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Section:

Instructor: Scott Glasgow

Math 314 (Calculus of Several Variables) RED

Exam 4 June 11,12, 2013
Instructions:

e For questions which require a written answer, show all your work. Full
credit will be given only if the necessary work is shown, justifying your
answer.

e Simplify your answers.

e (Calculators are not allowed. Textbooks are not allowed. Notes

are not allowed.

e Should you have need for more space than is allotted to answer a
guestion, use the back of the page the problem is on and indicate this fact.

e Talking about the exam with other students before the graded exam is
returned to you is a violation of the Honor Code.



Part |: Multiple Choice Mark the correct answer on the bubble sheet provided.

1. (5 points) Suppose that we want to compute the double integral
| = ﬂR f(x,y)dA (1)

given thati) f (X, y) >0 forall (X, y) € Rand that ii) R is a rectangular region. (Think of

R as a rectangle in the z =0plane.) The connection we may make to compute this
integral isthat | =

a) the volume of the solid that lies above the rectangle R and below the surface
z=1(x,y).

b) the average value of f over the region R

c) the average value of f over the region R divided by the area of R

d) theareaof R
e) the area of the surface z = f (X, y) over the region R times the average value of f

over R
f) the area of the surface z = f (x, y) over the region R

Solution: The correct answer is a). One tautological way to know this is that (1) is taken to be
the definition of said volume in the book. Yet one can show this notion agrees other notions.

2. (5 points) Suppose that for (X,y) e Rwe have f(x,y)e[c,d], and let
A= j ledA (2)

Then the average value  of f over R satisfies

a) fe[Ac,Ad]
b) fe[c/Ad/A]
o) felc/AAd]
d fe[Ac,d/A]
e) f=A

f) felcd]

Solution: The correct answer is f). Not sure what to say about that.



3. (5 points) Suppose f is continuous and nonnegative over rectangle

R= {(x, y)‘x elab].ye [C,d]} , and define integral | asin (1). Then

a) |listhe limit of a double Riemann sum

o) 1= ax["dy f(x,y)

c) listhe volume of a solid with base R
d b

d) | :L dy def(x,y)

e) all of the above

f) none of the above

Solution: The correct answer is e).

4. (5 points) Consider the iterated integral
b, o)
':L olxjO dy (X, ), (3)

where f and g are continuous. If g is strictly decreasing over X € [a,b] , then which of

the following iterated integrals (or sums of such) are numerically equivalent to | ? (Hint:
Draw a picture of the graph of g . From that picture, note that the bounding curve

C= {(X, g(x))‘ Xe [a, b]} of the domain of integration can also be rewritten as
c={(g™m.y)yelo® 9@]}

g(a)

a) [0 ay[ dxf(xy),b) |

g(b)

b g(a) b
dy[ ,, dxf(xy), 0 [ ay] dxfixy),

9(a)

d) ["Vay[Cdct(xy), e) [ dy[ dxf(x,y)+ |

0 9(b)

dy[*. dxf
v ., axFxy),

(b) b (a) y)
f) jog dy | dxf(x,y)+jgg(b) dy[” " dx F(x,y).

a

Solution: The correct answer is f). Draw a picture.



5. (5 points) Given that f has continuous mixed partial derivatives, and

R= {(x, y)‘ xe[a,b],yelc, d]} , What is the value of the integral

L= [ f,(xy)dA? (4)
a) f(ad)+f(ac)-f(b,d)-f(bc),b) f(ad)-f(bd)-f(bec)+f(ac),
c) f(b,d)+f(bc)-f(ad)-f(ac),d) f(b,d)-f(bc)-f(ad)+f(ac),
e) f(b,d)+f(b,c)+f(ad)+f(ac),f) f(bd)-f(bc)+f(ad)-f(ac).

Solution: By Fubini and the equality of mixed partials, and the fundamental theorem, we have

=[] = [ [, b= [ o, 0
=[x fyy:cd df, (x,y) = [ dx [£, 0] = dx (£,(x,d)~ ,(x.0))

b d b
=L dx &(f(x,d)— f(x,c)):jad(f(x,d)— f(x,c)) (5)

—[f(x,d)= f(x,0)]" =(f(b,d)- f(b,c))~(f(ad)-f(ac))
= f(b,d)~ f(b,c)— f(a,d)+ f(ac).

Hence the correct answer is d).

6. (5 Points) Suppose a region D lies entirely within a rectangle

R= {(X, y)‘ xe[a,b],ye]c, d]} , and suppose a function F is the same as another

function f on D but is zero for all (X, y) € R—D.(R-D denotes the pointsin R notin

D). Then we always have

a) [[ F(xy)A=[[ f(x y)dA
b) HD F(X, y)dAs”R f(x, y)dA
c) ijf(x,y)dA=ﬂRF(x,y)dA
d) HD F(X, y)dAz”R f(x, y)dA
e) ijf(x,y)dA>ﬂRF(x,y)dA
f [ FeoydA< [ f(x y)dA



Solution: c) defines the object on the left there in terms of the object on the right.



Part II: In the following problems, show all work, and simplify your results.

7. (10 points) Given that D is the triangular region in the xy -plane with vertices (O, 0),
(1,0), and (1,1), what is the value of the integral

|=ﬂDdA (x*+y?)? (6)

Solution: We have Dis a Type 1 (and Type 2) region, one that can be written as

D:{(x,y)‘ogxgl,ogySX}, (7)

whence, since f(X,Y):= X’ + y®is continuous there, by a certain theorem (related to Fubini’s)

we have

12 ”D dA f (x, ) i '[:dxjox dy (x2 + yz). (8)

So by two uses of the fundamental theorem, we have

I:dxjox dy (x2 + yz) = J-:dx[xzy+%y3}: = I:dx(x2x+%x3] = dex(%xﬂ o

=|:1X4j|x_l :114 :1
3" | .73 "3



8. (15 points) A lamina occupies a region D of the xy -plane enclosed by the lines x =0,

y =2x,andy =2. If the density of the lamina is

p(X,y) =30(x+y), (10)

what is the moment of inertia of the lamina about the origin (0,0) ? (Equivalently, what

is the moment of inertia of the object when rotated about the z axis?)

Solution: By definition

Lo =[], dA 4% ((x.¥).(0.0)) p(x.y)
= [[, @A [0 v) (.00 p(x.y) =[] dA [(x V) p(x.) (11)
=[[,0A (¢ +y) o(x.y).

whence, for the problem at hand

oo, :J'deA (x2+y2)p(x, y)=HRdA (x2 +y2)30(x+ y)

12
:30'”'RdA (x3+x2y+y2x+y3) _—

Now we have
D={(X,y)‘OSXS1, ZXSySZ} (13)

So by a certain theorem (related to Fubini’s) we have



00) = 30“'R dA (x3 + XY+ YOX+ y3)

— y=2
:30.[01dx x3y+%x2y2+%xy3+%y“}
L y=2x

2 3 4
:30J.:dx 2x° +2?x +%x+——(

3

3
2x3+2x2+%x+22 —(2+2+%+22

_ 3oj01dx

i 2 3
=30 LN P P L.
40 373 5 3

22, 2 gy ]
4 3

=30

(3-5-13—26)
2.3-5

=30

5
££.+.6-— 2 =
2 3-5

We can also write the lamina as

Dz{(x,y)‘OSySZ, OSXSy/Z}

whence we could have also computed that

loo) :30“ dA (X°+XPy+y°x+y°)

y/2

—30'[ dy{ X +éyx +1yx +yx}
0
y

—30_[ 2dy [ x* +32yx +2y x2+23y3x}

0

2
=2%.3.5| d +=242+428
j y( . )y

1.2 A
~22.3.5 (—+—+2+23jy—
43 5

y=0
=3+2°+2°.5.3=3+2°.2" =3+128=131.

o (20) 150 (2) +5x(200° +(2%)
Je
)

3 2 5
L T T T ) S L o
3 5 3 2 3 3 3-5

=195-64 =131.

- Bolex szdy(x3 + Xy +xy* +y°)

1 s 1

)

x=1

Jdx=0

(14)

(15)

_ 30J'02 dy J.Oylz dx (% +yx* + y*x+y°)

(16)



9. (10 points) Let D be the region in the second quadrant of the Xy -plane that lies

between the circles of radius r; (>0)andR, (> 1;) .

a) Give a description of D in polar coordinates.

Solution: The second quadrant has the (azimuthal) angle 8 [% \ 72'} , whence

D:{(r,@)\ro<r<Ro, 779937;}. (17)

b) For density p(X,y) = x’y, find the mass M of the lamina defined by D . Evaluate the
integral by using polar coordinates. (Note that if Ry =2and r, =1, the answer should be
31/15.)

Solution: By definition, and then by Fubini and (17), along with the Jacobian rule, we have
M =J'J.DdA p(X,Y) :_UDdA X’y
= H rdrdd( r’ cos” @ rsin6)
D
R 3
=|"dr|  dOr*cos®@siné
Lol
=IR°dr r“r do cos®dsing
o A

R, I° cos® o
(gl [Td-
T 5 .[% 3

5 5 —_cos® 377
:(Ro —r, j Cos™ 7z +€0s™ 7/,

5 3

_ Ro5 — ro5 _(_1)3 +0 — R05 _ ro5 _
5 3 15 (18)

where we also used the change of coordinates

X=1rCcosd, y =rsiné. (19)



10. (10 points) Use cylindrical coordinates to find the volume of the solid E that lies above

2
the generalized paraboloid z =k, + Z(X2 + y2) and below the generalized paraboloid

2
2=k, -2(x*+Yy*)", where k, > k. Hint: the answer is

Vv =7ZM. (20)

Solution: First we note that the paraboloids meet when
2 2
Zowom =Ky +2(X° +y?) =k, —2(* +y?) =7, (21)

i.e., when

I’4=(X2+y2)2:k2;k1 —r>0, (22)

whence we have that the region in question is

E:{(r,e,z)\OSrsro :=,4/k2:1k1, 0<6 <2z, k1+2f4SZSkz—2r4} (23)

Thus we have that the volume of E is given by

Ve = [[[.av = [[[ rardedz = [ do[ dr r[“ " dz =

k+2rt

= 2zjor°dr r(k2 ~2r —(k1+2r4))

:272_[0r0dr ((kz—kl)r—4r5) (24)
" rz 4r® , 4rf
:2;;]0 d((kz—kl)?—?}:ﬂ((kz—kl)ro - j

6 _ 3/2 k —k 3/2
e R




11. (15 points) Fora >0, let B be the conical solid bounded below by the cone
Z=a+/X*+y?, and bounded above by the sphere x* + y* +z* =R, R, >0.

a) Give a description of B in spherical coordinates and b) find the volume V of the solid.

Hint: For a =1and R, =+/2 the volume is given by
Vv =fn(ﬁ—1). (25)
3

Solution: First we note that the sphere and cone meet when

RA=X+y +2%, 2=a\xX* +y?

=

2 2 (26)
tan ¢ :u: ot =tan By
Z

p=+X*+y*+7° =R,

thus

(24

B :{(p,0,¢)‘0£p£ R,, 0<6<2r, os¢stan1(1j ::¢O} (27)

answering a). For b) we have

Y =dev =me2sin¢ d pdod ¢
:IOZHdHIO%d¢ sin ¢LR°dp P’

; 3 28
zzﬁjo%d(—cos(/ﬁ) J‘OROd’% =27z(—cos¢0+coso)R?0 (28)

R’
:27r(1—c05¢0)?.

Of course we have (draw a picture)

cos¢0=cos(tanl(£j]= a =, (29)

whence



3 3
v =27z(1—cos¢0)R?°=2n(1—LJR—°. (30)

12. (10 points) Consider the change of variable

t* —s?
Xx=stcosd, y=stsing, z= 2
= (31)
tang =7, =X +y+2% -z, tP=xP+yi 4t

X

Here (X, Y, Z)denotes a point in 3-space labeled by Cartesian coordinates, while (S,t,H)

labels a point with “parabolic” coordinates. We take the convention that s,t >0. In

Cartesian coordinates, the volume element is given by
dV = dxdydz, (32)
while in parabolic coordinates we have
dV =J(s,t,0)dsdtdd (33)
for some function J (s,t,8)to be determined—by you. Mark, get set, go, find J(s,t,0).

Solution: From the first part of (31) we get

dx =tcos@ds + scosgdt —stsinod g
dy =tsin @ds + ssin #dt + st cos #d 9 (34)
dz =—sds+tdt +0d @

whence, since the product of differentials in (32) is actually a wedge product we have

tcosd scos@ -—stsind
J(s,t,0)=|det| tsin@ ssin@ stcosd
-S t 0

scos@d —stsind tcos@ —stsind
—sdet —tdet

ssin@ stcos@ tsind stcosé@ (35)

~ Sstde{cosﬁ —sin@} stsdet[cose —sin@}‘

sing cosé sing cos@
:|st|(sz+t2).



With convention s,t >0, this is

J(s,1,0)=st(s* +1*). (36)



