Math 334 Midterm |
Fall 2006
sections 001 and 004
Instructor: Scott Glasgow



1. Solve the following initial value problem:

3—¥:1+t2 +y° +t%y%, y(0) =1.

10 points
Solution

The equation separates to

dy
1+y

2

=(1+t2)dt.

Thus, since for any constant C

3
dy2 =darctan y, and (1+t2)dt=d(t+t—+cj,
1+y 3

one obtains from (1.2) the integrated equations
t? t°
arctany :t+§+c =>y= tan(t+§+Cj.
Using the initial data from (1.1) in the first of equations (1.4) we have

3
%:arctan1=0+0—+c =C,

3
y=tan t+t—+Z .
3 4

and then from (1.4) the solution

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

2. Prove that the following differential equation is exact and then find an expression

of its general solution.

3ye* + x—1)dx+(3e* —y* +4)dy =0.
( )+ )

1.7



10 points
Solution

The equation (1.7) is, by definition, exact if the left-hand side is the differential of a
(continuously differentiable) function (of two variables xand y, in some region of the

x-y plane, etc., etc.), i.e. if there is a function (X, y) such that
dy(x,y) =(3ye* +x—1)dx+(3e* - y* +4)dy. (1.8)
But we have, by definition,
dy (X, y) =y, (X, y)dx+y, (X, y)dy, (1.9)
so that the equation (1.8) is the (potentially) over-determined system of equations

v, (% y)=3ye* +x-1, and y, (x,y) =3e* -y’ +4. (1.10)

This over-determined pair of equations is consistent (or integrable) if(;//X )y = (y/y )X, ie.
if

(3ye’ +x—1)y =(3e" —y* +4) (1.11)

(1.11) holds true, so that the equation (1.7) is indeed exact, because either side of (1.11)
is 3e”.

As for developing the function w(x,y), and then (an expression for) the solution of (1.7),
one notes that the equations (1.10) demand, respectively, that

2 3

w(X,y)=3ye" +X7—x+ f(y), and yw(x,y)=3ye" —y?+4y+ g(x), (1.12)

for some initially rather arbitrary functions f (y), and g(x), but which two statements are
not contradictory if, for example, we choose these functions to be
3 2

f(y)= _y?+ 4y, and g(x) = X?— X. With these choices, either equation in (1.12) gives

2 3

y/(x,y):3yex+x7—x—y?+4y. (1.13)



(1.13) is NOT the general solution to the (exact) differential equation (1.7). It is not even
a specific solution. Rather (1.13) defines a “potential (function) for the solution.” Using it
one notes that (1.7) can be written as

XZ y3
dw (X, y):d(Syex+?—x—?+4yj:0, (1.14)
the general solution to which is obviously
2 3
3yex+x7—x—y?+4y:C. (1.15)

3. Form the Picard iterates ¢ (t),#,(t),...,4,(t),...for the initial value problem

3—¥=2(y+1), y(0) =0, (1.16)

by first defining ¢,(t) =0, and then, for n=0,1,2,..., making the recursive definitions

fra(D):= [ 2(¢,(5) +1)ds. (117)

Specifically, we mean for you to obtain a closed form expression for ¢, (t) — by, say,

calculating a few Picard iterates from (1.17), enough of these first ones to see (and write
down) the pattern for general/arbitrary n. Now let

#(t) = lim, (1 (1.18)

(formally—do not express the sum in closed form) and show that, at least formally (don’t
worry about convergence of the infinite series stemming from definition (1.18)), that #(t)

solves the initial value problem (1.16) (don’t try to show that it solves the integral
equation related to (1.17)).

15 points
Solution

(1.17), together with ¢,(t) =0, gives



t 2! 1t 2'
)= 2(4(s)+1)ds=—s"| =—t",
A0)=[ 2069+ Dds =5 =
22 21 1 22
t):=| 2(4(s)+1)ds = —s? + —s! =—t1 —t2, 1.19
5,0 = [ 2(4(5)+1) 2SS T (1.19)
: 23 22 oot ot 22 23
t):=| 2(a4,(s)+1)ds = S +——si+ gt =t =7+ t,
# () Io (4,(5)+1) 1.2.3° 1.2 1 1 1.2 1.2.3

so that the general, or n", iterate is evidently

n 2k )
A=t (1.20)

k=1
A candidate solution of the initial value problem (1.16) is thus

#(t) = limg, (t) = lim Z—tk -Z 2 t*. (1.21)

kl klk'

Assuming convergence of (1.21), we certainly have ¢(0) = Z%O" =0, and, importantly,

o0

kl Zz_t _
Z tk 22 -2 (1.22)

=2 _2p+ 1)——;Ft —2<Z
_22_
2y Ze-ayZ

0 2k+l

=27

=0

20+1

(formally—we do not check convergence).

4. Use the existence and uniqueness theorem to find X,’s for which the (linear)
initial value problem

d _

D= Y00 =Y, (1.23)
certainly has a unique solution y = y(x) persisting for an open interval (of x’s)
containing X,. Now find the general solution of the differential equation. Use this

general solution to investigate the possibility of none or more than one solution
passing through the initial point (x,,Y,). Your investigation should not



contradict the theorem, but should render additional insights not mentioned by the
theorem.

13 points
Solution

The “right-hand side of the differential equation” is the function 3x'y , and its first
partial derivative with respect to the dependent variable is the function 3x™*. The pair of
functions 3x ™"y and 3x™ are continuous in any region of the x-y plane not containing the
line x =0. Hence the theorem guarantees that for each x, #0, the initial value problem
(1.23) has a unique solution y = y(x) persisting for an open interval (of x’s) containing
X, . The theorem makes no claim about existence or uniqueness of solutions of (1.23)
when x, =0. On the other hand, separation of the differential equation of (1.23) gives the
general solution

y =Cx® (1.24)

which certainly gives rise to a unique solution y = y(x) of the initial value problem (1.23)
provided X, # 0 (here we proceed naively and assume the general solution gives all

solutions, which is not true in general). Indeed, in such case, such a solution persists for
all real x’s, not just for those avoiding x =0 (but if we cross x =0, uniquess is a
problem—see next case and consider the possibility of smoothly gluing together
piecewise versions of (1.24)). On the other hand, if x, =0, then (1.24) says that, if there
is a solution y = y(x)to the initial value problem, then y, = y(0) =0. But in such case

there are many solutions—one for each choice of C . Finally, by way of emphasis, if
X, = 0yet we choose in initial value problem (1.23) y, = y(0) =0, then (1.24) suggests
that the initial value problem has no solutions.

5. After atime t=0, a solution of constant concentration C, grams solute per liter
solvent enters a (perfect) stirring tank at a constant rate of R, liters per minute.
The well-stirred mixture exits the tank at a constant rate of R , liters per minute.
Suppose the solute takes no volume in solution. If the tank contains V, liters of

fluid at a time t =0, write down a (self-contained) differential equation for the
time evolution of the grams of solute Q(t) accumulated in the tank at time t, one
that is valid for as long as the tank is not empty or overflowing. Then, assuming
there are Q,grams of solute in the tank at t =0, show that the formula



R

out

VO
V, +t(R;, -

in

Q) = (
(1.25)
solves the associated initial value problem for the relevant period of time. (I’m not
asking you to solve the initial value problem, which would be difficult, but rather
am asking you only to show that (1.25) solves the associated differential equation
and renders the relevant initial value.)

15 points

Solution

By stoichiometric or “chain-rule” reasoning, one has

al@l (@ (@)L @LEL (@)L
dt Udt o Lty Udt o Lav Lt )y NV o Ldt o g o)

:CinRin_C Rout = RinCi _Routg’

out' ‘out — "lYin™in

where the fluid tank volume V =V (t) is specified by

C:]I_\: =Ry R V(0) =V, (1.27)

the latter (trivial) initial value problem having the unique solution
\ :VO +t(Rin - Rout)' (128)

Thus the required, “self-contained” differential equation is

d_Q = RinCin - Rout Q : (129)
dt V, +t(R, —R.,)

In an effort to show that (1.25) satisfies the relevant initial value problem, we first note
that (1.25) yields that

Rin—Rout ¢ &
R )] QO + Cin {VO +t(Rin - Rout) - (VO)R"‘_RO“t (VO + t(Rin - Rout))Ri”_RUU‘
out

}



Rout
VO Rin _Rout

VO + 0(Rin - Rout)

Q(O) = [ QO + Cin {VO + O(Rin - Rout) - (VO )ﬁ (VO + O(Rin - Rout))%}

Rin - Rout

ROU! Riﬂ_ROU!
= (l) Rin—Rout QO + Cin {VO — (VO )Rin_Rou: (VO )Rin_Rout } = QO + Cin {VO - (VO)Rin_Rout }

=Qy+Cpy Vo= (Vo) | = Qs

(1.30)

so that formula (1.25) gives the correct initial data. Differentiating (1.25), and using it in
the result, we get

Rout -1
d R V V Rin_Rout
d_Q =- ot (Rin - Rout) : 2 [ 0 ] QO
t Rin - Rout (Vo + t(Rin - Rout)) VO + t(Rin - Rout)

— Rin “Rowr
+Cin {Rin - ROUt _%(Rin - Rout)(VO)Rin_Rou! (VO + t(Rin - Rout))Rin_Rout 1}

in — out

ROLII
V Rin_Ruut
o (v + t(R.0 ~Ro) R R Ry
= — 0 n out + Cin {Rin - ROUI + ROUt (VO )Rin_Rout (VO + t(Rin - Rout))Rin_Rout }
VO +t(Rin - Rout)
Rout
V0 RIH_RDLK

= ROUt VO + t(Rin - Rout) QO

- Rincin -
VO +t(Rin - Rout)

Rin —Rout
+Cin {VO + t(Rin - Rout) - (VO)R“_RUUt (VO + t(Rin - Rout))Ri”_R"”‘ }

= RinCin - Rout Q’
VO +t(Rin - Rout)

(1.31)
which is the relevant differential equation (1.29).

6. Show that the following differential equation is “homogeneous”, meaning that the
right-hand side can be expressed as a function of only the ratio y/x:

dy  X*+xy+y?

1.32
dx X2 (1.32)

Now solve the differential equation (1.32) by introducing a new variable v to
replace Y via the relation



y = VX. (1.33)
(The resulting differential equation in vand x will be separable.)

10 points

Solution

The equation can be written as

2 2 2
d_y:wﬂ{lj{lj = F(y/x) (1.34)
dx X X

Differentiating (1.33) gives, using (1.34),

F(v)=F(y/x):d—y:d—Vx+v
dx dx

=
dv
—Xx=F(v)-v
o (v)

=
dIn|x|:d—X= v _ dvzzdarctanv, (1.35)

X F()-v 1l+v
=

y/x=v=tan(In|x|+c)
—_
y = xtan(In|x|+c).

7. Clearly state, and solve, an initial value problem that you wish | had put on the
test.

No more than 15 points
8. Carefully state the (nonlinear) existence and uniqueness theorem for a single first
order ODE.
15 points

Solution



Consider the initial value problem
y'(t) = Tt y), y(t) = Yo (1.36)

Suppose f(t,y) and f (t,y)are both continuous in an open rectangle

(t..t,)x( Y.y, Y., ) containing the point (t,, y, ). Then there exists an h > 0such that
(1.36) has a unique, continuously differentiable solution y = ¢(t) persisting over the
tinterval (t, —h,t, +h) (potentially much smaller than the interval (t_,t,;)).

9. Carefully state the linear existence and uniqueness theorem for a single first order
ODE. Explain in general terms how it is proven.

15 points

Solution

Consider the initial value problem
y'(0) = p@®)y+a(®), y(t) = Yo (1.37)

Suppose p(t) and q(t)are both continuous in an open interval (t_,,t,,) containing the
point t,. Then (1.37) has a unique, continuously differentiable solution
y = ¢(t) persisting over the tinterval (t_,t,,).

10. Clearly state, and solve, any type of problem from our text that you wish | had put
on the test.

No more than 15 points



