sin’ (t) + 4sin(t) cos(t) + cos*(t))

5087 (t) +5sin?(t) = %\/5 =1,

ol G Gl i

whence

Jrol__1 e
B 0T NG

(37)



8. (15 points) Find the tangential and normal components a, (t) and a, (t) of acceleration

a(t) =r"(t) for the space curve

r(t) = (sin(t), cos(t), 7).
How does your result make intuitive sense?

Solution: We can write
a(t) =r"(t) =a; (1) T(t) +a, (ON()
where, since the indicated vectors are orthonormal,

T (0 =T (a OTO +a, (ON(D)
=a, (TR TMO+a, OTO N
=a, (1)(1)+a,(1)(0) =a; (1),

N r'(1) = NGO - (3 (O T(O) +a, ON)
= a, (ONQ) - T(O) +a, ONE)-N()
=a, (1)(0)+a, () (1) =a, ()

i.e., given the various definitions,

T

a () =TE)-r'®), a,®=N®)-r'(t)= ol ()”

So since we have

r(t) = (sin(t), cos(t),7)
r'(t) = (cos(t),—sin(t),0),

I (®)] = (cos(t))” +(-sin(t))’ =

_rey _re i
T(t)_||r’(t)|| . =r'(t) = (cos(t), —sin(t),0),

T'(t) =(-sin(t),—cos(t),0),

[T'®)] = y/(~sin(®))’ +(~cos(t))’ =
T(@t) T
To] 1

r'(t) = (—sin(t),—cos(t),0) = N(t),

N(t) = =’

r(t).

= T'(t) = (-sin(t),—cos(t),0) =—r(t) +(0,0,7),

(38)

(39)

(40)

(41)

(42)



we get

a (t) =T(t)- r"(t) =(cos(t),—sin(t),0) - (—sin(t),—cos(t),0) = —cos(t) sin(t) +sin(t) cos(t)
=0, (43)
a, () = N(t)-r"(t) = N(t)-N(t) =1.

This makes sense since this is just motion of constant speed round a circle; in such case we
already know the acceleration is constant and directed inwards. (The normal direction N(t) is

clearly inwards: N(t) =-r(t)+ <0, 0, 7> J)



9. (20 points) Show that the definitions

) T
T(t) = ||r’(t)|| , n(t) =T'(t) (44)

(and differentiability) give

MONNEOUKO

"ol o “‘5)
and then
T(t)-n(t) = 0. (46)
Assume of course that |r'(t)] =0, etc.
Solution: We note
Ir@):=(rm-r'w)” (47)

whence

1/2_1

Crol=Liro-ro) =20 ro)? Lro ] ro«ro-Le
GlIr®= £ (rO-rm)” =3 (re-ro) ([ dtr(t))r(t)w(t) dtr(t)]

= %(r'(t) @) (r) - re) +r'e) - re)
(48)

-1/2

—(FO-TO) (2r 0 r'0) = (FO) r©) oo

_rmrm _ro-rw
(ro-ro)”  ro)|

So



d d
' FO) O -r') ')
nt)=T'(t) = iT(t) — i r'(t) _ ” ” dt dt ” ”
dt = dtre) Irof

)@ -rg "

Ir@]  rol re-(r'e) - re)re)
Ir®l Ir®f

T _rer
- i - 3 (t)’
[rol ro)

and, so,

Ir@|' T)-net) = r'(t)-(llr'(t)||2 r”(t)—(r'(t)-r”(t))r'(t))
=[[F @[ r') - r@) - (r@-re)re) )
=[[r@ r'e)-r'e-(re-ro)ro|” =o,

giving (46) as advertized.

(49)

(50)



