343 Final Fall 2003

1. a) Find polynomials of zeroth, first, and second degree that are orthogonal with
respect to the (real) innerproduct

(£.8)=[fOg@r-nydr. (0.1)

b) Check that the polynomials f;, f;, and f, that you generated in a) are, in fact,
orthogonal with respect to the (unusual) innerproduct (0.1), i.e. check that

(fo, f1> = <f0,f2> = (fl, f2> =0: Yes, you will be graded on this checking (this
part b)) as well as part a).

P.S. Make life easy on the grader (me) by “normalizing” as follows: i) make all
polynomials f;, f;, and f, have integer coefficients, ii) make the leading order

coefficient positive, and iii) eliminate common integer factors from all
coefficients. For example (and in that same

i) if) iii)
0rder)2/7—4t/3——6t2 —6—28—126t> —> —6+28t +126¢> >—3+14¢ + 631>,
1

1
Note that for each nonnegative integer n, It”dt =—7
; n+

Solution: Clearly the set of polynomials {l,t,tz} span the same subspace as the

polynomials desired and have, in order, the required degrees. Thus we can perform
Gram-Schmidt on them (in the usual order) to produce the desired orthogonal set:
Label these original (non-orthogonal) polynomials via

g (1)=L g ()=t g (1)=r"
Then, for all nonzero scalars « and f, the following polynomials have the required
degrees and are orthogonal w.r.t. the innerproduct (0.1):

- — __<g1:f0> J — ( _<gzzfo> __<gz>fl>
j;]' gO’fi' a{gl <%’A>A ’ﬂ' ﬂ g2 <f;)’f;)>f;) <f,j;>

Evidently we must calculate several innerproducts. The first ones are

flJ. (0.2)



(g1 /0)=(21-20) = (& (DO =1)dt = [£-1-t0~1)dr

(fos o) =(80:80) = [ (D)1 =0)dlt = 1.0~ 1)t

1
= I(t—tz)dt:—l——lz—l—.
] 273 6

Since < g f0>/ ( fos f0> =1/2, we fulfill the “normalization” criteria when we pick
a to be 2:

S (@) ¢=2[&(’)—éjg,]’j,{oigo(t)J=2(g1(t)—%go(f))=2g1(t)—go(f) =2t-1.(0.3)

The second set of inner products are then

(82013} = (220 80) = [&: (D21 ~1)dt = [i*-1-1(1-1)dt

= j(ﬁ—t“)dzzl—l:—l——
; 45 20

(820 /1) =(g::28, —go>=2<g2,g1)—<g2,go>=2Igz(t)g,(f)f(l—t)dt—%

_2]}2tf(l—t)dt—_!_.—-zlj(t4_t5)dt_L_2(1 1j~ 1
: 20 )

20 5 6) 20
= —L—in, and
30 20 60
1 1
<f1>f1>:<2g1_g032g1—g0>=4<g1,g1>—4<g1,go>+<go,go>=4<g1,g,>—41—2—+€
11 1 1 1 1 1 1 1
=48 ) = e ) 3 T e T S
Thus the last polynomial is
1
(82:0) . (&2 1) } 20, _60
5 = - - hH|=B & 58 —=-(2
5 ﬁ(gz <ﬁ)’f0>fo Gy Bl &% L(gl £o)
6 30

3 1 3 1
= ﬂ(gz T & ——2—(2g1 —go))=ﬁ(gz “o& 8 +5goj

1
=ﬂ(g2 -g +§go)=€(5gz —5g,+ &),



and we fulfill the “normalization” criteria by picking £=5:in summary
fo(t) =g,(1) =1,
L(t)=2g,(t)—g,(t)=2t~1, and

fz(t) :ng(t)_Sgl(Z)"‘go(t) =5¢" =5t +1.
Check:

(fos £, j SO /(1 =0t = jl (2t ~1)e(1-1r)dr = j(zr 1) (t—1*)dt

0
1
=I —1=20 4+ )dt = I(—2t3+3t2—t)dt=—21+3l—l=—l+l—l=0.
; ; 473 2 2 2
1 1
(for )= [ /O £ ©OtA-1)dt = jl (52 =5t+1)r(1- z)dr_j(St =5t +1)(t—1*)dt
(‘) : 0 1 1 11
=j =56 1 =5t 450 —1?)dt = j(—5f‘+10r3—6t2+r)dr—_——5—+1o——6—+-—
: ] 5 4 3
:—1+§—2+l=9—3:0, and
2 2 2
(fi. o) =A@ O =0)dt = I(2t l)(5t2—5t+l)t(1~t)dt

C ™ O —

1
(102 ~10¢> + 21 - 5¢* +56=1)(¢ ~1*)dr = j(loﬁ —150 + 7t =1)(t = )dt

0

1 1
- j(10t‘*—15f+7r2—t—10t5+15r4—7r3+t2)d1= j(—10z5+25t“—22t3+812—t)dt
0 0

= —101+251—22—1—+81—l= —§+5—E+§—l: 1+5-6=0.
6 5 4 3 2 3 2 3 2
2. a) Find (real) polynomials of zeroth, first, and second degree that minimize their

distance to F(¢) =1 on the interval [0,1]. Define the (square of the) distance
between two (real-valued) functions via

d*(f.g)=|/-¢| =(f-g.f-g): j[f Tea-nar,  (©4)

1.e. via the “natural” notion of distance dlctated by (unusual) innerproduct (0.1).
In order to make your life much easier, I will tell you the results of the following
integrations (some of which may be irrelevant):



‘ I B 11
t-1t(-n)dt =—= Pl (l-0dt =— = ,
OI 4= 12 22-30j =0 0 2.
1 1
It-tz-t(l—t)dt=i: 1 ,J‘lz-tz-t(l——t)dtzL:;,
o 30 2-3-5 h 42 2.3.7
‘ 1 1! 1 1
1'1-t(=-0dt =—=—, [P Qt-Dt(-Ndt = — = , 0.5
OI d=0d=5=73 OI( M0 = =35 ©)
’ 1! 1 1
2t -1D)’t(1-1)dr = , 1258 =5t + Dt(1=1)dr = = ,
5[( y =0 2-3.5 !( =0 420 2%.3.5.7
‘ 1 1
522 =5t+ 1)’ t(1-tdt = —=—— .
OI( yed=n 84 22.3.7

This table will also be useful to you in part b):

b) Check that the polynomials 4, , 4, , and 4, that you generated in a) are in fact
correct by solving the following (““ A” Ax = A"b -like”) systems of equations: write
h(t)=a,, h(t)=a,+pt, and (1)=c, + Bt + 7,17,
and then solve the following three systems of equations for the 6 coefficients a,,
a, B, oy, By vy
SystemI:  (La,)= <l,t2>

Loy + B1) = <1,t2>
(t.o, + Bt <t,t2>

<1,a2 + Byt + }/2{2>
System III: <t,a2 + By1+ y2t2>

(., + Bot 47t

System II:

o)
<t,t2> .
()

1

As in problem 1) you will be graded on your checking (this part b)) as well as part
a). Obviously your answers to a) and b) should match exactly.

Solution: From the results of problem 1) (and a “huge” theorem about orthogonal

projections—the generalized “Fourier” theorem) we have that the distances are
minimized when we choose



1

]F(t) £.(O(1=1)dt [ 1w-na 1

F,f ; 7. 2.3 3
ho=<<f ’;ifo:] fi=? R TR
0270 Ifo(t)fo(t)t(l—t)dt Il-l-t(l—t)dt 53
3
—Bfo,
F(t) f,()e(1-1)dt 12 (2t = De(1-1)dt 1
A1) :5'. =oJ _23.5 ,_235
hl 0 <f f>f1 1 fl 1 fl 22_3'5f;
1 [£ @ i@ ~oyae [@t-17ta-n)ar 335
=—;—f1, and
F() f,(Ot(t=1)dr (5 =5t + Dr(1—t)dt 1
_ AFL) _6[ 40 _OI _27.3.5.7
}5 h|*<f f>f2_1 f2—1 1 f2
2002 Oj £, (Ot -t)dt 6[(512—5t+l)21(1—t)dt T3
2.3.7 1
7ot

Here we used table (0.5). Hence the “Fourier” approximations to F (of “degree” 0, 1,
and 2) are

3 3 1 3 1 1
hy=—fo h=—fo+=f, h=—f +—F+=Ff.
3 lofo A lofo 2ﬂ ) 1Ofo 2ﬁ sz

In terms of the original monomials g, (1) =1, g (r)=¢, g, (t) = r*we have
3 3
h = — [ p—— 5
"~ 1o Jo 10 &o

3 1 3 1 1
h :—IBgO +§fi =Ego+5(2gl ”go)zgl —ggo

1 1 1 1
h =g ~5& +§f2 =858 +§(5gz —58,+8,)=g,,

the last result as expected.

Check: First, table (0.5) (and some simple manipulations) dictates that

1 1 1 1
<1,1>=ﬁ,<1,t>:<t,1>= S <1,t2>=<12,1> ot <t,t>:<1,12>= s

1 1
() =(r1)= 2_3.5,<12,t >=2—?7

fo



Inserting these into systems 1, II, and III one gets

2
System [ (1,a0>:<1,t2><:>a0 <1,1>:<1,t2>©% _ <<11,t1>> _ 221.5 222 3;_ 235 %

2.3
1
(Ley+ Be) =(1.1%) (Lo +(L6) B = o
System 1II: NS i =
<taal+/81t>:<t>t> <t71>al+<t’[>ﬂ]:TS-
1 1 1 22.3.5 2235 22.3.5
2.3a1+ 2 ﬂl_ 2.5 - 2.3 *+ ﬁl 22.5 <:>2-5051+5ﬂ1=3
/= 235 22 3 sﬂ 2°-3.5 Sy +3f =2
273" ‘7235 g 4T T35
(2-2)5a, +(5-2-3)8,=3-2-2 B, =1 b=l
& = o -1.
Sa,+30, =2 Sa, +3p, =2 alz?
1
L), +(1,0) B, +(1,£* )y, =
(Lay + Byt + 7,7 ) = (L1%) (Lhas +(10) B+ {1.0)7, 225
1
. 2\ _ 2 2 N
System II:  (ra, + Byt + 7,1 i—gt,t >>@ (1), +(1.0) B, +{t.6%) 7, =553
(7.0, + B+, ) = (7,17 , , ) 1
Do, +(t°,t +(t,t =—
< >2< >'BZ< >72 2.3.7
1 1 22-3-5a 22 3 55 2°.3.5  2°.3.5
230 sl 57’2 25 23 7 TR T
L 1 5+ 1 1 22.3.5 2235/3 2°-3.5 _2°-35
23057 357555 273 7 T35 T 05
L, 1 5 1 _ 1 2°-3-5.7  2°.3.5.7  22.3.5.7  2%.3.5.7

a + = + =
2570723577037 T057 Ty Bt ogs Bt T,



2-5a, +58, +3y, =3 (2-2)-5c, +(5-2-3) 3, +(3-2-2)y, =3-2-2

= Sa,+38,+2y,=2 = Sa,+38,+2y,=2
370, +2-76,+2-57,=2-5 (3-7-5-5)a, +(2:7-5-3),+(2-5-5-2)y,=2-5-5-2
b=y, =-1 —B, =y, =-1 b=y, =-1
<:>5a2+3ﬂ2+272=2<:>(5—4)a2+(3—1),6’2+272=2<:>a2+2,82+27/2:2
—4a, -3, =0 —4a, -, =0 B, =—4a,
da, —y, =—1 v, =4a, +1 v, =4a, +1 Vv, =4a,+1  y, =1
Sa,=8a,+2y, =26 T, +2y, =2 < —Ta, +8a, +2=2 & a,=0 ©a,=0.
B, =-4a, B, =-4a, B, =4, B, = —4a, B, =0

Thus, via this method, our “closest” polynomials are

h(1)=a, =%, h (l‘)z_?l+1t:t—é, and

h(t)=a,+ Byt +y,t* =040t +16% =12,
just as calculated in part a).

3. a) Calculate the adjoint of the matrix

18 -8 6
S=|1-8 6 -2/
6 2 4

b) Calculate the determinant of S, by (an appropriate use of) row reduction. c¢) Using a)
and b) calculate S~'. d) Check your answer to ¢) by calculating the matrix product SS™*.

Solution: a) Since S is symmetric, its adjoint will be also. Thus we need only calculate
3 -1

. . 6 -2
(adJS)Hz(—l)l1S11=+det[_2 4}=4det[_l 2}=4(6—1)=20
_ ) 8 6 4 -3
(adis),, = (-1 2Sﬂ:—de{_z 4:l=—4det[l _2}=—4(—8+3)=20

-8

6 4 3
6 -2 31
6
4

(adjS)B =(=1)'"S,, = +det

18 31
adjS)  =(-1)***S,, = +det =12det =12(6-3) =36
2 2 6 3 2

18 6 31
(adjS)B:(_1)2+3S32=—de{ . 2}:12@{4 1}:12(3—4):—12

, s 18 -8 9 -4
(adjS),, = (-1’8, = +det g ¢ |=4det| ; [F4027-16)=44.



Thus the adjoint is

200 20 =20 5 5 -5
adjiS=| 20 36 -12|=4|5 9 -3
20 -12 44 -5 -3 11
b) We’ll calculate the determinant by row reduction:
18 -8 6 9 —4 3 9 -4 3
detS=det|-8 6 -2[=8det|-4 3 —1{=-8detl4 —3 1
6 2 4 3 -1 2 3 -1 2
[0 -1 -3 0 1 3 0 1 3
=-8det|1 -2 -1|=8det|1 -2 -1|=40det|1 -2 -1
3 -1 2 0 5 5 0 1 1
0 1 3 0 0 2 0 0 1
=40det| 1 -2 -1|=40det|1 -2 -1[=80det|1 -2 -1
0 1 1 0 1 1 0 1 1
1 2 -1 1 =2 -1
:80det[o 0 1 |=80det{0 1 1 |=80.
0 1 1 0 0 1
¢) By theorem we have (since det.S #0)
_ 5 5 -5 5 5 -5 1/4  1/4 -1/4
G225 1 s 9 51 tls o al-| s er20 —3/20),
€SB0 o 5] 2 s 3oan |oie a0 11720
d) We haven’t made a mistake:
5 5 5118 -8 6
Sig=L|s 9 -3||-8 6 -2
20
-5 -3 116 -2 4
5(18-8-6) 5(-8+6+2) 5(6-2-4)
L s45-9.8-3.6 ~-5-8+9-6+3-2 5.6-9.2-3.4
20_-5-18+3~8+11-6 5-8-3-6-11-2 —5-6+3-2+11-4
20 0 0 1 0 0
~1lo 20 ol<|o 1 0],
20
10 0 20| [0 0 1

as it should be.



4. Find a parabola y = ax’ + bx + c that comes as close as possible to describing the data
{(x,y)} = {(—2,3),(—1,1),(0,0),(1,3)} . As it is the quickest way to proceed, you may use

the “ A" Ax = A"b”” method, which I have justified previously in the course.

Solution: It would be wonderful if the system

ax’ +bx+c = y'(x,y)—é(—2,3
2 da-2b+1c=3
ax +bx+6:y‘(x,y)—>(—1>1) la-1b+1c=1
2 _ c>0a+0b+lc=0
ax® + x+C—y}(x,y)—> 0,0) la+1b+1c =3
a c=

ax’ +bx+c= y’(x,y)—é(lﬁ)

actually had a solution (a,b,c) e R®, but this in unlikely since there are four (not three)

data points. In fact we have

4a-2b+1c=3 4a-2b=3 4a-2b=3 4a-2b=3 8-2=3
la-1b+1c=1 a-b=1 (a=b)+(a+b)=1+3 2a =4 a=2
< & < o
Oa+0b+1c=0 c=0 c=0 c=0 c=0
la+1b+1c=3 a+b=3 (a-b)—(a+b)=1-3 -2b=-2 b=1
6=3
a=2
< )
c=0
b=1
the (first of the) latter being nonsense. So we write our system as
4a-2b+1c=3 4 -2 1 3
la-1b+1c=1 1 -1 1 a 2
e b|= < Az =r.
0a+0b+1c=0 0 01 0
c
la+1b+1c =3 111 3

Again, this has no solution. But we know we minimize the (Euclidean) distance between
Azand rata zgsatisfying 4" 4z, = 4'r . Evidently we must first make the following
calculations



4 -2 1
4 1 0 1 18 -8 6
, 1 -1 1
A"A={-2 -1 0 1 =[-8 6 =2
0 0 1
1111 | 6 -2 4
111
3
4 1 0 1 17
, 2
Ar={-2 -1 0 1 0:-5
1111 8
3
Thus we want to solve
a 17 al
AAb|=dr=|-5|c]0 =(ATA)“' Ar=8"4"r
c 8 cj
5 5 5|17 5(17-5-8)
2515 5 9 3|-5|=—| 5.-17-9.5-3-8
-5 =3 11] 8 -5-17+3-5+11-8
[20 1
-1 16 |=| 4/5 |.
20
18 9/10

where we used the inverse calculated in problem 3). Thus the best parabolic fit to the data

2
points {(x, )} ={(~2.3),(~L1),(0,0),(1,3)} s y=x2+-§x+ 0 10X +8x+9 e

10
that this curve goes through the points {(—2,3.1),(—1,1.1),(0,.9),(1,2.7)} : not bad.

10 10

5. a) Consider the quadratic form

Q(x,y, z) =1x* +2y? +32% (0.6)

Insert the change of variable

1o
X\/_3_—_3\/§u
|1 2 1
e R T
o, L
V2 N

into (0.6) to develop a new quadratic form Q in the new variables (u,v, w). Make sure

and expand the form out, i.e. write the new form as
Q(u,v, w) =au’ +bv +cw’ +duv + euw + fow



for some new (but very specific) constants a, b, ¢, d, e ,and f.(Thatis, what are a,
b,c,d,e,and [?)

b) Write Q(u,v,w) as
u
Q(u,v,w):[u 1% w]A v |=fTAf
w

for some symmetric matrix A . (That is, what is this symmetric matrix? It will be easier to
) . : . 1
proceed with the last part of this problem, part d), if you write 4 = —6—B : the “large”

denominator 6 appears in the calculations).

¢) Calculate the (factored version of the) characteristic polynomial of the symmetric
matrix A.'m expecting you to have some insight here, i.e. to notice a connection
between the various parts of this problem: if you calculate the characteristic polynomial
via the definition, you probably won’t finish this exam.

d) Use the results of c) to calculate eigenvectors of 4. Where have you seen these before?
Note it is possible to avoid fractions in this calculation, despite the “fractional” form of

A.

Solution: a) Evidently we get

2 2 )
0 - -1
Q(uav>W)=1x2+2y2+3ZZ=1[Mj +2(M@1) +3[MJ

V3 V6 V2

(u+v+w) ;(u—2v+w)2+—§—(u~w)2

2(u+v+w) +2(u 2v+w) +9(u—w)2}

ox|»— oxi~ wIH

“5L2
[2 (u+v) +2(u+v)w+w’ ]+2[(u 2v) +2(u- 2v)w+w:l

o

=é[2(u2 +2uv +v? +2uw+2vw+w2)+2(u2 —4uv + 4 +2uw—4vw+w2)+

u' = 2uw+w )]

ou’ —18uw+9w2]
1 2
= 8[214‘ +4uy + 2V + duw + dvw + 2w + 24’ — Suv + 812 + duw— Syw+

2w +9u® —18uw + 9w2:|



:-é—( 3u2+10v2+l3w2—4uv—10uw—4vw).

b) From a), evidently the matrix is

13 -2 -5
Azé -2 10 2|
-5 -2 13

c) The characteristic polynomial of a matrix A is P(1):=det[A/ - 4]. Note that for a
3X3 matrix, this gives a polynomial of degree 3, with leading order term A°. Also note
that the zeroes of P(/l) are the eigenvalues A, and that such appear in obvious places in
the diagonalized form of O, the latter being the original Q written in (0.6)! Hence these
cigenvalues are 1, 2, and 3, so that P (1) must be

P(A)=(1-1)(1-2)(A-3).
d) We have

E,(1)=Nul[4-1I]=Nul[64-6/]=Nul} -2 10-6 -2

7 2 -5 7 -2 -5 7-7(1) -2-7(=2) -5-7(1)
=Nul|-2 4 -=2|=Nul|1 -2 1 |=Nul 1 -2 1
-5 2 7 -5 -2 7 -5+5(1) -2+5(-2) 7+5(1)
0 12 -12 0 1 -1 1 2 1 1 0 -1
=Nul|l -2 1 |=Nul|l -2 1 |=Nul|0 1 -1{=Nulj0 1 -1
0 -12 12 0 0 0 0 0 0 00 0

1 \/g 1

1 1]
1
=Span<|1|;=Spany—|1



13-12 -2 -5
E,(2)=Nul[4-2I]=Nul[64-12/]=Nul] -2 10-12 -2

-5 -2 13-12
1 2 -5 1 -2 -5
=Nul| -2 -2 -2|=Nul|-2+2(1) -2+2(-2) -2+2(-5)
5 2 1 =5+5(1) -2+5(-2) 1+5(-5)
-2 =5 1 =2 -5] 1 —2+2(1) -5+2(2)
=Nul|0 -6 -12|=Nul|0 1 2 [=Nul|l0 1 -2
0 -12 -24 0 0 0] 0 0 0
1 0 -1 1 1 1
=Null0 1 2 |=S8pan<|-2{}t=Spani{—|-2 |}, and
P 4 7
00 0 1 1
13-18 -2 -5
E,(3)=Nul[4-3]]=Nul[64-18]]=Nul| -2 10-18 -2
-5 -2 13-18
(-5 -2 -5 525 5-5(1) 2-5(4) 5-5(1)
=Nul|-2 -8 -2|=Nulll 4 1|=Nul| 1 4 1
-5 =2 -5 0 0 0 0 0 0
[0 -18 0 010 010
=Nul|1l 4 1|=Nul|1 4 1|=Nul|l 0 1|=Spani| 0
0 0 0 0 00 000 -1
1
= Span L 0
J2

-1
Of course we’ve seen these in the (orthogonal!) transformation generating the
nondiagonal quadratic form Q(u,v,w) from the diagonal one O(x, y,z).



