(1) 35 points

Transform the given system into a single equation of second order. Then find x1 and x2
that satisfy the given initial conditions.

x, =1.25x'+.75x, x,(0)=-2

!

%, =.75% +1.25%, x,(0)=1
Solution:

Solve the first Differential Equation for x2.

x, =(4/3)*x, —(5/3)*x,

’

Substitute the result into the second equation : x, =.75x, +1.25x,.

The result is

n

X, =2.8% +x,=0

Thus,

x, =ce'’? +c,e®

= t/2 2H

Usethe initial conditions and solve for ¢l and ¢2:

c1=(-3/2)
2=(-1/2)

x, =-(3/2)*e"? +(-1/2)*e®
x,=(3/2)*e'"* +(~1/2)* ™



(2) 35 points

Find the general solution of the given system of equations.

,(1 1]
x—4 _2x

Answer:
We assume that x = £e™, hence we obtain the algebraic system
1-r | 0
SR E KT
4 ~2-p\& 0

So, we find the eigenvalues

(1-r)(-2-1)-4=0,7

r=-3,2
For r = -3 equation (1) becomes
MEIHEN

4 Y\&) \o
1

So, the eigenvector & can be expressed as the following: & = [_ 4]

1
The eigenvalue r = 2 gives the eigenvector & = (J

1 1
Thus the general solution is x = cl(_ 4) e + cz( 1) e”



(3) 45 points

Express the solution of the given initial value problem in terms of a convolution integral.
4'+4y'+17y=g(1) y(0)=0 »'(0)=0

Solution:

We take the L:aplace transform of the equation using the initial condition and obtain:
45°Y(s)+ 4sY(s)+17Y(s) = G(s)

Therefore,

G(s)
V()
(s) 45 +45+17

This reduces to

Y(s)= G(S)Z or
4((s+1/2)*+ 4)

o=l 200
8(s+1/2)"+4

Which in turn reduces to
1 =
Y(s)= §G(S)L(e % sin2¢)

If we use the theorem of the convolution integral, we can take the inverse Laplace
transform to solve for y. Thus,

Y= % Ig(t - 1')emE sin(27)dr
0



(4) 35 points
Find the inverse transform of

-5 %

s—e
s +1

Since the inverse transpose is linear,

F(s)=

O e gl L

Thus,

f ()= cos(t)—u,(t)(cos(t) - 7).

Which is also written as,

cos(t), 0<t<m,

(@)=



Use the Laplace transform to solve the given initial value problem:
y''+y’'—2y=4 satisfying the initial conditions: y(0)=2, y’'(0)=1
Solution:

Take the Laplace transform on both sides. You may need a table to determine the transform.

$2Y(s)—sy(©) — y'(0) + sY(s) + y(0) - 2Y(s) = %

Combine like terms:
[s* +5-2]7(s5) :i+25—3
§

Notice that the coefficient in front of Y(s);is the characteristic equation-of the differential
equation. Divide the characteristic equatton through.

4+2$ 3

don, -

Y(s)=i—c0 TP Y(s) _ 25 —3s5+4
sT+s-2 s(s+2)(s-1)

Now use partial fractions to expand it:

25’ -3s+4 A

T =d 4, B &
s(s+2)s-1) s s+2 s5-1

Which yields:
25 =3s+4=A(s+2)(s - 1)+ B(s)(s 1)+ C(s)(s + 2)

Il
1
o

Lettings = 0 gives -2A =4 A

Lettings = -2 gives 6B =18 B =3

Lettings = 1 gives 3C =3 C=1
Now we solve:

Y(s)z__2+ 3 +_1_
s s+2 s5-1

Now find the inverse Laplace using the table found in 6.2 of the textbook. (Hopefully an
actual table will be provided on the test.

y=-2+3" +¢



Question:
Find the solution of the following initial value problem:
Y'+9y=3u,()+8

¥(0)=0;y'(0)=0

Answer:
Using the Laplace transforms:

Y'+9y = s L{f}(s) = s£ (0) - 1'(0) + 9L{f}(s)
=(s* +9)L{f}(s)
3e™™ +8

s

(s> +9L{f}(s) =

Ju, +8—>

3e ™ +8

3¢™ +8

L{f}(s) = 7 19)
Using partial fractions to split up the equation:
A Bs+C ,3e 248
sk =3
s s7+9  s(s°+9)
A(s* +9)+s(Bs+C)=3e™ +8
As* +94+ Bs> +Cs =3¢™ +8
A+B=0
C=0
94=3e" +8 7
3™ +8
)
3¢ +8
9

L{f}(s) ="

] =

B=-

e” +8 s(3e™” +8)
9s 9(s* +9)
3¢ 8 3e"s 8s
L{f}(s) = e e ey
95 95 9(s°+9) 9(s°+9)
Using the inverse Laplace transforms:

1 8 1 8
y= 5 u, () + 5 - Eu” (t)cos(3(t — 7)) — 3005(31)

y= %uﬁ (O —cos(3(t — 7))+ %(1 —cos(31))



Find a fundamental set of real-valued solutions of the system

o =l 2 1
X & )" (1)

We assume that
X = fe rt

Then we get the set of linear algebraic equations.

-1-r 3 &) (0
g b9y o

Following, we find the characteristic equation
—1-r 3

=r’+2r+10=0.
3 =1l-r
Therefore we find the eigenvalues to be
rn==1+3i
ry=-1-3i

When we substitute #, and r, into equation (2) we find the corresponding eigenvectors to
be

From this we see that the fundamental set of solutions of equation (1) is

LY oy
2O =|  fett-

i

. -
x@ =( .e(-l-m)r

—i

To find a set of real-valued solutions we need to find the real and imaginary parts of

either xV or x®.

o _[1) « .3 [ cos3t . [ sin3¢
x’ =| le"(cos3t+isinlt)=e ) +ie
I —sin3t cos 3t

This gives us

_,[ cos 3t ]
u(t)=e

—sin 3¢

Ve = e sin 3¢
cos 3t

is a set of real valued equations- ,



Solve the initial value problem

x', =6x, +8x,
xy=x +4x, M
x(0)=1, x,(0)=0. (2)

In matrix notation the system (1) reads

) (6 8)x

) U 4l ®

The characteristic polynomial of the matrix’4 is

F(A)=det(4— Al = det(61_i 41} =(A-2)(A-3). (4)

Hence, the eigenvalues are A;=2 and A,=8. Substituting the eigenvalues

in (A-A)u = 0, we can determine corresponding eigenvectors

_2 4
U, :( 1 J and U, =(1] (5)

Now, the general solution of equation (1) can be presented as

X =P 4\ (-2ce™ +4c,e™
5= 1 :Cler( J+c2981[ Jz 1 2 (6)
X, 1 | ce” +c,e”

The initial conditions (2) in matrix notation take the form

SOMEE
x(o)z(xz(OJ '[OJ &



It follows from (6),(7) that

—2¢, +4c, =1
C, + ¢, (8)
¢ +¢, =0
Solving system (8) yields: ¢; = —é and ¢, = % Inserting ¢; and ¢, into

general solution (6) gives the solution to the initial value problem (1), (2) as

(1 9 3\
_ezt +__68t




Use the Laplace transform to solve the initial value problem:

y'=4y'+8 y=0, 10)=1, y'(0)=0.
Solution:

To solve this we assume a solution that satisfies the conditions of Corollary 6.2.2.
The Laplace transform of the differential equation is

SY(9—540)— y'(0)—4sY(9+4 y(0)+8 ¥(5=0
Using the initial conditions and solving for Y(s) we have

(s-4)

Y(S)—_—m.

We now try to get it in a form that we know so we can easily do the reverse Laplace
(s-3)

transform. It looks like it will fit ((S—3)’+#) which has an inverse
Laplace €'cos(B) | so we first complete the square on the botom giving

(s-4) _ (s-4)

Y(5)=(§—45+4—4+ 8 ((s-27+2)

Now we need an (s-2) term on top so we will take a -2 out and split the fraction into

(s-a)
two fractions. The first one will satisfy ({5 a)’+#) while the second one will
b
satisfy ((s-a)'+H) :
(s-4) _  (s-2) 2

((5-2°+2) ((5-2°+2) ((s-2)+2%)
This fits our two desired forms so doing the inverse Laplace transform we have

y=6"cos(2H-6"sin(24).

36 points



Find the solution y” +y = sin2t subject to y(0)=0 and y’(0)=0 using the Laplace Transform

Taking the Laplace of both sides we have 27 (8)- sp(0)- ' (0)+ Y(5) = === (3 pts).

s 44

Substituting in the initial conditions and solving for Y(s) we have Y(s)= (Z—H)z(m (2 pt). We

must decompose the right side of the equation into recognizable Laplace transforms using some

technique like partial fractions. We set the left side equal to a sum of 2 fractions

s = 42+ %4 (1 pt). Then we multiply the denominators out

2= (as+b)(s* + D)+ (cs+ d)(s* + &)= (a+c)s + (b+ d)s* (a+4c)s+b+4c(3pts). From this
we find the following system of equationsa+ c= 0,b+d =0 a+4c=2,b+4c= 0 (3 pts).

Solving this system of equation we find that 5 = § and d = (1 pt). Therefore

Y(s)= 3(s21+1) - 3(_&2:, 5 (Ipt). It follows that y = $sin() - $sin(2¢) (5pts) is the solution to

Y+ y = sin(21).

Extra credit: What is the specific name applied to the initial data y(0)=y’(0)=0? Quiescent

(2pts)

19 points.



Find the eigenvalues and eigenvectors of the matrix A =3 -1
4 -2
Solution :

The eigenvalues and the eigenvectors x satisfy the equation (A -1 1)x =0

3-4 -1 | |x. | = |0]
|4 2-2 | |x, | 10| &
' ‘_ (10 points)
The roots of’the ¢quation can be found by finding
det(A-A) = |3-14 -1 | = A*-1-2=0 A=21
|4 2-1 |
(5 points)

To find the eigenvectors replace A by each of the eigenvalues in turn.

For A = 2 wehave x,-x, =0 andsox, = x,

There corresponding eigenvector willbe x' = |1 |
1]
(10 points)
For 4 = 1 we have 4 -1 | |x, | =]0]
4 -1 ] |x; [ =1]0]
(5 points)
There corresponding eigenvector willbe x*= | 1 |
|4 |

(10 points)



Find the solution of the given initial value problem

SEHIE

_ gt
Assume that X = é:e and substitute for x in the original equation.

This leads us to the system of algebraic equations
=3-r 3 Y& ) (0

We will have a non-trivial solution if and only if the determinant of the coefficient'is zero.
Thus, allowable values of r are found by solving for the determinant

2

srn=—4r =3

1_3_r 23 ‘:(—3—r)(2—r)—(3)(2)=—-6+3r—2r+r2—6=r2+r—12=(r+4)(”_3)
-r

rr, are the eigenvalues of the coefficient matrix.

Now, let r=-4

5 Bl ofe -l e

We can now conclude that

(1)

Do the same for =3

-3-3 3 Y¢&) (0 -6 3Y¢&) (0 2 -1y &) (o
It B A i

25,-6,=0¢ =14,=2



We can now also conclude that

5—1
312

The corresponding solutions of the differential equation are

=4 1
x(l)(t): [lje—m nd X(Q)(t)___ ) 631"

The Wronskian of these solutions is

4 3
e et

-3
W[x(l),x(z) kt) = =—6e" —e”" =-Te"

4
g e

which is never zero. This means that the solutions X . x? form a fundamental set. The
general solution of the system is

-3 1
x(t) =¢, e+, e
1 2)
where €, C, are arbitrary constants.

Now we can solve for these constants using the given initial value condition.
Therefore,

2 =3 i@ 1Y 50 -3 1
x(0) = 479 1 F +czze = ¢ i +; 5

This gives us two equations to solve for the constants

4=—gp T8 -4 =c +2c,
This results in

-i6 = —8
Cl =____902:_

7



Substitute the constants in the general solution to find the initial value solution

- -3 =81
x(t) = —20 g o = g
2 L1 7\2

Simplifying this equation results in our final answer

30 -8
x(¢) = _@ e + —16@ e’

37 points



Problem 1 (35 Points):

Express the solution for the following initial value problem in terms of a convolution integral:

2y"+18y = g(t); ¥(0) =27, y'(0) = 63
Solution:

Begin by taking the Laplace transform and solving for the Laplace of y as follows:

L2y "+18y}(s) = £{g}(s)

L{2y"}(s)+ L{18y}(s) = G(s)

2(s*L{y}(s) - sy(0) - ¥'(0)) + 18L{y}(s) = G(s)
ALY () - 275 — 63) + 18L{y}(s) = G(s)
252 L{y}(s) — 545 — 126+ 18L{Y}(s) = G(5)
252 L{y}(s) + 18L{Y}(5) = 545 +126 + G(s)

(252 +18)L{Y}(s) = 545 +126 + G(s)

LIy} s) = 545 +126 + G(s)

25 +18
54s " 126 G(s)

+
2s*+18 257 +18 25 +18
27s 63 G(s)
+ e
(s*+9) (s*+9) 2(s°+9)

3 1 3
= s Y s 2 20)

L{y}(s) =

L{y}(s) =

G(s)

Observe that the general form of the inverse Laplace is:

y =277 +21h() +% j:h(r —D)g(r)dr

Then A and fcan be determined as follows:

1 s _
1= £ 5y = os)

h(t) = £ ) = sin(3f)

3
(s* +9)

Then the solution is:

y = 27cos(3t) + 21sin(3f) 4% J;sin[3(f -1)]g(r)dr



Problem 2 (40 Points):

Find the solution of the initial value problem: y''+2y'-15y = 6(t —4) y(0)=0, »'(0)=0 recalling that
[ s~ = 1)

Solution:

To solve the initial value problem, we start by taking the Laplace Transform of the differential equation

and plugging in the initial conditions as follows:

5*Y ()= sy(0) - ¥'(0) +2[s¥ (s) - p(0)]-15Y (s) =™
Y(s)(s* +25-15) =™

Solving for ¥(s), factoring the denominator, and applying partial fractions gives:

e—4.\‘
Hay= (s> +25-15)
v ef-‘#s
(”"@-3@+$
_ %6—4.5' ~ %6—45
nﬂ_@-a (s+5)

Then by the inverse Laplace Transform, the solution is:
y(®) =u, (t)(;sem—a) _%6—5(:—4)) >

() = tu, ()0 —e700),



Problem 3 (25 Points):

Find all eigenvalues and eigenvectors for the following matrix:
1-2
A=
2 5

Solution:

We have

1-4 -2
A-AE =
2 5-A
Then

det(A-AE)zdet[lj l]:(l—i)(5—1)+4-—-/‘3—6£+9=(/’£—3)2

Therefore the matrix A has only one eigenvalue A=3.

Now to find the eigenvectors of the matrix A we have

-2 -2
A-3E=
)

Therefore the system (A-3E)e =0 Is equivalent to the equation ete,=0

Then vector € = (1,-1) is the eigenvector of the matrix A.



Problem 4 (25 Points):

Find the general solution for the following system:
-2 -1
X = A X
3 -2
Solution:

1) To find the general solution we assume that X = &e"

2) By substituting for X in the original equation we get the system of algebraic equations that follows:

~2—-# =1 fg1]| {9
3 —2-r)&2] |0
3) Equations like this one have a nontrivial solution if and only if the determinant of coefficients is zero.
Therefore the allowable values of r are found from the equation of the determinant, which yields the
following:
(2-1)(-2-1)-1=0
=>4+ 2r+2r+1°—1

=> 1%+ 4r +3 Therefore r= -1 and -3

4) Now we plug into the matrix in step #2 for each r that we found in step #3:

-1 1 -1 1
Forr=-1 we get: which row reduces to
1 -1 0 0
This tells us that —£; + & =0

1
S0 & = &if we plug in 1 for & we get: &) = H

11 1 1
Forr =-3 we get: which row reduces to
11 0 0
This tells us that —&; + £, =0
1
So & = -£, if we plug in 1 for §; we get: e";(z) = [ J

5) Now we just plug everything we found into the general solution form and we get

1 -t 1 -3t
X=c| e+ e
1 -1



Use the Laplace transformation to solve the initial value problem.

-4y’ +y=0 &4 AY

y(4)_ 4y’ + 6yn

¥(0)=0,y’(0) =1, y(0) = 0, y(0) = 1

Solution;

M@s@)ﬁwmww)wmumwﬁsm)w@ymw-

6[5* Y**(5) — sy(0) - y"(0)] - 4[sY() =¥t0)] + Y(s) = 0
Substituting the initial value conditions, and solving for Y(s) ylelds

\/\,_{;v{i \.\,.MU ‘&{/\\«> C € \\[ /L»{‘.

Y)=&=ds+7) )
s'- 45’ +65*94s+1

Separating the above equation into partial fractions yields

a + b + c +

s-1)* (s—-1)°

Setting this equal to Y(s) and equating the numerators gives us:
s —4s+7=a+b(s-1)+cs— 1)’ +d(s- 1)

Solving for a, b, ¢, and d, and using the table 6.2 yields:

y =te' — e + (2/3)t°"

L’ S— f‘m m+§
yd’4
’ - | v V\ﬁ;\ /) N
wAL 2 ] /
W | T 0 ' l“'”[h.ﬁ"l
. w_’\/ (7 \ 'x\ .
f I:\' \\Lj\f
L\'U‘-}'/
d
(s—-1)



12. Find the solution of

y" +2y" +y = f(t) y(0)=1, y'(0)=0 ]
where
ft)=0 fO<t<1 \/\M .
t-1 if1<t ‘.,‘VW*'J
&=
solution:
s?Y(s) — s + 2sY(s) - 2+Y(S)U
Y(s) = (s-2)/(s+1)* + (s+1)%e™ /s? . \ \ § tia.cmﬁ (d‘»'}m
Via partial fractions we have _e1"
, ~ /,\/ - \—I Br
Y(s) = 1/(s+1) - 3/(s+1)? + e3(-2/s + 1/s® + 2l(s+1) + 1I(s+1) ) oy
\/ &
Hence, d\y JAA uv\{/
y(t)=e* - 3te’ + (-2+t-1+2e™ + (t-1)e™") u(t) N
e~ Y
=e' -3tet + (-3+t+e™ + te uy(t) bl J
Ay fe
}ﬂ&/\ﬁj \'{



Compute the inverse of the matrix:

12 | 2')" '00['14'55
3
|24 5|
1356 |
Augmenting the above matrix with the identity matrix yields:
[123100]
124501 0]
135600 1]
Reduce the matrix into reduced row echelon form: \5” ) ¥, aD‘ -
O/
|12 31 0 0] -21+1I \ g wl X
|00 -1 21 0] -31+1II (“ vy, L P \en
|0 -1-3-30 1| 0
Jd v
|12 31 00]-1*1I f/ ~ ‘_5(-\f‘*<f/’.‘
101 330 -1|-1*1I '\l/‘ /‘?\,‘
|00 1 -3 0 1| JI<>1I) - v ]
LN | )(/ ¢ \ __J'
lULT-’ h}\/-\})‘
| 120 -530]-310+1 \ Yo °©
|010-33-1|-311+1I N % K
1001 2-10] A \ LN
p\‘.ﬁ_,a
| 100 1-32]-2II+1 \
|010-33-1|
1001 2-10]

72



(Pt value 45)

Solve the following system of first order linear differential equations for x1 and x2, with
the given initial conditions:

(D x1’=5/4x1+3/4x2 x1(0)=-2,x2 (0)=1
2) x2°=3/4x1+5/4x2
Solution:

Solving the first equation for x2:
x2=4/3x1"-5/3x1

Taking the derivative of this yields:
X2’ =4/3x1”’ -5/3 x1’

Substituting x2 and x2’ into equation two simplifies to:
0=x1"-5/2x1"+xl

The characteristic equation for the solution of x1 is:
xl=¢le*2U+c2ert2

Using the initial condition for x1 gives:
2=¢l +¢2

Taking the derivative of x1 yields:
xI’=2cle”2t+(1/12)c2e /2

Substituting x1 and x1” back into equation one simplifies to:
x2=cle*2t—-c2e"t2

Using the initial condition for x2 gives:
l=cl-c2

Solving for ¢l and ¢2:
cl=-3/2
c2=-1/2
Thus the final solutions for x1 and x2 are:

x1 = (-1/2) e A 2t + (-3/2) e A t/2

X2=(-12)e*2t+(3/2) e~ 112



1)(35pts)Express the general solution of the given system of equations in terms of

real-valued functions.

Answer:
First we find the eigen values of the matrix A.

This 1s done by taking the determinant of (A-rl):

l-r 1 ,
det =r +r-6
4 =2=r

Set the determinant equal to zero and solve for the eigen values:
r’+r-6=0
(r-2)(r+3)=0
r=2,3
Use the eigen values to find the associat%v:é.eigen vectors:

for 2:
-8 1 14 i
4 =2-2] |4 -4
row reducing we get:
-1 1 . . (1 .
so the resulting eigen vector is: | |[=£®
0 0 1
now for -3:
1+3 1 ) (41
4 -=-2+3 4 1

row reducing we get:



4 1 1 ,
so the resulting eigen vector is: =W
0 0 4

Therefore the independent solutions are:
x=c, ED ¥ 4 c, E@ e

or, inserting the eigen vectors:

X=¢c¢ e +i, e,
1 -4



(HO pts)
2) Solve the following IVP.
3 -y =cos(2t)+cos(26-12)ug (1) y(0)=-4,3'(0)=0

Solution:

First rewrite the DE to more easily see the function being shifted.
3" =3 =cos(2r)+cos(2(r—6))uy ()
The function being shifted is cos(2t). Taking the Laplace transform of everything and plugging

in initial conditions gives:

£7(5)-53(0) =7 (0)~(s¥(5)-7(0)) =+

s +4 s +4

—6z
. : 0 & e
(52 =5)Y(s)+4s—4=——+—
- ‘ s5+4 s +4
Now solve for Y(s).
s+se
sT—5)Y(s ~45+4
{ ) ( )= s?+4

s(1+¢¥) 451

Y(s)=— 4 —
(s s(s—l}(s"—f-ﬂi) s{s-1)
1= e™ 4 \
(s-1)(s"+4) s AvY" g
Let F(s)= ——1—;— . Expand into partial fractions, then take the inverse Laplace:
(=9 )
1 1{ 1 s+1
F(s)= =—~{ Z
(s—1) S +4) 5

X

fit)= !e »—cm{\Z{)-—}msm(;’,t J

-

From above, we have:  ¥{s)=(1+€™ ) F(s)- »

2 ; v o) 5 4
Y{s)=F(s)+F(s }9‘4 *'; Take the inverse Laplace of ¥(s). The solution is

=f(f}+“s(f}f(r"6)*4 with f{t) given above.




3.)(45pts) For the following system of equations

L (21
X' = X
-1 4

a.) find the general solution
b.) find the solution that satisfies the initial condition x, = (1, -1).

Solution

a.)First we must find the Eigen values and vectors for the matrix

2 1
A= .
-1 4
To do so we compute the determinate of the following matrix

det[4-41] =0 :>de{2”WL : ] ol
< AsA

which yields the characteristic polynomial
A —-61+9=0

Since
A -61+9=(1-3)

we have a repeated eigenvalue equal to 3.

Next find the associated eigenvector &, .

To do so replace the value found for A in the matrix [A — AI] which yields

L=l Y
-}

Next we must find a second vector r;r'l . The Equation giving this vector 1s

which implies



Amp=An+4
This yields the following matrix

’)6 )(d v )
4 LInNZA-tl o Wwot Y |
[#1 1 | Ji}‘&iﬂﬁ' OL{/ /\V\f&f\\"((

- c ©

AT

Yielding the eigenvector 9 5 -\~ il \ Y

G s 57 ’
! [J el - ?A/S(\Aw} w’?;(/\/v'

Where ¢ may be chosen to be-any number. So if we take ¢ = 0, we get

— _—

=) ;Wu\,\;u)’.

Therefore the two independent solutions are

o fmnc 1)

The general solution will be

e )

b) In order to find the solution that satisfies the initial condition

()

we have L s I
va
1 0) (1 o = | e
Xo= 6 (J +Cz[1} :[“J ) Co\v\x{ ( W'\/\\b
- ) ,_//-‘ w 5
this implies ¢, = 1 and ¢, = -2.(Which yields the solution

—

=



4. (40 points)

Problem:
Giventhat 3" +y'-12y=e®  y(0)=3, y'(0)=4, solve the initial value problem
using the Laplace transform.

Solution:

Taking the Laplace transform of both sides gives:
3 % 1
STy} -3s-4+sL{y} -3-12Z{y} = p_—-
S -—

Solving for Z{y} gives:

1 3s+7
Liy} = +
(s=2)(s=3)(s+4) (s-3)(s+4)
1 1 5 16 173l
__6 . 7 . 42 . 7 .71 _ 6 ,_ 7 , 42

s—2 s-3 s+4 s+4 s5-3 s—2 s—-3 s+4

Taking the inverse Laplace transform gives:



L48 pxs )

Using the Laplace Transform method, Find the solution to the Differential Equation
Y'—dy=e”

Satisfying the initial conditions

y0)=0 »(0)=1

Solution

Using the table 6.2.1 on pg. 319 of the text and Corollary 6.2.2 we take the Laplace
Transform of the differential equation and we get

SF(5)= (0) = ¥'(0) - 47 () = ——
Where Y(s) = £{y}

Then we solve for Y(s) and we get

=gy~
(s—2)(s"—4) (s°-4)
Then we must use partial fractions to split up the first term into the following form

1 a bs+c
= +

(s=2)(s*-4) (s=2) (s°-4)
We then get

as® —4a+bs> —2bs+cs—2c =1
or

a-b=0,c-2b=0, -2c=1
Solving the system of equations yields

a=1, b=1, .c'=—l

Therefore we get
Y(s) =t " -[ﬂ =
(s-2) (-4 \2)(s’-4)
From the lines 2, 7, and 8 of Table 6.2.1, the solution of the initial value problem is
Sinh(2t)
4

y=e* +cosh(2t) -



(25pts)
Solve the given set of equations:

n+2x2-x3=1 . L YiX ‘ \ \
2x1+x2+x3=1 -
X1—x2+2x3=1
Putting this system in matrix form yields:

1 2 i Nl P Ly

2 1 11 | Q) O

\ / -\.\ \‘/ v
1 -1 21 R | P \ XN
~\ (v ) N\ ' y

We must not try to get the matrix into rref. A XV

r2-2r1 yields:

1 2 =11
0 -3 3|-1
0 -3 30

Dividing row 2 by -3 yields:

1z =11 1 0 1{1/3
0 1 -l1/3] =>rl-2r2vyields: [0 1 -1]1/3
0 -3 3]0 0 -3 3]0
r3 + 3r2 yields:

1 0 1]1/3

0 1 -1J1/3

00 0]1

0x; + 0x, + 0x3 cannot equal 1 so this system has no solution.



i LT -5 & ;

Solve the following differential equation:

Y'+4y'=-Sy =g()
1, 0<t<?2
y0)=0 y»'(0)=0 g@®)=< 0, 2<t<5
=5 54
2
solution :

convert g(t):

0 =100+, 5

take the laplace transform after substituting g(t) lgaék in the original equation :
2 55 N
stly}+dstiy)—sefy) = 12¢ +5—(—l-2-— —»S—J
s s \2s° S8
Factor the transform out on the left hand side of the equation to obtain:

25 55 : :
(sz+4s—5)€{y}:1_e +e——[i2~—-5—J
§

s Ys® /2s

Divide the polynomial from both sides;
25 5s
e | 2
s(s—1(s-5) s \2s°(s-1(s-5) 2s(s-1)_(2-5)
Separate into partial fractions:

thy}= (Lo s 4][1][/ e 44(444}}

s+5 s-1 ¢ s s \s+5 s-1 s s s+5 s-1 s

Take the inverse Laplace transform
y=he™ +3¢ ~H-n @)+ w0 e 5+



(30 points)

Find the general solution of the following system.

. {2 1} {2 1}
X = X (1) where A=
3 4 3 4

By making the assumption that,/x =l8)d =
The problem takes the form of

2-4 1 |¢g
=0 (2
e

In order to find the eigenvectors of (2), I need to find the eigenvalues of its corresponding
matrix.

The eigenvalues are 4 =1,5.

For the eigenvalue of 5: the matrix takes these values
=3 lJfe =3 lie
'=0— =10
3 =1)\& 0 Oleg
So solving for my eigenvector I get

3 3
£ ={ J and my linearly independent solution is x’ :[ JeS'.

1

Repeating the same steps for the eigenvalue of 1 I get my second linearly independent
solution to be,

My general solution of (1) is a linear combination of these two linearly independent
solutions or:

3 51 _1 !
XEC1 le +6‘2 1 e



1. Use the Laplace transform to solve the given initial value problem

y'+ 2y +y=4de’t, y(0) =2,y'(0) = -1

You may reference the following table of known Elementary Laplace Transforms

Table of Elementary Laplace Transforms

f@) = L7HF(s)} F(s) = L{f(t)}
e 1
s—a
t"e®,  n = positive integer n!
G’ s>a

45 points

Solution:

Take the Laplace transform of the given equation

L{y"}+ 2L{y"} + L{y} = 4L{e7 !}

(s2£0} = sy(0) — ' (0)) + 2(sL{y} — y(0)) + L{y} = 4 (;)

Solve for L{y}

s+1

(s2L{y} — 2s— 1) + (2sL{y} - 2(2)) + L{y} =4 (—1—)

s+1

LEy)(s? +25 +1) = 4(5—1—)+2s +3

F1
£y =4 (ﬁ) +2543) ((s +1 1)2)
L{y} =4 ((5 :1)3) +2 ((:_:_11)2) * (s -|-11)2

1

L{y}:2((s-|-21)3)+(sj1)2+2(5+1)

Take the inverse Laplace transform to solve fory

y=2t%et +tet + 2"




2) Solve the following I.V.P.

y{:ii}, ﬂ®=E]

(45 points)
Solution
We begin with the ansatz:

X= Q;eﬂ‘!é + cze’]ﬂ’éz where X is an eigen value and £ is an associated eigen vector
Therefore we must first find the eigen values for this matrix

.
det =
=8 A=3
(~2=A)4-1)+5=0
~-8-21+12+5=0
A=21-3=0
(A-3)a+1)=0
A=3-1

So our =3 and A>=-1

We now need to find corresponding eigen vectors (note there are infinite, we only need one for each eigen value)
We do so by finding an element of the nulspace of the matrix (A- AI)

£ ___‘_nul[—2—;{1 : }=nul|:_2_3 : }znul|:_5 1}=nul[_5 1}§[1]
-5 4=} -5 4-3 -5 1 0 0] |5

-2-4, 1 -2+1 1 -1 1 -1 191
&, &nul = nul = nul = nul *
| -5 4-4, -5 4+1 -5 5 0 0| |1

We insert these eigen vales and vectors into our ansatz

1
x=ce¥| |+c,e”

_5_ ._.1_
And now solve the I.V.P.

1] 1] [1
x10)=c +c =
00 z[l_ _3}

1|1 o
-4 —2} ZLQ]
117 [e
1‘1/2_ =Lj
01/2] [g
i IVZ_Z[%}
¢ =e, =12

We insert these ¢; and ¢, into our general solution to get our final solution.

3 1 £ 1
r=1/2¢ [S}H/Ze I:J




3. Solve the following initial value problem which has repeated eigen values:

|3 9 0) = 2
X'= " _3}( x( )—[4]

45 Points
Solution;

First, we start out by finding the eigenvalues. To do this we set det[A —)J] =)

3-4 9
det =02 2=0=1=0
-1 =4-4

Now we have to find the eigenvector:

o’y 2oy o]

Because we only have one eigenvalue and one eigenvector, we have to also find n such that
(A-ADm=3

b - ® =3n,+97, =3
1 _3'|— -1 T+, =

=t 3772 =1
From this we can pick 1 to be any vector that satisfies this equation.

o

Now we can set up our two solutions:
X, (1) =ge* X, (1) =&te" +ne”

3 3 1
wl] )yl

Now to solve the initial value problem, we will find ®(r) because x(¢) = ®(?)x,:

3 341 G 1 1[0 =1] [0 -1
X‘[—l—:} X “D_daa@"_lL 3}"[1 3}
KT = 33+10 -1] [3r+1 9

O =XOX"(0)= <1 g [T F| | = T

So the solution is:

o 3L 9 T2 _[2+4
XO=®W%=\ sl alT] 4o



4) What is an ansatz (i.e. what does “ansatz” mean)?
(15 points)

Ansatz is a German language term often used by physicists and mathematicians. An ansatz is an assumed
form for a mathematical function that is not based on any underlying theory or principle.

In other words it’s a really good guess as to the form of the solution.



1. (40 points)

3 2 4
Find all of the eigenvalues and eigenvectors of the matrix | 2 0 2
4 2 3
Solution:
To find the eigenvalues, we need to find solutions of the equation
(A-AD)x=0. (1)
Equation (1) has nonzero solutions if and only if 1 is chosen so that
det(A — AI) =0. (2)
The corresponding matrix of equation (2) is
3-4 2 4
det(tA-AD)=| 2 -4 2 |[=
4 2 3-4
B=A)(-A)B-A)+16+16-43-1)-43-A)+161=0. 3)
Simplifying equation (3) yields
-6 -151-8=0. 4)
Factoring equation (4) gives us
A+D(A+1)(1-8)=0. (5)
From equation (5) we have that the eigenvalues are
A=-LA=-14-=8.

To find the eigenvectors, we find that they must'satisfy the matrix from (3) and
satisty equation (1), so for 4, = -1, and A, = -1, we have the following matrix

4 2 4)x 0 2 1 2% 0
2 1 2|x,|=|0|whichreducesto |0 0 0| x, |=|0 | so that the
4 2 4)x 0 0 0 O\x, 0
1 1
eigenvectors are x'=| 0 | and x®¥ =| -4,
-1 1
Following the same process for A, =8gives us
-5 2 4 x 0 0 2 -1Yx 0
2 -8 2 |x,|=|0]| whichreducesto |1 0 -1{x,|=|0]|sothe
4 2 -5)\x 0 0 0 0 fx, 0
2
eigenvector is x¥ =/ 1 |.
2




2) (40 points)

Express the general solution in terms of real-valued functions. Then describe the

resulting direction field behavior as t ——> o .
Lastly‘evaluate the solution at the given initial conditions.

(1 s 1
T —3]x )

x(0)=(_21] @)

Solution:
Using the equations below the eigenvalues can be found and placed into a related

equation.

x=£", det(4-rI)=0

HIC (SN
HI (g .

—24, (2)(2 )— 4(1)2)
21

_ n==1+i
Therefore the eigenvalues are § i’
ry=—1-i

Substituting the eigenvalues into (3), &, and &, can be found.

Using r, =—1+i

0=(1+1—i 5 J[;J
-1 =341-ip &,



S

Then, (2-i)& +(5)&, =0
(2_1')4:1 = (_ 5)62

If & =(2-1i), then & =(5)

x(l)(t):( 5 ‘Je(vm)r
1

Do

5
2—i

W (f) = ( }e(“)‘ [cos(t)+ i sin(r)]

x“)(t)= 2 SCos(r)+ Sisin(t) }

i [2 cos(r)+ 2isin(r) - i(cos(t) + isin(r))

S e -

Hence the general solution of the differential equation will be,

R v 5 W N

The function overtime, due to the exponential e™ , will spiral around and

converge towards the t-axis as f —— .

Then evaluate (4) at the given initial conditions.

*0)- (-2 J =G L coss(;(;s—((;)n(o)} e [2 Sin(sg;]fogos(o)}

1(0)= [_2 J =6 H*C[—O J

4)



Two equations can be found and used to determine C, and C, .

2=5C, and -1=2C, -C,

=%, C="%

Substituting the above values into (4).
SCos(t sin t)
(/}3 |:2 cos(t) - sin(t } ( / )E |:2 sin(#) - cos(t )}

3) (40 points)

Prove the associative property of convolution integrals exists.”Show that _
F*(G*H) = (F*G)*H

Given that:
F = sint
G = cost ‘ ”(

Solution

First let us solve the let side starting with what is in the parenthesis

G*H = Icos(t -7)rdr
0

~sin(t =)z, - [-sin(r - r)d7
0

—sin(t —7)[ + cos(t - 7),

[ (-sin(0)t + sin(t)(0))] + [cos(0) — cos(t)]
=0+ (1-cost)
G*H = 1-cost

Now taking the value of G*H found in the parenthesis we will find F*(of that
value)



F*(G*H) = F*(1-cost)

= £ sin(t —7)—sin(t —7)cosrdr

= £ sin(t—7)— Isin(t —7)cos7dr
0

t
= cos(t—7)cos | + Icos(t —7)sinrdr
0

t
= cos(t —7)cos rro ~sin(r—7)sinz|, - jsin(t —7)coszdr
0

t
2 jsin(t —7)costdr = cos(f —7)cos r|; —sin(f —7)sin Tl;
0

jsin(t—r)cosrdr = %(cos(t—r) cos r|'0 —sin(f —7)sin z-|;)
0

[ (cos(0)cos(®) - (cos(t)cos(0)) — (sin(0)sin(t) - (sin(t)sin(0)) ]

b= o=

(0-0-0-0)

=0
So the result of F¥(G*H) =0

Now we will solve the right side of the equation starting with what is in the
parenthesis:

!
= Isin(f —T)COST
0

We have solved this integral in the previous step — the result is 0 so if F*G =0
than H*(F*G) will = 0 because H*0 = 0.

We find that 0=0 - both sides equal 0 - so we have proven the associative property
of convolution integrals.



4a. (25 points)
Find the solution to the initial value problem

YV'+2y' +2y=6(t-3)
W0)=1
y(0)=-1.

Solution:
Wt)=uAt)e I sin(t + 3) + e cost
Take the Laplace Transform of both sides: For the left side Theorem 6.2.1 states

that A {f"()} = sA{f%(¢)} — f(0). For the right side, the Laplace transform for the
impulse function is A{5(f —c)} = e™“. Taking the transform of both sides yield

(s* + 25+ 2)A (Y} (5) - 59(0) - y'(0) - 2(0) = ™. (0.1)
Algebraic manipulations find

ADY(s) = ﬁ[e‘“ +5(0)+ ¥ (0)+ 2(0)]. (0.2)

We can plug the initial data into the equation and simplify it to

s s+1

+ .
¥ +25+2 425472 (0.3)

A{y}(s)=

The denominator can be modified by completing the square. s* + 25 + 2 can be

written as s° + 25+ 1+1=(s+1)* +1. Now equation 1.3 becomes

R s+1

+
(s+1P+1 (s+1)}+1

Ayi(s)= 0.4)

Each term in the right hand of equation 1.4 can now clearly be seen as the Laplace

transforms of common functions. The exponential in the first term is the result of
a unit



step shift. Entering the Laplace transforms, equation 1.4 becomes
A{y}(s) = Aye(D)e D sin(t + 3)}(s) + A{e™" cost}(s) (0.5)
The equation is now ready to be converted back into the normal time domain. The
inverse Laplace transforms of both sides yields our solution:
V(1) =u_()e™ P sin(t + 3)+ e cost (0.6)
4b. (5 points)
Rewrite the solution vertically

Solution:

e cost, t<-3

1) =
0 {e'(”” sin(t + 3)+ ¢ cost,~3 <t



1. Find the solution of the initial value problem

Y'+y=08(-2r)cost; 3(0)= 0,y'(0) =L

A ’-f
A\ .

25 points
Solution

First we will take the Laplace transform of the differential equation,

(s* +1)Y(s) = " dost

Introducing the initial values and solving for Y(s) gives us,
Y(s)=¢ .
() (S2 +1)

To find y = ¢(¢) = it is convenient to write Y(s) as
Y(s)=e"H(s).

C-] e

Where
i
H(s)=— :
() (s7+1)
By Theorem 6.3.2 or from Table 6.2.1 in the book,
7 p— 1 — ¢ =sint. \
(s +1°) _ e~

Hence, providing the shift where t>=5,
y=¢(t)= L' {¥(s)} =sint +u,_(r)sin(t - 27)

Or in another form
sint, t< 2
Clsin(t-27), t22x



2. Find all eigenvalues and their corresponding eigenvectors of the matrix

1 00
4 1 =2 1.
6 2 1
45 points
Solution

If we declare our matrix to be matrix A, then in order to satisfy (A-INx = 0, we have
1-» 0 0 [N 0
4 1-A =2 [X|=([0]
6 2 1-x X3 0

The eigenvalues are shown by the roots of the determinant of (A-IN)§ =
The determinant of (A-IN# can be found by performing the following operation

-2 0 0
det+l 4 1-2 -2 | =01-)01-2)1-2) -] =q.
6 2 1-a

2
This can be simplified to the equation (i~ K)(K -2k + 5) = 0.

The second set of parenthesis contains a polynomial which can be solved by the quadratic

equation to find that \; = 1+2i and ) = 1-2i. The first set shows that the equation equals zero
when \; = 1. ! ' ' '

For our first eigenvalue \; = 1+2i we can find its eigenvector by substituting in our \; value,
which gives us

2i 0 0[N 0 0
4 2i 2 [{%|=]0]| Our first eigenvector is X(1) ~ |
6 2 -2 X3 0 ot
For our second eigenvalue A, = 1-21 we find that
200 0\[™M 0 Our second eigenvector is 2 0
42 2 {x|=|0| ol B
. 1
6 2 21 x3 0
For our third eigenvalue As = 1 we find that
1
00 o)X 0 Our third eigenvectoris _(3) _ 3
40 2% |(=|0] ’
6 2 0 0

%



3. Find the general solution of the given initial value problem:

40 pts

Solution —

To begin we remember that 0 = det(4 — A7) which gives us:

F-A
0=

5
5 6_2‘:(2—3,)(6—1)—5(0):(2—/?,)(6—2,)

This easily shows us that 4, =2,1, =6
We then find our vectors £ ,£ using the above information.

We have:

& e Nul(4- A1) = Nul{g ﬂ = Nul[g (ﬂ = Span[é:r

And
-4 5 5
& e Nul(Ad-4,1)= Nul{ 0 0} = Spanu

The form for our general solution is:
x(t)=c, éle’l" +c,8 e™

Putting in our values for 4,,4,,¢& ,»& , we have:

_ 1 2 5 6t
x(f) =¢ 5 e” +¢, 4 e

Then we put in our initial data which gives us:

x(0) = ’:2:1 = C][l} +¢, |:5:|>C] = _—7‘»‘?2 = 4
3 0 4 4 4

And our final solution:
~TEL[ 5
x(?) = T e 32 e
- 410 44



4. Write the solution of the initial value problem in terms of a convolution integral.

yirdy'xy=g(t) y(0)=2 y’(0)=-3
40 points

Solution
Take the Laplace of the left and right side;
s*Y(s)—25+3 4 4sY(s)+ 8 $4Y(s)=L (g)(s)
Solve for Y(s).
s*+4s+4Y(s)=2s +"-.5 L{g)(s)

25+5 | L(g)(s)

Y(s)= Pt E T Then figure out the Laplace transforms for the different
parts.

L "
Y(s)= st (8)(s) the left happens to split into two. ..

2 ' 2
(s+2) (s+2)

2s+5 2(s+2) 1
Zé 2 + 2

(s+2) (s+2)° (s+2) |

put into time space...c<> v

which then is recognized as the following equations when

2

2(s+2
Laplace lnverse( (s )) + Laplace Inverse (

. oy ER
(5+2)

(s +2)
The right side converts to...

Laplace Inverse L(g_)(sj) =[ (t—t)e?* Vg(t)dr
(8+2) ] Yo

Putting the right hand side with the left side gives the complete solution in terms of the
convolution integral.

t

Laplace Inverse= y=2¢™ % + o~ % +J (t—1)e?Ygl(r)dr

g



35 points— 1) Use the Lapace transform to solve the given inital value problem :
y'+2y+5=0

y(0)=0,y'(0) =2

SOLUTION :

make the following anzatz :
L(y") +2L(y") +5L(y) =0

use the corollary to express L' (y") and L' (y') in terms of L (y) :
L (y) =sy(0) =y'(0) +2(sL (y) =y (0) ) +5L(y) =0

which may be written as :
(s*+2s+5)Y(s) —(s+1)y(0)—y'(0) =0
where Y(s) =L (y)

Substituting in the inital data, we have :
($$+25+5)Y(s)-2=0

and solving for Y(s) we have :

) 2 2
Y(s)=— = 2. 2, 2
§ +2s+5 (st1)"+4 (s+1)"+2

The reverse Lapace transform of which is (see table 6.2.1) :
e 'sin (2t)
Therefore, the answer is :

y= e_tsin(Zt)



(25 points) 2) Find the eigenvalues and eigenvectors of the matrix

1 2
a=('3 7). (1)
The eigenvalues A and eigenvectors x satisfy the equation (A-NI)x=0, or
I- N 2 X \—/0
3 a( ‘xz)‘( 0)- (2)

The eigenvalues are the roots of the equation
det(A-ND)=N- 3n-4 =0 3)
Therefore the eigenvalues are A= 4 and A= -1.
To find the eigenvectors, first substitute the eigen values into one row of (2) to get:
3x11+2x,=0
and

2X1+2X2 =0.

Thus, the eigenvectors are

2= (%3)
@ = (1_1)_

While we say that these are the eigenvectors, it should be remembered that any nonzero
multiple of there vectors are also eigenvectors.

and



3 (40 points)

Problem:
Find the inverse Laplace Transform of the given function.
e—Zs
F(s)= ——
© st+5-2
Solution:

Note: Right off the bat, you should notice that this question pertains to the Laplace
Transform of step functions because of the factorof s-in-the exponential.

Use the property that ux()f(r-2) = £ {¢*F(s)} (Theorem 6.3.1) to solve the problem.

Due to Thm. 6.3.1,

If G(s) = (-2—1—), and .B'I{F(s)} = £'1{e'25G(S)} =u(De(t-2).
s +85-2

'Then
o ety
(s+2)(s-1) 3\s-1) 3\s+2
and
-1 1 t 1 -2
LHG(s)} = —e' —=e "= g(b).
3 3
Therefore

LHE(s)} = w(h) (%e'*z —%e'””}. € Answer.



(?‘T/Q‘: }
Consider the vectors () = (2, 2t) and x?(t) = (¢', €')
a) compute the Wronskian of xV and x?.
b) In what intervals are x" and x® linearly independent?
¢) What conclusion can be drawn about the coefficients in the system of
homogeneous differential equations satisfied by x and x®?
d) Find this system of equations and verify the conclusions of part c)

Solution
a) Set x" and x*? as the columns of a 2x2 matrix, X. Find this matrix’s determinant.
From this, we have detX = W(x", x%)
— 5 W&, x®) =t - 2)c'

b) The intervals where x" and x*? are linearly independent include all values of t for
which W(x, x?) # 0. Observing that the zeros of this equation

W, x?) =t(t - 2)¢'

aret=0and t=2, |
— » we conclude that x'” and x® are linearly independent for all # except t =0 and t = 2.

—» ) We know that at least one of the coefficients must be discontinuous at t = 0and t=2.

d) We know that the system of equations has the following form:

x! = e B . 4
L € D |
Inserting each of the solutions, x" and x?, we have:
(2t) _[ A B )
2 C D |\2t/
and
[elf _| A B e
% et} a ¢ D -‘;et;
Solving these matricies, we have At? + 2Bt =2t
Ct? +2Dt=2
Ae' + Be' =g
Ce'+De' =¢'
Solving this system of equations, we have A= 0 B=1
C=Q20/(-2t) D=(-2)/(-2t)
5 Thus,
, 0 1
& 220/ =20 | @-f=2) |

Part c) is verified because the bottom two entries are discontinuous at botht=0andt=2.



Problem # 1

(20 pts.) Solve the following differential equation (1.1) with associated
initial data (1.2) using the methods of Laplace transform and inverse Laplace
transform.

y"+5y =sinh(t) (1.1)
¥(0)=4,y'(0)=0 (1.2)

Solution

We begin by taking the Laplace transform of both sides, which yields

(L{y}s’ —4s)+5L{y} = 21 7 After rearranging terms, and using partial
S pa—

fractions, this becomes:
1 / 1 4 13
i{y } = 2 g2 i : @3
6(s> —1)76(s> +5) (s> +5)
We now use the inverse Laplace transform with equation (1.3) which
yields the following solution to the initial value problem:

y= %sinh(r) . B%E[sin(t) +4%}c‘os(r‘)



Problem # 2

(40 pts) Find the general solution of system (2.1)

011
x'=|1 0 1|x=Ax 2.1)
1 10

Solution

We know by theory that the eigenvalues of this matrix are related to the
solutions of this system of equations. Thus we start by finding eigenvalues for

this matrix. We can find them by solving the equation def(A - AI)=0 for 1,
which yields (4 -2)(2+1)*. Thus 4 =2, 4,,4, =-1. Substituting 4 4, into
(A-AI)x=0for 1, we find the following elgenvectors (paired with the
corresponding eigenvalues):

1 1 0
;"1 22::(1) =[1], /1_2 :§(2) =1 0|, /73 :é(3) =1 (2'2)
1 -1 -1

We can find the eigenvectors for the repeated eigenvalue 1,,1, = -1

because the nullspace of the eigenmatrix corresponding to this value is two
dimensional. The multiplicity of the eigenvalue is two, hence we can simply
apply it to the general solution twice, once for'eigenvector.
Thus the general solution of (2.1) using the eigenvectors of (2.2) is
1 1 0

x=ce’|1|+ce”| 0 [+ce’| 1 (2.3)
1 -1 ]



Problem # 3

(40 pts) Transform the given system of first order linear equations into a

single equation of second order. Also find x1 and x2 that satisfy the given initial
conditions.

x, =3x, —2x, x,(0)=3 (1)

: 1
X, =3x, -2X, X,(0) = 3 (32)

Solution

Substituting our initial data in (3.1) and (3.2) into the equations (3.1) and
(3.2) we find that x;(0)=8 and x,(0)=5 (3.3). This provides us with an
extension to our initial data we can use later.
x(0)=8 and x;(0)=5 (3.3)
First, we seek a solution to x,. To do this, we solve (3.1) for x,, take the
derivative of the result, and then substitute those results into (3.2). This gives us
(=x! +3x,') = 6x, —2(-x, +3x,). Solving algebraically we find that
x/ — x| —2x, =0 which is a second order equation that we can solve by the
methods of previous chapters with relative ease.
X, =ce’ +ce”’ (3.4)
Now we turn our attention to x,. For this equation, we solve (3.2) for x,,
take the derivative of the result, and then substitute those results into (3.1). This

gives us x,” +2x, =-6x, +3(x, +3x,). Solving algebraically we find that

"

X, —x, —3x, =0 which we can solve as:
LW L

X, =ce? +cel (3-3)
Solving (3.4) and (3.5) using our initial data of (3.1), (3.2), and (3.3) we find
that:
5, 2 .,
X, =—e"' ——e
3 3
And
11 Ly 4 Lz

Xx,=—e* -——¢?

6 3



Problem # 4

(50 pts.) Using what you know about step functions and Dirac delta

functions, find the solution of the given initial value problem and then graph
from t=0->3r. '

V' +y=u)+dit-1)  y0)=0=y(0) (1)

Solution

First start by taking the Laplace transform of both sides. Remember that
Z {uc} ()=

e
following:

and £{d(t—c)} () =¢ ™. This in conjunction with (4.1) yields the
S

-2zs

i{y} (Sz)—sy(O)—y'(0)+£{y} =%+e'” . (4.2)

From (4.1) we can apply initial data to (4.2) and, after some manipulation,
it becomes:

%) Fo B S s «3)
s(s2+1) (P +1)  s(s*+1) '
We can use partial fractions to separate + - which,

into
s(s* +1) (s +1) s
when applied to (4.3), becomes:

- 1 ™ - 1
i - &) = -27s i 3
% ) /s @D {(52 1) J )
Solving (3.4) and}(3.5) using our initial data of(3.1), (3.2), and (3.3) we find

that: \ ‘ Y
Y =1=cos(f) +u_(t)sin(t — w)~ u,, (£)(1= cos(t))

Which we graph thus:

Sin(t- pi)
kicks in
here




1)

Find the general solution of

|#

Il
e o G
S N W
_— = DD

1=

Solution:

Using the Anzats that the solution will be of the form x’=e", find the
eigenvalues and corresponding eigenvectors of the coefficient matrix.

det(4-A)=0
-3 3 2 A
dtf 0 2-2 1 [=(1-AQ-A(A-A)=0 4
0 0 1-4 £

1
2
1

i}

Now find £, £@ and £

A=1

0 3 2fx| [0
01 1jx,({=|0
0 0 Ofx,| |O
3x,+2x, =0

X, +x, =0
3x,+2x, =x, +x,
2x, +x, =0

2x, =-x,

Thus £ =| 1 |and £® =|0



)

A=2
-1 3 2] x] [0
0 0 1|x|=|0
(0 0 -1]x L
(-1 3 0ofx] [o
0 0 Ofx,|=|0
(0 0 Ofx 0}
-x,+3x,=0
3%, =x
(3
Thus £? =| 1| and,
0
(0 3 1
P =Cy 1 e, ®=c,[1]¥,and 7 = C,| 0 |e’,
\ =2 0 0

Which leads to the general solution,

0 3 1
x=C| 1 [¢+C,|1]e*+C;| 0.
-2 0 0

(40 points)



2)

Express the solution of the given initial value problem in terms of a convolution
integral.

¥ + 2y + Sy = 2sin(at) y(0)=0, y(0)=0
Solution

The first step of the solution is to take the Laplace transform of the differential
equation:

20.
s+ a

(SLiy}-s¥(0)-y (0)) + (25 Liy} - y(©))+ 5L{y} =
Then by plugging in the initial data, we obtain:

7 -

2a
s’+ a

s’ L{y} + 28 L{y} + 5L{y} =

7

Then we solve for L{y} to get:

B o 2
L (sz + o? ) (sz +23+5]'

Changing the form of the second term, we can recognize a Laplace transform pair:

a 2 ; b
= = b B —————
Hy (s’+ uz) [(s+l)2 +4] ST (s+a)’ +b

Since multiplying two arguments in the Laplace domain is equivalent to taking the
convolution of two arguments in the time domain, our solution is:

oy o 2 _r . ot
L7y} gﬂs% a’J [(s+1)2+4] = sin(at) * e” sin(t)

LYy} = £ sin(o(t-7)) e sin(z)dr = _E sin(at) e sin(t-7)dr

(28 points)



3)
Find the inverse Laplace transform of the given functior @ sing the convolution
theorem (i.e. in terms of a convolution integral).

s’ 4s So do V\LL (_UW'\@W]’Q

O = @10 =85+ 18)

Solution: L1 Q\ R e |

(o \/O{ Jﬁ ¢
For this solution, the key is to change the argument to a form that will match two
Laplace transform pairs. Once we do this, we follow the same steps as the problem \
above in finding the inverse Laplace transform in terms of a convolution integral.
So, with a little mathmagic:

F(s) = 4s s(s-4) ( s J (s-4)
S+ 28s+18) ()[4 +2] (G +)\G-H7+2)
Then, we can recognize our Laplace transform pairs:

& _ s-a _
e sin(bt) —_—(s+a)2+b ,and cos(at) o

Since multiplying two arguments in the Laplace domain is equivalent to taking the
convolution of two arguments ll'l the t:me domain, our solution is:

e A
L5 = e sin(+2 t) * cos(2 ?

Ly} = [ sin(2 (t-1)cos(r)dz = [ sin(v2 (1)) cos(t-r)dr. = Z

(20 points)



4)

Let fsatisfy f(t+T)= f(¢) forall >0 and for some fixed positive number T; f is

said to be periodic with period 7 on 0 <t <. Show that
T

[e f(t)at
z{f()}= 0—1—7—

Solution:

Using the definition of the Laplace transform we get:

-]

F(s)= Z{f(O}= [e f@t)dt
f is periodic with period T and we therefore get:
fa+D)=f@)

We can then write the improper integral as :

@ w (n))T
[ f(r)dt=§ f e f(t)dt

Then we change the variable t = r + nT and then we get:

w T @ AT
F(s)=Y [ f(r+nT)dr =Y () [e™ f(r)dr
n=0 g n=0 0
[Since f(r+nt)= f(r+(n-DT)= f(r +(n=2)Torro.... = fr+T)=f("]
o nr ©
PN Cad Ie"’ f(r)dr is a geometric series in the form ) au"
n=0 0 n=0

by
Where a = _[ e" f(r)drand u'= ™"
0

The geometric series converges to a/(1-u) for |u/<1



Therefore we get:

]:[e‘” f(rar

F(s)=2
() l_e-sT

As a result we get the final answer:
T

[e f(yat
z{f(®}= 'Q'W'

(45 points)



Problem 1
Solve the following initial value problem in terms of the convolution integral

y” +9y=g(t); y0)=2, y'(0)=3 (M
The first step is to take the Laplace transform of eq. (1) using the initial conditions

SY(s) — 25 — 3 + 9Y(s) = L{g(t)} 2)

Solving for Y(s) gives the following
Y(s)(s™+ 9) = L{g(t)} +3 +2s

_E{gt)}+3+2s
s*+9

Y(s)

©)

The next step is to separate the terms and put them in a form that will allow us to more
easily identify which inverse Laplace transforms can be applied

1 3 25
L{gt)}e + +
=0 s?+3% s2437 §2 432

(4)

We will now find the inverse transforms of each individual term. For the first term, we
factor out 1/3 in order to take the inverse Laplace transform

£l ©
Using the convolution integral to take the inverse Laplace of eq. (5)
1 ¢t .
Y I oSin 3(t—-1)g(r)dr 6)
The inverse transform of the second term in eq. (4) is straightforward
B’l{s2 7} = sindt (7
For the third term in eq. (4), we factor out 2 in order to take the inverse transform
£y 22‘* ~} =208} =200s3t (8)
s +3 8" +3

The solution is the sum of the individual inverse Laplace transforms, egs. (6), (7), and (8)

() =2coudt +eint+ % [ sin3¢ ~r)g(e)dr ©)



Problem 2

Find the inverse Laplace transform of:

1
s*x(s* +1)

(1) F(s) =

using the convolution theorem.
Sol.

The convolution theorem allows us to break (1)/into two parts, the product of the parts
must still equal (1), but can be written in a way to make it easier to compute the inverse
Laplace of (1). The easiest way to write (1) is the product of

s™and (s* +1)7".

In order to use the convolution theorem we must take the Laplace of each of the two parts
separately. The Laplace of these two function can be found in Table 6.2.1 they are
3

t ]
— and sin (t
z ®)

Respectively. With the Laplace of the two parts of (1) we can find the inverse Laplace
transform of (1) using the convolution theorem and the variable g.

10 =<x [6-a)* xsinta)dg



Problem 3
Solvé for the general solution

(31
X = X.
4 3

The first step we need to do is take the original matrix and find the Eigen values for it. We do
this by inserting a —r into the diagonal.

3-r 1 J
4 3-r
Then multiplying by a 1x2 matrix and setting it equal to a 1x2 0 matrix we can solve for r and get
the Eigen values.

1-r 2 (&) (O
4 1-r)\& 0

Now we take the determinant of the 1* matrix and set it equal to 0 to find the Eigen values from
which we will get the eigenvectors.
(B-r)(31)-4=0
Multiplying out this becomes:

2
ro-6r+5=0
Solving for the roots we get:
r=5andr=1
Now using these values we can solve for the coefficient matriceé. :

Using the first value of 5 for r we get the matrix:

o HEN

Which leads us to 4&1 =2¢&2. Which gives us a matrix of:

4

Now using r=1 we get:

0 2 0)
[4 0 which leads us simply to a coefficient matrix of [OJ

Our general solution is then:

il
x=c x(z}x P



Problem 4

Find the inverse transform of:

1

Q)=
() s’ —4s+5

By completing the square in the denominator we can write

1
G(S)—m—F(S—Z),

Where F(s)=(s*+1)"". Since L {F(s)} =sin(?), it follows from Theorem 6.3.2 that
g(®) = L' {G(s)} = e* xsin(z) .

(Theorem 6.3.2 states: If F(s) = L{f(t)} exists for s >a >0, and if ¢ is a constant, then
L{e” (1)} = F(s —¢), s>at+c. Conversely, if f@®O=L"{F(s-c)}.)



