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Math 334 Midterm III
Winter 2012
section 002
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering paper. Write your name, course, and section number on
the blue book, or your own pile of papers. Again, do not write this or

any other type of information on this exam.

Honor Code: After I have learned of the contents of this exam by any
means, I will not disclose to anyone any of these contents by any

means until after the exam has closed. My signature below indicates I
accept this obligation.

Signature:



1. Solve the following initial value problem in terms of the convolution integral:

y"+16y =g(t); y(0) = y'(0) = 0. (1.1)

10 points
Solution

Laplace transformation of (1.1) gives

s’L[y]+16L[y]=L[y"]+16L[y]=L[g]

L[y]= L L[g 1 4 L[g]:L(%sin(4-)}L[g]:LBsin(4-)*g}(1.Z)

epven Uy

R

y(t) = (%Sin (4)* gj(t) = J;%Si” (4('[ —z')) g(r)dr.

2. Find the general solution of the following system:

' ={2 1}( (1.3)
4 2
15 points
Solution
The general solution of (1.3) is
x=x(t) =cge™ +cg,e™, (1.4)

where the §’sand A ’s are independent eigenvectors and distinct eigenvalues of the
matrix in (1.3):



2-2 1 | _ocee
4 222705

unless
2-1 1

0 =det
4 2—-A

} =(2-2)" -2 (15)

=
A=242=40= 1,4,

2-4 1 -2 1 -2 1 1
{ 4 2_4:|§1:|:4 _2}:1:{0 Oi|él<:él:|:2]
2-0 1 2 1 2 1 1

{ 4 2_0}&2=[4 2}‘%2:{0 O}Qng:{_z}-

Thus, explicitly, (1.4) is

x=x(t)=c, E} e" +c, {_12} e” =¢ E} e" +c, [_12} 1.7

3. Solve the following IVP. Using the Laplace transform and knowing how to deal
with piecewise defined functions in this transform should make things easier.
What is the value of y(10) ? Do not express this value in terms of an abstract
formula, but rather as a concrete number. To compute this value concretely, you
will need to know that the function sin(t) is 27 periodic.

So

0
(1.6)
0

0,t<0
3t 0<t<~r
"+4y=1(t)= , y(0)=y'(0)=0. 1.8
y'+4y=1(0) 673t 7<t<2r y(0)=y'(0) (1.8)
0,t>2r
20 points
Solution

Taking the Laplace transform of (1.8) we get



(s*+22)L [y](s)=L [y"+4y](s)=L[f](s)
& , (1.9

L [Y](S) =~ L[£](S).

s? + 22

To compute L [ f](s)we rewrite f in (1.3) as:

f(t) =3(t (U (1) -u, (®) +(27 - t) (u, (O ~u,, 1))
=3(t uy(t) + (27— 2t)u, (1) +(t—27)u,, (1)) (1.10)

=3((t-0) uy(t)—2(t—7)u, () +(t—27)u,, (1)).

So, according to the relevant theorem, and given L [g](s) :Sizwhen g(t) =t uy(t) (as

per the table provided you), then

L[f](s) :3(L[g](s)—2e‘”5L[g](s)+e‘2”5L[g](s))

—7s -27s 3 -7 —27s (111)
=3L[g](s)(1-2e " +e )=8—2(1—2e +e7).
Thus, explicitly, (1.9) is
1 1 3 s | o2ns

and we already know then that the solution is of the form
y(t) =3(h(t)u, (t) - 2h(t — 7)u, (t) + h(t — 27)u,, (1)), (1.13)
where then we need only find h(t), whose Laplace transform is

1 1 1 1 1 1
L[h](s) = = — -
[h]©) $°+2° s* P42 -2 0+2° ¢°

_l(i_lij
4\ s? 252422 )

Thus, according to the table, or memorized formulae, we have that the solution is given
by (1.13) and by

(1.14)

h(t) =%(t—%sin(2t)j. (1.15)



Note that for anyt > 2z, includingt =10, we have

y(t) =3(h(t)u, (t) — 2h(t - 7)u, (t) + h(t — 27)u,, (1)),
=3(h(t)-2h(t— )+ h(t—27))

:%(t —%sin(Zt) — Z(t —n—%sin (2(t —n))jﬂ _ 2,,_%5”1 (2(t _27[))]
:%(t_%sin(zt)—2(t—n—%sin(zt)j+t—27z—%sin(2t)]
-0,

4. Find a real-valued representation of the general solution of the following system:

x = {_31 _51} X (1.16)

25 points
Solution

The general solution of (1.16) can be expressed as
x =x(t) =cge” +c,k,e”, (1.17)

where the §’s and A ’s are independent eigenvectors and distinct eigenvalues of the
matrix in (1.16):

{3—/1 5 }F,=0<:>§=0

-1 -1-2
unless
ozdetF_f . J:(/1+1)(2—3)+5:/12—22,+2:(2,—1)2—i2(1.18)
=

A=1ti=1+il1-i=1,4,

So



5 ] [2-i 57, [2-i 5] [2-i5 [2+i
-1 —1-(1+i) 270 oni|® T2k 82T 0 02THT 4

0= 3-(1-1) 5 ] |2+1 5 |2+ 5|, |2+i 5 o [2-i
L —1—(1—i)_§2_ 1 24T 2mi 82T 0 02 TRTET L

(1.19)

Thus, explicitly, (1.17) is
2+1 , 2—1i :
x = x(t) = c{ ﬂe““)‘ ‘c, { 1'}(1"”. (1.20)

As per the usual theory, we can find a real-valued representation by finding the real and
imaginary parts of either of the above complex-valued solutions:

241 . 2+i 2cost—sint cost+2sint
x,(t) = et = e'(cost+isint) = et +i _ e', (1.21)
-1 -1 —cost —sint

whence a real-valued representation of the general solution is

2cost—sint | cost+2sint | |
e +¢, e. (1.22)

—cost —sint

x(t) = C{

5. Find the fundamental matrix of solutions ® = ®(t)to the above problem that has
10
the property that ®(0) =1 = {O J.
10 points
Solution
A fundamental matrix of solutions W = ¥(t), one not necessarily having the desired

property, can be found from the above general solution (1.22):

2cost—sint  cost+2sint
. (1.23)

—cost —sint

P(t) =et[

The desired fundamental matrix @ = ®(t) can be obtained from ¥ = ¥ (t) via



—cost —sint -1 0
.| cost+2sint 5sint
—sint cost—2sint |

q)—(D(t)—‘P(t)‘P‘l(O)—et[ZCOSt_Sint cost+23int}{2 1}1

(1.24)

.| 2cost—sint cost+2sint|[0 -1
—cost —sint 1 2

6. Solve the initial value problem given by the system of problem 4 and the initial

data
5
x(0) =( j (1.25)
-2
(Hint: rather than “reinventing the wheel”, just use the fundamental matrix of
problem 5.)
7 points
Solution

Using the fundamental matrix of problem 5 we have

() = DOx(0) =€ [“’3”23”” Ssint }( 5)

—sint cost—2sint || -2
. . (1.26)
| 5cost+10sint—-10sint ! Scost
~ 7| -Bsint—2cost+4sint | | —2cost—sint |’
7. Calculate
[3 5}[
el (1.27)

(Hint: use the result of problem 5).

5 points
Solution

We have, from problem 5,



[_31 _SJ” ”[com+2$in7z 5sin 7 } {—1 o} {—e” 0 }
e =0(7)=¢e =e =
(1.28)

—sinx cosw—2sinrx
11 0
=—g .
0 1

8. Find a representation of the general solution of the system

6 9
x—{_l O}x. (1.29)

20 points

Solution

The matrix in (1.29) has a repeated eigenvalue with only one eigenvector. Hence the
general solution is of the form

x =x(t) =cge™ +c, (&t +n)e” (1.30)

where ¢ is an eigenvector and nis an associated pseudo eigenvector:

6-4 9 1. _0 iy
NPT Ll et
unless
O:det[G__ﬂ _9}/12—6/“9:(/1—3)2 (1.31)
=
1=33,
So
o] 3 97._[1 3 I3
=121 3570 05T )
and (1.32)

5 Shee2=fs -l



Thus, explicitly, (1.30) is

x:x(t):cl{3}3&+C2([3}t+[l_3nzﬂem. (1.33)
-1 -1 ,

9. Find the fundamental matrix of solutions ® = ®(t) for the system of problem 8

10
that satisfies ®(0) = I ={ }
01

15 points

Solution

From (1.33) we have a fundamental matrix of solutions

3 3t+1-3
W(t) = e { 772} (1.34)
-1  —t+7,
whence the one desired is
3 3t+1-37,3 1-37, 71
O(t) = ¥ ()P (0) = & - -
-1 ~t+7n, -1 1,
(1.35)
ot 3 3t+1-3m, ||, -1+3n, e 1+3t ot |
-1 —t+p, || 1 3 -t 1-3t

10. Solve the initial value problem obtained from combining the differential equation
of problem 8 with the initial data

1
x(0) = @ (1.36)

(Hint: do not “reinvent the wheel”, but rather use the result from problem 9.)

6 points



Solution

From problem 9 we have

L1430 9t (1) [1e2n
x(t) = d(t)x(0) = { P 1-3&[2}‘6 {2_7&. (1.37)



