Problem:

Let u = (ul, u2) and v = (v1, v2) be vectors in R*2. Verify that the weighted Euclidean
inner product <u, v >= 4ulvl +3u2v2 is an inner product by showing that it satisfies
the inner product axioms.

Solution:

If u and v are interchanged, the right side remains the same. <wu, v>=<v, u> This
satisfies the first axiom.

For the second axiom use the vector x = ( x1, x2) and place it into the second axiom.
<u +v, x>=4(ul+vl) x1 + 3(u2+v2)x2 = 4ulxl + 4vix1 + 3u2x2 + 3v2x2
combine into the proper order = (4ulx1 + 3u2x2) + (4vlx1 + 3v2x2)

=<uw,z>+<Vv,zZ>

For the 3rd axiom.
<ku,v> = 4( kul)vl + 3(ku2)v2 = kdulvl + k3u2v2 = k(4ulvl + 3u2v2) = k<u,v>

And the 4th axiom.
<v,v>=4vlvl + 3v2v2 = 4v1*2 + 3v2*2

It is easy to see <v,v> = 4v1°2 + 3v2"2 >=0. Also <v,v>=4vI"2 +3v2"2=0 if and
onlyifvl =v2=0.

Problem: [7(1) \(7 \/O\\%

Find the orthogonal projection of u onto the subspace of R4 spakned by the vectors vl,
v2,v3.

u=(22,1,5); vl =(2,1,1,1); v2 = (1,0,1,1); v3 = (-2,-1,0,-1)

Solution:
The subspace spanned by the vectors is the column space of
[2 1 -2]

[1 0 -1]

[1 1 0]

[1 1 -1]

So we can find the orthogonal projection by finding the least squares solution and
calculating the projection from that. %

2] 4 -6]
-1] = [ 3 —3]
0] [6 -3 6
_1]

AT *A=[2 1 1 1] 2
1 0 1 1] * [1

[2 -1 0 ] [

[1

—_—— O =



AT *u=[2 1 1 1] [2] [12]
[T O 1 1] * [2] =[8 ]
[-2 -1 0 1] [1] [-11]
[5]
The normal system ANT*Ax = A*T*u is now
[7 4 -6] [x1] [12]
4 3 3] * [x2] =([8 ]

(6 -3 6] [x3] [I1]

Solving the system

[7 4 6:12] n 1 0:1] n 1 0: 1]

[4 3 -3:8] ~ [0 -1 -3:4] ~ [0 -1 -3: 4]

[(6 -3  6:-11[0 3 6 :-5] [0 0 3 7]

1 o0 1] [1 0 0. -2]

[0 -1 0: -3]1 ~ [0 1 0: 3]

0 0 -3: 7] [0 0 1: -7/3]

so now Projection of u on W = Ax =[2 1 -2] [-2 ] [11/3 ]
[1 0 1% 3] = [1/3 ]
[1 1 0] [-7/3] [1 ]
(1 1 -1] [10/3 ]

Problem:
Find the characteristic equation, eigenvalues, and eigenspaces of the following matrix.

Solution:

I will use L for lamih

To find the characteristic equation: det(LI- A)=det [L -10 9 ]
[-4 L+2 ]

= (L-10)(L +2) + 36 = L"2 -8L-20+36 = L"2 -8L+16=0
the characteristic equation is L"2 -8L+16=0

The eigenvalues are simply the roots of this quadratic equation. They are both 4.

To solve for the eigenspaces, you replace lambas with the eigenvalues in the matrix that
you took the determinant of. and then row reduce.

[4-109 ] =[6 9]~ [2 31 ~ [0 0 ]

[-4 4+2] [4 6] [2 -3] [1 -3/2]



x1=3/2x2 x2=x2 x = [3/2x2] = x2 *[3/2] the basis vectoris [3/2]
x2 ] [1 ] 1]

this vector is the basis for the eigenspace corresponding to lamba = 4

Problem:
Find a basis for the orthogonal complement of the subspace of R* spanned by the vectors

vi=(124-3), v2=(-5,7-8.6), v3= (2001 |
NN @@WA/\ A/vu@A/ 50 vt Uine,

Solution: / A
Let A=[1 2 4-3] and then find the basis. V“(H‘j VOO N~ ‘/b/ﬁ’“%
[-5-7-8 6]
[2 2]
[124-3] [

1
7-8 6]=Nul[ 0 3 12-9]=Nul[ 0
2 00 2] [0-4-8 8] [0

[-1] /(fdl« \/5

] [1/2] _ the nullspace of A

1S IR v 12,

c, O = N

Problem:
Find the transition matrix from B = {u,, u,} to B’ = {uy’, u;’}, where
w=[4],w=[2],u’=[0],u’ = 5]

[6] [-1] (3] [4]

Solution:
= “[m[uz](v)s = [ur’juy’ ](V)B
:>P (i mefx [uy’ [mz]=[0 5] [4 2]=(115[4-5][ 4 2]
¥ vl [3 4] [6-1] [-3 0][[6—1]
=(-1/15)[ 14 13]=[-14/15-13/15]
[-12 -6] [ 4/5 2/5 ]

Problem:
Find a matrix P that diagonalizes
A=[-5 3]
[0 1].

Solution :

A is an eigenvalue <> 0 = det[AI-A]

=det| A +5 3|=(A+5)(A-1)=0=>A1=-5, 1.
| 0 A-1]



When A =-5,
Nul[AI-A}=Nul[ 0 3]=Nu][ 0 1
[0-6] [0 0] [0] [0]
When A =1,
Nul[AI-A] =Nul[ 6 3] =Nul[ 1 2] = span{§l/2]} = p, =[1/2]
[00]  [00] [1] [1]
So, P=[pi|p2] =[ 1]
[0 1].
Checklng the answer: 7/
P'AP =[ 1 4%][-5 3][ 1] #[-5 5/2][ 1 %] =[-5 0]
[0 1][01][01] [0 1][0 1] [O 1]
Thus, P diagonalizes A.

Problem:
Consider the following vectors:
0=(0,2,0),u=(2,0,2),us=(2,0,-2),
a.) Determine if the set S = {u;, u, u3) is an orthogonal set ,
b.) If S is an orthogonal set, then determine its corresponding Orthonormal set.

Solution:
a.) Sis an orthogonal set since <uj, u; >=<uj, u3>=<uy, u3>=0
b.) The Euclidean norms of the vectors in pa W are:
Ly 1AV, w2 | 2% us |

Consequently, normalizing u;, u,, and u; yield

u1/||u1||/§o 2N(2),0)= (0, @D#t) (0,1 ,0)

Vz— 2/ || #(1,0,1) )
vi=u3/ || w3l #(1,0,-1) (
Verify if the set S = { vy, v,, v3 }is orthonormal by showing that W xfev ‘\’
<V, V2> =<v,vi>=<vy,vy>=0 and |v,[|=]| V2| =] vs]|=1 \J/\-\,
Q"
AQW
Problem: ()}(0\, \\
Determine if the given matrix A is orthogonal. n \"V )
/ \.,"*""e/\’ ‘((/\/1(/"7
[11-2] e {
A= [31-1] V™ A
[02 3] s
‘ WJ‘”O
Solution: {J
Since a square matrix A is orthogonal when 4™ = 4" and when 44" =1. "‘QQ V \\
Calculate 44" IV
[T1-2]][13 0] [6 6 -4] [100]
A'=[31-17[1 1 2]=[611-1] #[010]
(02 3][-2-13] [4-113] [001]

Therefore, 4 is NOT orthogonal.



Problem: (ﬂ‘)& Q\ﬂ)vo\m/\

Prove the following equivalent statements given what we have studied so far

If 4 1s a symmetric matrix, then
a)y-The eigenvatuesol dare-gi-real Mumbers

(b) Eigenvectors from different eigenspaces are orthogonal.

(Hint: we have not learned all necessary methods to prove (a), and assume all entries

contain real entries)

Solution:
Proof (b).
Let v; and v, be eigenvectors corresponding to distinct eigenvalues N; and A; of the
matrix 4. We want to show than a51d v?: 0. The proof of this involves the trick of
starting with the expression

AV1* V) = V]*ATV2 = Vx*AV;z (1)
But v, is an eigenvector of 4 corresponding to A, and v, is an eigenvector of 4
corresponding to N, so (1) yields the relationship

NV vy = vi* vy

Which can be rewritten as

- v ;["’?= 0 2
But A- A, #0, since Ajand N, were assumed distirfct. Thus it follows from (2) that
Vl* Vy = 0
Problem:

Three equivalent statements that we learned are:

1) matrix A is orthogonal

2) <Ax,Ax> = <x,x> for all values of x

3) <Ax,Ay> = <x,y> for all values of x and y
Prove the validity of one of these statements given one of the others. (ex. If3 is true,
then 1 is true because...)

Solution:
1) If 1 is true then 2 is true because <Ax,Ax>= (Ax)'Ax =x'A'Ax = X'x = <x,x>
2) If 2 is true then 3 is true because (let * represent “normal Euclidian” dot product,
and //A// represent length of A) <Ax,Ay> = Ax*Ay = Vi[//Ax+Ay//* -//AX-Ay//*] =
VAL AGXHY) -1 AX-Y)/F] = Valll(x+y)P-1(x-y)IF] = x*y = <x,y>
3) If 3 is true then 1 is true because <Ax,Ay> = <x,y> = (Ax)' Ay = x'y which
implies that x' ATAy- x'y = 0 => x"(ATA-I)y = 0 => <x",(ATA-I)y> = 0 and since
this must be true for all values of x and y we will choose x to be (ATA-I)y so the
last equation can be rewritten //(ATA-I)y//2 =0=> (ATA-I)y = 0 which means that
. \Jgi-t-he::-(é&-_lb_(),or—y-:ﬂ.and since this must hold for all values of-zs#rd "y, not
just y = 0 then (ATA-I) must equal 0. If (ATA-)=0then ATA=1=>AT=A"
/ which means that A is orthogonal
*Though not necessary to answer the problem, the fact that we have proven that 2 is true
if 1 1s, 3 is true if 2 is, 1 is true if 2 is shows that if any of the above statements are true
{ then all of them are true.

WXL(/ Cu\{\/%jr" \u'@;t/ —%@e/ (,?1,_(/[{ ) /A/\’\&S S
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Extra Credit Problem: W
What is 7 thinking?

Solution:
That Elvis lives on Mars.



“ ¢¥s- 1. Given that <u,v> represents the Euclidean Inner Product and that u = (1,-5,-7) and
v = (-3,18,1), calculate <5Su,v>.

Solution:

<Su,v>=5<u,v>=5uyv, +u,v, +u,v,)=5-3-80~-1) = 5-90) = —450

{4 pts. 2. Let W be the subspace of R spanned by vectors W, = (2,0,4,6), w, = (LL1,.-4),
w, =(2,-1,5,-5) . Find a basis for the orthogonal complement of W.

Solution: The space W spanned by w,, w,, w, is the same as the row space of

2 0 4 -6

1 1 -1 —4]. Thenullspace is the orthogonal complement of W:

2 -1 7 -5

2 0 4 -6[0 1 0 2 =30 1 0 2 =310 1 1 2 =30
1 1 -1 -4/0|~|1 1 -1 -40{~0 1 -3 -10(~|0O 1 -3 -1[0
2 -1 7 =50 2 -1 7 =50 0 -1 3 110 00 0 010

x, =-2s5+3t “QL— 2] 3]
W é
X, =3s+¢ 6@‘» 3} 1
, so the orthogonal complement of W, 1sV1 W, = .
X; =8 N 1 0
x, =t | 0 1

i5 pis. 3. Let {u} € R’ with the Euclidean Inner Product. Transform the basis {u} into an

u, =(1,0,0)
orthonormal basis {W} when u, = (3,7,-2).
u, =(04,1)

Solution: First find the orthogonal basis:
v, =u, =(1,0,0)

v, = _<“_2’V_1_>_v1 fu, = —2(1,0,0)+(3,7,-2) = (0.7,-2)
(vi,vy) 1
<u3,v1> <u3, > 30 105
v 04.1)-0-v, —2(0,7,-2 = =
Vi = Uy (VI,V1>V1 <V2,V2> ( ) Vi ( ) ( ’53° 53)

leves N d% ok’
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, PGS
#6p1S- 4. Find the least squares solution of the linear system Ax = b, and find the orthogonal projection of
1 0 2] [ 2 ]
b onto the col fawhere A=| 5 & Llao| 72
onto the column space of A, where A4 = 1 3 o = 0l
0 -1 -1} -1
Solution:
J1 0 2]
1 -2 1 0 6 1 0
r -2 1 1
A"4=10 1 3 -1 ={1 11 2|,
1 3 0
2 1 0 -1 0 2 6
10 -1 -1
4 2]
1 -2 1 0 6
r -2
Ab={0 1 3 -1 0 |I= -1,
2 1 0 -1 2
-1
o
6 1 0|6 1 11 2 -1 1 11 2 -1 1001%36
1 11 2-1}~10 1 3(1|~|0 1 31~010—-6—1
0 2 62 0 —65 —-12|12 0 O 18377 0 0 1|77
i 183 |
o [ s
191 - 191 61
— 1 0 27—
6 » 11| B |58
X=|———|pr i b:A_x: B —_—— | = 183 )
6174 1 3 o) 61| | 47
77 77
A 0 -1 -1] 2 183
| 183 | - 1183 | =29
L 183 _

5. Consider the bases B = {u,,u,,u,} and B’ = {uw’,,u’,,u’;} for R’, where

u, = (1,0,0),u, = (L,1,0),u, = (LL1), “1 = (1,2,1), u; = (0,2,3), u3 =(0,0,4).
5 pt3 a) Find the transition matrix from B to B’.
£ ¢13 b) Find the transition matrix from B’ to B.



9 pis.

~

[a%

-2
¢) Find [vlp if [Vl = | 7

3 | X(S \V‘/’O\\/\\,V Jﬁé

e
Solution: a) First, we must find coordh}m@)rs for u,,u,,u, relative to B’. W\‘\/”b )‘”b\ﬂ
\ , 1 , _ - \>\ \(ne/k/\(/,
U =uU — U, +-U 7 (A L
1 1 1 - ¥ -
, N 1 1 Co- "
By inspection, ¥, = U, — —U, + —U; . Thus, P=|-1 ——=— ——| -
y 1nsp 2 15 2 g™ n 2 LA \{\\,\\lo\\r@
AN
U, = U, —lu' +—3-u' LU - v 0"\\3
3 1 2 2 3 3 L 2 8 8 i \(\\‘J\,(‘?)
WO e
b) First, we must find coordinate vectors for u,’,u,’,u;’ relative to B. - Qf A
' \0&&,\ v
U = Uy +u, —u 1 3 4

By inspection, ¥, = 3u, —u, —2u, . Thus, P=| 1 -1 -4|.
u;=4u3-—4u2+0u1 -1 -2 0

1 3 4 |[-2 31

ol 1l -1 —-4| 7 |=|-21].
-1 -2 0 3 -12
. 6. Prove the equivalence of the following:

a) A is orthogonal, b) ||Ax|| = ||x]| for all x in R", ¢) Ax-Ay = x'y for all x,y in R".

a~b: Assume A is orthogonal. Then 4" A =1, and
[ 4x] = (Ax- Ax)"2 = (x- 47 4x)% = (x-0)% = ]

b~c: Assume b. Then

ax- Ay = Hdx + A = Hax— " = LG+~ - = G+ b= oA =%y
c~a: Assume ¢. Then

x-y=x-ATAy:>x~(ATAy—y)=O:>x-(ATA-—])y=O.

This holds if x = (A7 4—1)y, so

(A"A-Dy-(A"4A-Dy=0=>(4A"4-1)y= 0> 4" A I , because the system is
consistent for all y based on our assumption of ¢. \__ V\/\’\ Vx : us \/\ 9\},‘/{ S W\/\S

ad ¢ 6 Ao X



-1 2 4

7. Consider thematrix A= 0 1 0 [
0 0 -2 Zf

1S 2) What are the eigenvalues of A?
5pif  b) What are the eigenvalues of A*?

S pir  c) What are the eigenvalues of A’? (Hint: there is an easy way to do this) M

¢ ptr d) Which eigenvalue will A never have if A exists?— <

Solution: s ﬁ‘ Vo e e cz)&-exb-Q
-1 +2 +4 o .
det(Al — A)=(AF1)(A+1)(A+2) e \/\/\\ACJV\C
a)A~| 0 1 0 | ( . ' ‘ A
0 O _ 2 ﬂ« = '—2,_1,1 W\S\%A\VY U (/ S

a«c\oﬂ
b) eigval(A¥) = [eigval(A)]*. k=2,s0 A =4,11.

k=750 A=-128-1]1.

d) eigval(A) # 0.

6 5 0 3
. 0 3 10 -7
[* t¥. 8. Determine whether this matrix is diagonizable: A =
0 0 -4 1
00 0 2|

Solution: This is a 4x4 matrix, so if it has 4 distinct eigenvalues it is diagonizable (since an nxn
_diagonizable matrix always has n disti i es). This matrix is also upper-triangular,

meaning its eigenvalues are the entries on the main diagonal. These entries are distinct and there

are 4, so the matrix is diagonizable. 7

VL\A’ vee, - v ‘t”XW\a\”Q,

| \ ek :l:—y\HO
\ies

Q‘\,
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15017 9. Prove that if A is orthogonal, then the row vectors of A form an orthonormal set in R® with the
Euclidean inner product.

RS AR K A
. T rz . rl rz . r2 . e r2 . rn
Solution: AA" can be expressed as . . . , where the row vectors of A
IR AR P A

arer sub 1 through n. Thus, AA"=Tifand onlyif 7, -#, =...r, -7, = land 7, - ; = Owheni

does not equal j /whi‘ch are true ohly if the rows are an orthonormal set in R".



2° P 10. Find a matrix P that orthogonally diagonalizes A, where

-2 0 =36
A=| 0 =3 0 |, and determine P'AP
36 0 -23

A+2 0 36
detA-A)=det| 0  A+3 0 | =Q+2)(M3)(A+23) — 1296(\+3)
36 0 A+23
= (M3)( AH250-1250) = (A-25)( A+50)( A+3)

So, the eigenvalues of A are A;=3, =25, A3= -50. Therefore, ¢ W{ b) \/\/\D ot
xl=0
-1 0 36]=xt] [0 1 0 0] xl=r 0
A=3:10 0 O x2|=|0|=[0 0 O xX2=5s=u u2=(1},
36 0 20| x3] |0 0 0 1| x3=¢ 0
A =25: 2o o Hy ove
27 0 36| xt] [0 1 0 4/3] xl=-4/3*s —~4/3]
-0
0 28 0 fx2|=[0{=]0 1 0 % 222 s ua=| 0 ,
36 0 48(x3| |0 00 0 x3=s 1 |
A =-50: M) ”V) ~e_

~48 0 36 x1] [0] [1 0 —3/4] xl=-3/4*s _3/4
0 -47 0 [|x2|=|0o|=]0 1 o0 7L 255 Su6=| 0 |u
0 1

00 O

And use Gram-Schmidt %@W/\’V 1L mod B phie »)\‘3 A ng—
Cx<eb L 0
4 oL by

2,vl
A=3: vl =ul =(1,0,0) v2=u2 -<T—2>v1 =(0,1,0)
vl

v3ous. BV (VD) (0,0,1)

M NI %w)r ¥

-V - -
ql = v (1,000 q2=(0,1,00 q3=(0,0,1) (/5()\ \ - Ao

x3=¢§




<u5, v4>

vl

q4= % =(-4/5,03/5)  q5=(0,1,0) Ow J\A\V\ Ms

A=25: v4=u4=(-4/3,0,1) v5=u5- v4 =(0,1,0)

A= 50: v6=(-3/4,0,1) v7=(0,1,0) 5. MLZ) R
q6=%=(3/5,0,4/5) q7 = (0,1,0) A g7 )
WX A KV P
_4/5 0 3/5 S 70 S
So,P=[q4,q5,¢6]=| 0 1 0
3/5 0 4/5 Wy w7
and P AP = PTAP: Voo WM“W
~4/5 0 3/5|[-2 0 -36][-4/5 0 3/5 _ g
0 1 o0f[0 -3 o0 0 1 0 (=0 -3 A sl
3/5 0 4/5|[36 0 -23||3/5 0 4/5| |0 o e
T
N \V\,@\/M



1) Given A and B:
A= |4 0 B= |2 6
3 8 3 4 ué"‘*)\( \Mw&\(

. Y
a. Find <A, B> (the inner product). = \ \“V\‘C\( Q » E\; -
L

b. Find ||Al| (th ) MaS
. Fin € norm).
N E \X(X—'O \,\ e \X‘\O AVANN
c. Find |B]||.
\ Ao e wT . e
Solution: v/\“"‘t\ﬂ{, J
o Y
a. The inner product is simply the s¢m of the product of the corresponding

entries between matrix A and B. Here is the following work to determine the
inner product:

(4)(2) + (0) + (3)(3) + (8)(4) = 49.

b. To find the norm of a matrix all the entries have to be squared, added together,
and then the sum has to be taken as follows:

|A]| = (472 + 372 + 8°2) ~ (1/2) = 9.43.
c. Exact same process as in part a, only this uses matrix B as follows:
Mevn ™
IB|| = (22 + 6”2 + 3°2 + 4°2) ~ (1/2) = 8.06. N84
/—ﬁﬁu&*K’Q

2) Find the least squares solution of the linear system, Ax =b, given by: M
‘* y ) e

Xi—x2=1
2x1+2x2=4
X1 +3x2=3
Solution:
1 -1 1
A= B=
2 2 4
-1 3 3

Theorem 6.4.2 states: A T*Ax = AT*b so both sides need to be solved for to
determine the matrix x:



A |12 A 1 - _ |6 0
4 2 3 2 2 0 14
13
e |12 1| _| 6
a1 2 3 4 16
3

6 0 Xi 6

0 14 X2 16

Now the equation must be solved for as follows:

6 0 6 After row reducing we arrive with:
Xi=1
0 14 16 X, =8/7

3) Find the coordinate vector for v relative to S = {vi, vz, v} for:

v =5+4x+3x2 J\< N
vi=1+2x+3x"2 ‘\\<\'\U \( \
va=2+3x+ x"2 7 W X0V ¢ ‘U%
Vi =9 + 6x + 4x"2 WA el ~N B o

. . " PR v ot
Solution: S )\je’ \(

/ ) ° { 7 A

This is a rather simple problem if the question is understood. All that ‘w d \Qd\
has to be done is to set up the system of equations as columns of a matrix and w
multiply the coefficients together including the solution matrix to determine the ’6\&_,@

coordinate vector: / W\) .
A Ny

v
i 2 9 5 XV "\ Q@“
Column vectors \)\(9 .
2 3 6 4 M“ \)(
(W
3 1 4 3 PRy !
‘\X ku,eﬁ \u&sd >



<’ .
K A N
\ S .
W 0wy O&(QV' (\rv\mv\
1*2*9*5=90 Therefore, the coordinate vector is W \3

2%3%6%4=144 (90, 144, 36). Y
3%1%4%3=36 A

various other problem) Prove that [Ju + v|| < ||u|| + |[v]| , where u and v are vectors in an
inner product space V.

Solution: Cﬂ/dé Q{J\D\‘Q .
(Jutv)*2=<u+v,utv>

=<yu>+2<u,v>+<v,v>

< <u,u>+2|<u,v>|+<v,v> (Absolute value property)

<u,u>+2 || Iv|| + <v, v> (Cauchy-Schwarz Inequality)

IA

[ufl ~ 2+ 2 fjulf [Ivil + fivil ~ 2
= (ljul[ +{v[}) 2
And once the square roots of both sides are taken we arrive with the inequality of:

[Ju+ Vi < jull + vl -



\)M\,\\nf‘}& ‘”
\{u\m/\ ‘-)H‘(

|aber

(/(%

4) Find a basis for the orthogonal complement of W, where W contains the vectors:
w1 =(6,6,-2,0,2)wy=(-2,-1,3,-3, ) w3=(1,1,-1,0,-1) and w4 = (0,0, 1, 1, 2) -

Solution: The space W spanned by these four vectors is the same as the row space of the

matrix: \ % Vo g

6 6 -2 0 2

-2 -1 3 -3 1 _
A= : ) . 0 : and by theorem, the null space of A is the

0 0 1 1 2

orthogonal compler{lent of W. To find the null space, we reduce the matrix and then use
algebra to solve for the values?"

6 6 -2 0 2 66-2 0 2 66-2 0 2
-2 -1 3 -3 1 :037—95 :037—95
-1 0 -1 00 4 0 8 00 4 0O 8
0 0 1 1 2 001 1 2 00 0 -40
We know that: 7
X:0 \,{/Q\r\/\/"'
4 H('(,
X5:t &{ﬁw\
NS
So, /""
3x,— 14t +5t=0
X2:3t
X3:-2t

6x,+ 18t +4t+2t=0
X1=-4t

-4
) A ) .
So, the null space is'equal to t . € basis for the orthogonal component, then, is
P q ) g

the vector v= (-4, 3,-2,0, 1)



5) Given the two matrices:

3/7-6/72/7 1 0 O
A=12/7 3/7 6/7 B=|01 0
6/7 2/7 =3/7 0 01

Are the following matrices orthogonal?

a) A

b) B

c) AB

d) What is the det(AB) and how is this value related to whether or not AB is

orthogonal? " \\ .

v
Solution: N

a) In order to determine whether the matrices are orthogonal, we take ATA because
by theorem, A is orthogonal if and only if either AA" =TI or ATA=1

3/7-6/721/7 3/7 2/76/7 1 00

2/7 3/7 6/7 -6/73/72/7 =101 0 , which tells us that
6/7 2/7 =-3/7112/7 6/7-3/17 0 01

A is orthogonal!!!

b) following the same process as in a, we get that the identity matrix times itself is
still the identity matrix, which gives us that B is also orthogonal.

c) By theorem, a product of orthogonal matrices is orthogonal, so we know that AB
will be orthogonal.

d) To find the determinant, we first multiply A by B, which gives us A because B is
the identity matrix. Then, we use the formula for a 3x3 matrix that the

det() = aei + bfg + cdh - ceg — ath — bdi

which gives us

B/TYB/TY(-3/T) + (-6/T)6/TYN6/T) + (2/TY/ITY2/T) — (2IT)3/T)6/T) — (-6/T)(2/7)

(-3/7) = B/TYH6/TY2/T) =

-27/343 —216/343 + 8/343 — 36/343 — 36/343 — 36/343 = -343/343 = -1

The determinant of an orthogonal matrix must be 1 or -1. Because the determinant is

equal to -1 in this case, it also helps to show that this matrix is orthogonal.



6) Find the eigenvalues of the following matrices:

122/319/78/3

0 5 30
a)
0 0 6 5
0 0 0 9
1 00
by| 610
321

¢) And find the characteristic polynomial of the following matrix:

o o W
— NN

1
8
0

Solution:
a) By theorem, if A is an nxn triangular matrix, then the eigen values of A are the
entries on the main diagonal of A. So, 4 =1, 4 =5, 4 =6,and 1 =9
b) By the same theorem, 4 =1
c) To find the characteristic polynomial, we must first find the characteristic
equation, which is det(I4 - A) =0, and then expand it.

After subtraction, we have the equation:
A -5 - 2 -1
det( 0 A - 6 - 8 = (. By using the equation to find 3x3
0 -1 A
determinants, we get:

(A-5)( A-6)( 1)+ (-:2)(-8)(0) + (-1)(0)(-1) ~ (-1)( A-6)(0) — (-2)(0)( 4) — (A-5)(-8)(-1)
=(A-5) A-6)( A)—8(A-5)=(A*-6A)A-5)-84 +40=A>-51%-612+304 -
84 +40=A°-1117+221 +40

So, our characteristic polynomial is:
A7 -112%2+222 + 40



é\/m»/x{ x@ ‘W\§

7) e \ I l\ b\“\qw\ v
¥ is an inner product space with inner product <X, Y> = tr(X"Y) = tr(Y'X)
If the set of matrices S = {A, B, C, D, E(Yvhere

33 =27 -6 2 -27 =19 -7 =1 6 12
21 21 g8 4 -21 37 -9 11 -3 9
span V,find a basis (S’) for V.
)~ Sulahes
The first step is to observe that a basis for M22 is going to contain 4 linearly independent
matrices. We need then to find which of the five matrices is a flnearly dependent multiple
of the others.

It turns out that C is linearly dependent ( C =B + 3D ) and so will not be part of our V\A’V)
basis. Orthogonality for each vecté%? 1s next tested using the given inner product formula ] Ve
and recalling that <X, Y>=4#" 7¥Xand Y are orthogonal. To help with calculations it 1

beneficial to simplify our inner product to the equation ‘6 g \XM) ;

<X, Y>=x1y11 + X21y21 T X12y12 + X22¥22

It is now the trivial activity of multiplying indices and adding them.

8) [ WWV‘JM\M»K

. : /
Normalize the basis found above.” e JQ\W)X‘B

v 1
To normalize each matrix we ny%ﬁ—rp‘ry each matrix by its respective norms, that is “ ”

Al = (<A , A>)"? = (332 + (-27) 2 + 212 + 2192 = (2700)? = 30+(3)

11 -9
1 1043 1043
[V P
1043 1043
Repeating this process for matrices B D and E we obtain
-3 1 -7 =7 24
V30 V30| pr_|10¥3 10V3 | g |4/30 430
4 2 -9 11 -1 3
V30 /30 103 1043 V30 30

andS’={A, B, D’,E’}.



9)
Suppose that the invertible matrix A is diagonalized by the matrix B . Show that A'is

diagonal
e lzey’( v&-% o Yhe Ve
A=PBP— \(\© e

A= (PBP) \\, AT = D MUBJ v X

ARk s @W%gww

Therefore A™' is diagonalized by B™" . 50 o é\W) \ 75 A %
ST

Suppose that N1is an elgenvalue of the matrix A with associated eigenvector v . Show that
N is an eigenvalue of A* with associated eigenvector v (where k is a positive integer).

Suppose (\)W"{' Yy V\b‘“‘)—ww ‘

A'v =N\'v (n<k) is true. Now we will show that it is true for A™v = Ny

Multiplying both sides by A gives
AAV=AN"V) = A"y =NAv
and we know

Av = \v

so we have

A"y =N = Ay =Ny

therefore by induction we have shown that A¥v = Nv and that N is an eigenvalue of A* .



10)
Given the matrix A above is

Rk
A= |:9 - 8:| B\U\f
6 -5 R
R :
find A” . \}((/\‘ \r“\( %
- P
Recall that A* = PBP™
so the problem can be reduced to finding P and B then calculating PBP .
¢ (L
The characteristic equation | Nl — A | = f gives A= 9N(A+5) - (-6)(8) =0
Solving for Awe get Ny =1 =3 .~ S\ vy e

W next find the bases for the eigenspaces using (NI — A)v =0 which is

A-9 8 |[v
{ ! } = 0 and substituting in \; and A, we obtain the matrices
V,

-8 8 -6 8
6 6} and 6 8} respectively. It can easily be seen that the vy and v; are

vi = (1,1) and vz = (4,3) which produce the matrix

1 4 -3 4
P= [l 3} who’s inverse is P~ = [ | } . The matrix B is also easily found to be

A0 1 0
B — =
0 4, 0 3
. 3 ; |1 0 . 31
Finally to calculate A” we find B” = o 27 and then calculate the equation PB°P™ ",

.1 49111 0]|-3 4 1 108i{i—-3 4 105 -104 3
which is = = =A.
1 3|0 27111 -1 1 81 1 -1 78 =77



6.1 (15 Points) L/

1. List the Axioms of an inner product and use them to determine if:
<u,v>=u,v; — Upv, + u3vs3 is an inner product on R (10 points)

Solution
1. Symmetry
<u,v> = <v,u>
2. Additive
<u+v,z>=<uz>+<v,2>
3. Homogeneity
<ku,v> = k<u,v>
4. Positivity
<guw> 20
And <u,u> = 0 iff and only if u =0

u;vy — upva + u3vs passes all of the axioms except the last one. M
Positivity - because there is no way to get a negative term in the expression.

\A.LVSY (\A/t\ S(\’\D V‘UA\,\/’, Yuo &/\\\{)w* , g\/\w-) §UY"'QA/\4M>/)

2. Find <A,B>, d(A,B) (5 points)

| Wt a iy W
A=[l 4} N _3\ AN A WA wan s
-6 3 {0 8} Ea&(n—u\m |
AW %1
Soluti o €
OUIOEA,B>:5-12+O+18=11, W w

am=|t 7
Bl s

D(A,B) = V16 +49 + 36 + 25 = /126



Section 6.2 (15 pts)
1. Find the cosine of the angle between A & B when: (3 pts each)

a) A=(4,1,8) B=(1,0,-3)

b) A=-1+5xr2x B=2+4x+9x (v YLess&

C)A:[z 6} B:[s 2} M(’JSUV{QMW}/G)

1 -3 10 oK .\V‘V\&
| q"
\ s
cos0 = <u,v>/(||ull|[v]]) W "~
Solutions - Vb
a)

<A,B>=4(1)+ 1(0) + 8(-3) = -20
IAJIBll = V42 +12 +8% *4/12 +.0% + 8

9410

7 =20/9410)

b)
<AB>=-1(2) + 5(4) + 2(-9) = 0

IAIBl = V=12 +52 + 2% *4/2% + 42 1 -9% = /3030

T o

0)
<A,B>=2(3) + 6(2) + 1(1) + -3(0) =19
HAIBI = V22 + 62 +12 + 32 *4[32 122 + 12 + 0% =107

7 =19/10+/7)

2. Determine if the following sets are orthogonal (2pts each)
a) u=(a,b,c) v=(-ab,-c)

b) u=(a,b,c,d) v=(-b,a,-d,c)
¢) u=(0,2,3) v=(9,1/2,-1/3)

Solutions W

a) a(-a) + b(b) + c(-c) = -a*+b2c> NO ~
b) a(-b) +b(a)+ c(-d) +d(c) =0 YES
¢) 0(9)+2(12)+3(-1/3) = 0 YES

lem\” ‘L((/



Math Exam Key III

6.3
1. (2 points each) Are the following sets of vectors orthogonal with respect to the
Euclidean inner product on R??

1 1
e (-4

Solution
a) 0*2 + 1*0 = 0 inner product =0 > Yes

1 1

1 1
b) ——=*—=+—-—=*-—==1 - inner product # 0 > No
V2 20 2 2
N
2. (2 points each) Are the above sets of vectors orthonormal? 1 \Vuv‘“O '
) \ JBJ\.J
Solution g Kot
w\"')( \,)\,d “
. . 01y20 _ \
a) First we find the Euclidean Norm Til33 0*2+1*0=0 (\’}\

inner product=0 é Yes ~ M‘(’M ( A h V‘L)V' ()rM\.U Ay

b) \/ L T
V22 )
Nothing changes, therefore, — L. L ——1- =1

1
et
22 2 2

inner product # 0 2 No

3. (3 points each) Find the coordinate vector of w with respect to the orthonormal basis
that has been given.

a) w=(3,7);u1=(%,—%) m=(%f%} 4
ow
o w-croznw=(2 -2 Y wo(212) - (1 2 2 w”g )
3. 3.3 3.3, 3 3.3.3 e
L(’\L,,(_(N/‘("UJ(«:) W‘\’\ul«wﬂ«l—/ wse 7w

W= g, 7d, T LW g 04 @Lﬂ\w;@&/dﬂ,(%ug)
= Qﬁﬂ%’z; A WA Q"ﬂ\w—)%aj = 2 507,



\

Solution W v

; L L 1 0 -242
a) \/g \/1—2— —> Ws:(—zﬁas\/—z_)
7 —ﬁ E 01 5\/5
] ™ ]
-1 -i- % % 100 -4
b)| 0 —% % é——m 1 0 151 ws=(4,15—1,353—) \<\,wBY
1 22 23 \CV”X N
2 - -2 Z 001 = B L
i 3 3 3] A 5 ] N X

4. (2 points) Choose the correct answer: Every nonzero finite-dimensional inner product
space has an orthonormal basis.
Always Sometimes  Never

Solution
Always
Theorem 6.3.6 on page 323 in book.

5. (4 points) The subspace of R? spanned by the vectors u,=(4/5, 0, -3/5) and u,=(0,1,0) is
a plane passing through the origin. Express w=(1,2,3) in the form w=w,+w,, where w,
lies in the plane, and w;, is perpendicular to the plane.

o
W‘?() oA ¢
Solution ‘ X\/“"’
/V‘/\I\Vb\\ ?(usb)vuv
Wis(-5.2,3) =3 > \;w@/}(‘
COW\Q\“ 5(5 CUV“Q
12 V‘Wl v

9
Wy =(2.0, =
2 (5 5)



Section 6.5

1. Givepthe Bases B={u,u u3) B’={v,v,v3} for R (10 pts) , et
2 2 1 , 3 1 -1

a#i u= 1| u= -1 usz= 2 f, \2 1 \%Y 1 V3= 0 )
1 1 O R P -3 2

4) Find the transistion matriz from B to B’ 7

b Find the coordinate vector [w]g: — w\/b«\i VS 0\
Solution b( ‘,\
\ S~ J Q(Vab

Setting up the Matrix Qw
3 1 -12 2 1

1 1 01 -1 2
-5 -3 241 1 1

And row reducing gives us
1 003 2 5-2

01 0-2 -3 -1/2
00 15 1 6

3 2 5-2
Pgp=|-2 -3 -1/2
5 1 6

Since partd basks us to find [w]s> we need the transistion matrix from B’ to B.
3 2 5-21{1 0 O 1 0 0] 35/2 19/2 -15/2

-2 -3 -1/2[4j0 1 O0{~|0 1 Of|-19/2 -11/2 7/2
5 1 6 0 01 0 0 1} ~13 -7 5



onn’

L s (5
To Compute [W]g- from the equation o ‘

P [w] = [wls N
35/2  19/2 -15/2][-5 100 -7/2
~19/2 -11/2 7/2 || 8] ~ |0 1 0 23/2
13 -7 5 ||-5 001 6
~7/2 X g
[wlg-= | 23/2 \(\d"" \N"'C) \»\CLC
6 ) A ¥ o
)(\M,) 0\ o~ v pu\v—)d“\q(usuvb ’
J/ W e Y W

2. What happens to P, n transition matrix, if the vectors vi,va,....vy of the basis B are
reversed, (ie: vp,.....v2,v1) (5 points)

Selution
Reversing the columns on B will reverse the rows on P



6.6 (20 pts)

1. What is the determinant of an orthogonal Matrix? (5 pts)
lor-1

2. What is the definition of an orthogonal Matrix (6 pts)
a matrix A with the property A 1=AT |

3. If the Matrix is orthogonal, find its inverse. (B pts Each)

2 AZ[C?SQ -—sinH] ﬁ\V’K{’ LK \Q
sin@ cosé - AN
cosf -—sinf|| cosf sinf 10 . M‘v\‘\a
= \
Line cose][—sine cose] {0 1} \o by
A*AT=]  So. Al cosfd -—sinéf
’ sin@ cos@
0 -1
b)A= |0 1 0
-2 1 2
1 0 -1§)1 0 -2 3
0 1t 00 1t 1]=

-2 1 2-10 2
A*AT*1, So A is not Orthogonal

0 1 1/42
)A=|1 0 0
0 0 1/2
0 1 1/\2|[ o 1 00
10 0 =0 1 0
oom/iufouf 0 0 1
0
A*AT=] So,A'=| 1 0 0

1742 0 1/42



7.1

1. (3 points each) Find the characteristic equations of the following matrices:

30 10 -9
a) b)
8§ -1 4 -2

\
i \
Solutions _ Ao \/\y\f/

a) ' -24-3=0
b) I’ -81+16=0

2. (3 points for each part) Find ﬁ\bases for the eigenspaces of the matrices in
problem 1.

Solution

1
V| —
A Basis for eigenspace corresponding to 4 =31 2|

1

w0
A Basis for eigenspace corresponding to 4 =-1} ¢
1

3. Choose the appropriate answer(3 points) A square matrix A is invertible if and
only if A =0 is not an eigenvalue of A.

Always Sometimes  Never

Solution

Always
See theorem 7.1.4 on page 365



1
Compute < p, q > using inner products.
.2 o X’Z?
a) p=-3x+2y—z e Vs )
q=y-5z 7‘ /\"70'« {){WV\D\/V‘}/
b) p=16r-12s+3u & e o bewe X’
q=2r+12t-1lu Vot ? <
. U1
Solution: M’ V\-\/)\V)M 7 U %q’l ‘

a) <p, q>=-3(0) +2(1) +1(5) =7
b) <p, q> = 16(2)-12(0) +12(0) +3(-11) =-1

2

Determine if the matrix is orthogonal. If it is orthogonal, find the inverse.

| 1 0 0 |
| O 1/sq.root(2) 1/sq.root(2) |
| 0 -l/sq.root(2) 1/sq.root(2) |

Solution:

| 1 0 0 | ] 1 0 0 |
AA'™= |0 1/sq.root(2) 1/sq.root(2) |*| 0 1/sq.root(2) -1/sq.root(2) |
| 0 -l/sqroot(2) 1/sqroot(2) || O 1/sq.root(2) 1/sq.root(2) |

| 1+0+0 0+0+0 0+0+0 |
= | 0+0+0 0+1/2+1/2 0-1/2+1/2 |
| 0+0+0 0-1/2+1/2 0+1/2+1/2 |

| 1 0 0|
=10 1 0|
|0 O 1]
| 1 0 0 |
This is orthogonal, and the inverse is | 0 1/sq.root(2) -1/sq.root(2) | -
| O 1/sq.root(2) 1/sq.root(2) |

UM



3

Find a matrix P that diagonalizes A.

|4 1 0 |
A= |0 0]
13 3 3|
Solution:
| A-4 -1 0 |
detAI-A)= | O A-2 0 |
| -3 3 A-3 |
= (A-4)( A-2)(A-3) =0
A=4:
10 -1 0]
o 2 0]
-3 -3 1 |Move to 1% row and divide by -3
|1 1 -1/3 | Add 2™ row
|0 -1 0 | Multiply by -1
| O 2 0 | Add 2 times 2" row
1 0  -13| \—CJL
o 1 0 | ‘s
o o 0 | \

| 173 | Bl
p=10 | &£ \O
b1

=2:

SR

T

)

2 -1 0 |Divide by -2

|

| O 0 0 | Switch with 3™ row

|3 -3 -1 | Add 3 times new 1% row

| 1 1/2 0 | Add -1/2 times new 2™ row
| 0 -3/2 -1|Multiply by -2/3

| 0 0 0|



| -1 -1 0 | Multiply by -1
lo 1 0]
-3 -3 0 | Add 3 times new 1% row
|1 1 0 | Add -1 times 2™ row
| 0 1 0 |
0 0 0]
| 1 0 0 |
o 1 0|
o 0 0]
| O]
ps=| 0]
| 1]
|13 173 0]
P= |0 23 O] UMV
| 1 1 1| Szfr 197 v‘?
e Q:\
) N w
)\ \/\ﬂ/
4 b"f\ \[/0‘/
Verify the Catichy-Schwarz Inequality for the following inner product and vectors.
/,\/\/\D > QY‘Jbb\u IAUA’ “MJV\V\'C\/‘ W’
<u,v> =u, Vv, +2u,v, +2u,v, +u,Vv, 9

LU 7= UFE U U vu”

= L.\ \-u_a P LA U~
S0 chevse W= () togb <447 = “2 <0
Cauchy-Schwarzis (u,v)<|ul||v| first evaluatmg the inner product(u, v). — A

Y(‘u\q,‘)\?lw V\U\L\M fwr sthe 45 and Vé A el
S)V\u{/t«p&" A “"w ?R)M_' PVU&M)A/

u=(-12),v=034).

Solution



(u,v> =u,v, +2u,v, +2u,v, +u,v,
= -1(3) + 2(-1)(4) + 2(2)(3) + (2N4) = 3+ -8 +12+8
(u, v> =9 %‘
SN Ve z
=N, Ml Al . WF v, %7’)
=((-D)*+2)y"=(1+4)
z (e e) F2®

ol -5
wob 1w L~y l)EE3Y
vl =7 +9,)" w550 R 2

= (32 +42)l/2 :(9 + 16)1/2 (25)1/2 L‘ ._7 \\ WV‘LL —7 \ 1 m i U l ﬂl

M= ‘
A C'S wat W e

Now using these results we get the inequality to be:

(u,v) <|ulv|=9< 5./5 , which if it is not obvious we can square both sides to get:

81< 25(5) = 81<125, valideequamy.

5

Consider the bases B = {u,,u,} and B’ = {v,,v,} when

u, =(,-2), u, = (21), v, =(3,-1), v, =(1)).

a) Find the transition matrix from B to B’".

3
b) If [w], = [_ 2:‘ find w in respect to B’ .

Solution

a) Finding the transition matrix. First start by writing v, and v, in terms of B.

v, =a*u, +b*u, and v, = c *u, +d *u, which are then re-written with the vectors

in place:
3 1 2 1 1 2 X .
=q +b |and | |=c +d|” | which is code for the system of
-1 -2 1 1 -2 1
equations:
3=at2b and 1=c+2d

-1=-2a+b 1=-2cHd Once again can be re-written as:



o hove. Strectlo L
CHE T LML

1 2
if 4 :[ 5 1], then the det(4)=5, and 4™ ={

1/5 =2/5
2/5 15 |
Solving for a, b, ¢, d using the inverse of 4.

AN R W AR R e A

Finally the transition matrix is Py, = [(v,), v, ), )= E -3 1//55} |

1 -S| 3] [3+2/5] [17/5
1 3/5 | -2| [3-6/5] |9/5]

What are the eigenvalues of the following matrices

b) [w], = 32] to find [w]B in respect to B’, simply multiply [w]B by Py, .

3/2 0 0 O
4 -1 0 O -2 -1
A= , B=
2 3 1/5 0 3 2
3 g8 -2 3
Solution

A) By inspection, because it is a lower triangular matrix, the eigenvalues are the
entries of the main diagonal. So 3/2, -1, 1/5, and 3.

B)  For Buse thatdet(4 — 4)=0.
A+2  —-1 . o
det(AI — 4)= det[ - 2} , the determinate of a 2x2 matrix is just ad-bc, so
A+2
det[ "
3

1 2 _ 92 _
/1_2]:(/1+2)(,1—2)—(3(—1))=1 —4+3=2-1.



A2-1=0. Solving for lamda, we get the eigenvalues to be 1.

7

Find the least squares solution of Ax = b given by
3X1 - X2= 0
X1 + 3X2 =-1
6X1 - 3X2 =-4
also find the orthogonal projection of b on the column space of A.

Solution:

To find a least square solution Ax = b, solve the normal solution ATAx = A'b

3 -1 0
: T 3 1 6
A=|1 3 X= =11 A=
X, -1 3 -3
6 -3 -4
3 -1
T 3 1 6 X, 46 -18]| x
A'Ax= 1 3 =
-1 3 -3 X, -18 19 ||x,
-3
v
0 o~
3 1 6 -23 . I~ ' et
ATp = 1 1| = /\(\\w\,( W
-1 3 -3] 15

W'\s 25
46 -18] -23] [10 200 7] [10 200 7] [1 2| 7/10 kb(
18 19] 15 | |-18 19 15| |-18 19| 15] [-18 19| 15

1 2| 7/100 [1 2| 7/10] [1 2| 7/10 1 0| -167/550
_18 19| 15 | |10 55| 138/5] |10 1| 138/275] {0 1| 138/275

X1 = -167/550 x; = 138/275

To find the orthogonal projection of b on the column space of A use thm. 6.4.2 which
states projwb = Ax if w is the column space of A and x is the least squares solution.

20 —~
- /\‘”’y\\w wele e

(4



-1 —777/550

3
-167/550
projwb=1|1 3 { }= 661/550

138/275
-3 —183/55

8 ({b ué )C\I PL " 2 Vux\\.&'
Find the QR decomposition of y A (A
\q u\( C N L)./\
A=|2 9 3 \M)%ib‘[ LX)
10 4 &

Solution: JX ‘\

Column vectors of A:

You must convert to an orthogonal basis, then normalize to make orthonormal, do this
using Grahm-Schmidt.

{v1, v2, v3} orthogonal basis

viTum = (1,2,1)
V2 = Uy projuu; = u; - <u2";1 > vi
il
<up, vi>=2+18+0=20 WJ«»
vill = Vi+4+1=16 e N7
L U I/\O
=(2,9,0) - 20/6 (1,2,1) = (-4/3, 7/3, -10/3)~ ~1
v2 = (2,9,0) - 20/6 (1,2,1) = ( ) @.Lvl el
. <u3’v1> <u3,v2> \ \&<
V3 = W3 — ProjuwzUiz = u3 - 3 Vi - 2 V,
vl Iv.

<u3,vy> =3+6+4 =13
<us,vy> = -4+7-210/3 =-31/3

lvall = V16/9+45/9+100/9 = +/165/3




-31/3
=(3,3,4) - 113/6(1,2,1) - -4/3,7/3, -10/3 O
vz =( ) (1,2,1) 165/9 ( ) (j\/v-"'lf”)‘

=(3,3,4) = (13/6, 26/6, 13/6) + 31/55(-4/3, 7/3, -10/3) = (9/110, -1/55, -1/22) ( A )
vi=(1,2,1) v2=(-4/3,7/3,-10,3) vs=(9/110, -1/55, -1/22)

{q1, q2, q3} orthonormal basis

Vil = V1+4+1 =6 |lval| = /(4/3)> +(7/3)* +(~10/3)> = /165/3

[Ivall = (9/110) +(=1/55) +(~1/22)> = /81/(110>) +4/(110*) + 25/(110°)

J110/(110%) = /17110
lvall = 1/4/110

q =vi/|vi||= 1/ V6 (1,2,1) = (1//6 , 2/J6 , 1//6)
qz = va/|Ival| = 3//165 (-4/3, 113, -10/3) = (-12/(3/165 ), 21/(3/165 ), -30/(3/165)
qs = va/|[vs|| = V110 (9/110, -2/110, -5/110) = (9//110 , -2/~/110 , -5/-/110)

<u,,q,> <u,,q,> <u,,q,>

Q = [qi|q2lqs] R= 0 <uy, 4, > <u3,q, >
0 0 <uy,q; >

<unq>=6/46 <upqi>=20/V6 <us, q>=13/V6 <upq>=55/+/165
<ug, 2~ = -31/4/165 <us,q3z”> = /4110

1 2 3 1/J6  —4/165 9/4/110
A=|2 9 3| Q=|2/J6 7/4J165 —2/4110
1 0 4 1/J6 —10/4/165 -5/4110

(6/\J6  20/6  13/46 |
R=| 0 55/+165 -31/4/165
0 0 1/110

9

Given the matrices

S M R

275)



a. Determine the inner product of <A B>, <B,C>, and <A,C>.

\
b. Determine the norm of A, B, and C. A7y“\~ ) Mx\\\ 0\-«\‘1 \’7”{(%

Gense W ook TE
N Wb e v—*‘k
<A,B> = 1(4)+3(3)+5(-1)+0(2) = 8 Z-\ DTS

<B,C> = 4(1)+3(2)H-1)0+2(-3) = 4
<A,C> = 1(1)+3(2)+5(0)+H0(-3) = 7

Solution:

a.

b.

Al = <A,A>"2 = {12 +3% +5% + 0 = {35
Bl =<B,B>'""= 4 + 3%+ (-1)* +2* = V30
ICl| = <C,c>'? = le +2%+0% +(-3)> =14

10

1
Find an orthogonal matrix P that diagonalizes A = {0
1

Solution:

Find eigen values of A

A-1 0 -1
det(AI-A)=det| 0 A-1 0 |=Q-1’-(-1)=0 Y W\,/\")
-1 0 A-1 o

[V

O-1) O-1) (-1)- (1) =0 A" W\;W \Y *§>
—~\

\er‘A”\ \1\\'\

K202 +HA-A+20-1- (A-1) = 0 N\ &\/»\/ \\(

(v W}\\ -

AZ22+41D(A-1)-(A-1) =0

- (’\A‘ - //L\

AB3AH30-1-A41=0



B3a+20=0
MAZ-3A+2) =0
MA-2)(A-1) =0

A=0,21

Find eigen vectors for all values of A
A
A=0 AY o
A NI A
-1 0 -1][x 0
0 -1 O0]|x,{=1|0
-1 0 -1}|x 0

L
XI=S Xp=t X3=-8 W VJ/W

s1 [s] [0 PR
SR

0
'\/WL\OQO\ Spaw% l&
=2 ~ou
1 0 -1][x 0
0 1 O 0
-10 1ij LJ \5(0\& M
X1=8 X2=t X3=8§ WM

] )50 (8

A
o o -1][x] [o 1 \ 51’(/
0 0 O||x, 0| Not a basis, not an eigen space

A



Ky s 0 1 0
x=|t|=|0|+t]|=s/0|+tf1
Ky s 0 1 0

Basis for eigen space corresponding to A =0

basis for eigen space corresponding to A = 2

1 0
uz = 0 g = 1
1 0

/WUM\ O,\ \\( VM

u; and u4 overlap so we use Grahm-Schmidt to normalize {u;, uz, u3} VVUJ

/42 0 /2 ,
vi=| 0 |w=|1|wu=| 0 Avy A oV,
~1/42 0 1/2 V)
with vy, vz, and v3 as column vectors we obtain
N2 0 142
P= 0 1 0 | which orthagonally diagonalizes A.

~1/42 0 12



1. Find the least squares solution to this system of equations (15 pts.)

2x, —4x, +4x, =12

2x,-x,=0
X, —x;, =6
4x, —2x,=0

Solution

This system can be represented in matrix form as

2 -4 4 12
X
2 -1 0 0
x, | =
0 1 -1 6
Xy
4 0 -2 0
2 -4 4 12
2 -1 0 %
Where 4 = 0 1 | ,X=|X, |[,and b=
x3
4 0 =2 0

From Theorem 6.4.2 we know that for any system, Ax = b, the system
A" Ax =A"b is consistent and is the least squares solution to Ax = b.

So
2 -4 4
2 2 0 4 X, 2 2 0
2 -1 0
-4 -1 1 O x|[=|-4 -1 1
0 1 -1
4 0 -2
simplifies to
24 -10 0 | x 24
-10 18 -17}x,|=|-42

which has the augmented matrix

24 -10 0 |24 1 -5/12 0 1
-10 18 -17|-42|~|-10 18 -17 —42
0 =17 21|42 0 1 -21/17|-42/17




(1 —5/12 0 1 1 -5/12 0 1

~l0 83/6 -17 | =32 |~|0 0O 9/17 |222/17 v{//\f‘
0 1 =21/17-42/17| [0 1 =21/17|-42/17 \W“UV\\,W/
12 -5 0 ]12] x=38/3 AR VAN

e
~ 0 17 —-21|-42| so x, =28 is aleast squares solution to Ax=b. \/\ C,()\ (/»/\"L
0 0 9 [222 =74/3 Q W

b K

2. Find the transition matrices P, and P, for B ={u ,u,}and B'= {u',,u', }, which are bases
for vector space V, where

2wy = T =] ] and wy =] ] s ps)
u, = 3 Uy = 0 ' = 4,an u', = 5 pts.

A transition matrix P, is a matrix such that P@¥[v], =[v], where[v], , [v], are the coordinate

vectors of v € I with respect to B and B’ respectively. By theorem 5.4.1 any arbitrary vector in
V can be expressed as a linear combination of any basis for V. That is

Solution

v= [ fuffu, ] =[u Jur ) ur, ] s So
2 -1 1 0
B O
: 10 :
The inverse of L _ 2} can be found by the following process
1 0Ol 0|1 O|1 Of |1 of 0
4 -210 1 0 -2-4 1 0 112 -1/2
So
1 0 |2 -1 1 0 |1 O
[2 —1/2}[3 O}MB:L *1/2}[4 —2}[@”
2 -1
s bkl
2 -1
> %2[5/2 —2]

By theorem 6.5.1 P™'ss = P,.,. P™'ss can be found by the following process.

2 -yl o) |1 =-1/21/2 O} (2 -1J1 O} |1 O8/6 —-4/6
5/2 =210 1 5 -410 2 (0 =3-5 4| |0 1|5/3 —-4/3




p 8/6 ~4/6
P53 —4/3]
3. If A is an orthogonal matrix, prove the following.

a) A" is orthogonal (5 pts.)
b) ”Ax“ = Hx” forallx e R" (5 pts.)
c) Ax- Ay =x-y forallx,y € R" (5 pts.)

Solution

f
a) A matrix is orthogonal if 4A™' = A" by definition. So it follows

that (47 ] = (4" )" = (47" 2 A | oo iy ¥ wette A wcf)mak Lw}

b) Because 47! = A it follows that 44" = 4" A =1. o W/\
o ”AXH _ AX'AX)I/Z =(X-A Ax)l/z =(X-X 1/2 :”x" Nﬁ W
¢) Since HAX” Hx” for all x € R" and from theorem 4.1.6 Ax- Ay = can be rewritten as

1/ 4| Ax + Ayn —1/4|Ax - Ay|| =1/4]4(x+ y)“ —1/4)|4(x- y)||2 v

= 1/4||(x + y)H2 ——1/4H(x— y)H2 =x-y.
4. Find the eigenvectors of the following matrix:

3 4

A=10 -1 3 | (15 pts.)
0 0 -1

Solution
Solve the equation det(Al — A) = 0. Because A is an upper-triangular
matrix, only the trace needs to be calculated for the matrix,— \/\4/\/ \(L(/ W@x -

A-2 -3 -4 W,E{MWVM,

B=| 0 A+l =-3| . ~ ~-2 v a+l
o o0 e SeOTAA B

which is equals the equation (A-2)(A+1)(A+1) = 0. Solving that equation
shows that the determinant equals O whend A= -1 and 2 (there are two

yields:

Solving BX = 0 will give the eigenvectors for A.



=3 -3 -4
o o -3|llx, Flo
0 0 0flx]

Solving those systems of equations yields eigenvectors:
A v WA N L cedu

T 1 0
[8], /42 |, 11/+2
0 _yvz| |2

5 Determine if there is a matrix P that diagonalizes the matrix A and if so, find P.

3 4
A=10 -1 3
0 0 -1](15pts.)

Solution
In the preceding problem, we determined that the eigenvectors for the
matrix A are:

1 0
[(D)], /N2 1, 11/42
2 B YNCARIAD

»

These vectors are linearly dependent therefore there isn't a matrix P

that diagonalizes the matrix A. — \ ¢ ¢ \-€wJ
b\

(15 pts.)

“f ]

Solution

5(1(“ A\
AN !
e\

6. Calculate a matrix P that orthogonally diagonalizes matrix A and then find D if possible.

3

-



Find the eigenvectors of A by solving the equation det(Nl — A) =0. The

solutions of
-9 -1
det( | -1 M9 ])=0

are where A= 10 and 8. Plugging those eigenvalues into the matrix above

creates the two matrices:
1 -1 -1 -1
-1 1 ) and -1 -1

Solving BX = 0 will give the eigenvectors:

1 1

2 V2

The two eigenvectors of A are linearly independent and therefore it is

possible to find a matrix P to orthogonally diagonalizes A and'if'forms a basis \,(AAVX/( ;
of A. Vs WL 4 el Wt
— N it i\ € ' (,) '
To continue the process of finding a matrix P, we must apply the Gram-
Schmidt process on the basis formed by the eigenvectors. Y\C\'( w \Afe\"

—ou

9 \,M@/
W= SRS, V2 0= SRS, VS a1 oV

Step 1:
vi=w =<1/275, 1/2~.5> UW M}(A«M
Step 2: o&fﬂ\ro,\«(/ ( |

Va2 =13 - <up, vi>vy / |[vy 2
vy =<-1/27.5, 1/27.5> - <1/2~.5, 1/2~.5> <1275, 1/2%.5> €N\ ve
ok 'Cowl‘ye/\

Finally, we must form the matrix P with the columns v;, v, gIving us

[1/\/5 —1/@}
V2 12

Now to perform the orthogonal diagonalization, we must perform the

operation P'AP =D.
oo /N2 12
~1/V2 12



i vl Bl Ve

7. Define the 4 axioms that must be satisfied for an association between 2 vector spaces to be
considered an inner product. (10 pts.)

Solution
A. <u,v>=<v,u> Symmetry
B. <u +v,z> = <u,z> + <v,z> Additivity
C. <ku,v> = k<u,v> Homogeneity

D.<v,v>> (0 and <v,v>=0ifand onlyifv=0  Positivity
8. Let My, have the inner product
u, u,
U - I:u U il Vl V2
3 4l and V =
v, Vv,

(UV)Y=tr(UTV)Y=tr(VTU) = uyv, +1u,v, +u,v; +1,v,
Find the cosine of the angle between A and B. (15 pts.)

) 2 9
- 6 1 B = 1 3
’ 5 —4
Solution
(u,v)

iVl a0 < 6 <

cosf =

) (Q*¥1+9%3+6*5+1%(=4))
N2 492 467 +17 417 +3% +5% +(—4)°

55
~ 1224051
55

cosd =
V6222

9. Let R? have the Euclidean inner product. Use the Gram-Schmidt process to transform the basis

{uy, uy, u3} into an orthonormal basis. (20 pts.)
U = (17 ‘13 O)a U = (07 '35 1)3 Uz = ('1a 03 2)



4, =

Solution

oY (’171/17’/73
v =1 _<”3"’1> <“ > “
N O e CE RS
Q\(’lgl\ﬁw
b= 2 26
Tl -
P
B T IRVIRRFY
T (c102)- ( 140 +0) (1-10) - (5 +0+2) (<211
W +(=DP+0%) T T (=R D
v, [8J506 5/506 154506] o bt\‘e).\ "
253 ' 506 506
”V3” E‘Q)‘O\

10.  Determine if the following matrix is orthogonal by taking its deterrnlnant

1 2 4 \\(\,2/
Q={7 6 5} (15 pts.) J ‘@(W
2 2 2 AN
Solution \{\‘j\< “0 d \/Va%
: : . . : guf .(,\CWV“Q 5’\
Q 1s orthogonal if the determinant of Q is 1 or -1. Since
1 2 4 \0
l0|=[7 6 5=1l6 5'—2)7 5‘+4| t=1(2)—2(4)+4(2)=2¢1,—1
DO B B - B! \W

og(cuw\r“/‘/\(/ Q&\ M\ )

matrix () is not orthogonal

N oot WE



1) What criteria does an orthonormal set of vectors have to meet (5 points)?

Solution:
1) Each vector in the set has to be orthogonal to one another (their
Ewebdesr Inner Product must be zero).
2) Each vector in the set must have a norm of one.
2) Determine the eigenvalues of matrix A (10 points):
Ao -1 7
Solution:
detOM - A) = det( ( B
et -A)=det( ([, )=( 4 )
q A+l =7
= det
3 4-3)

= (F1D(-3) = (-3)(-7)
=(\2)-21-3-21

=(A\"2)-21-24
= (A-6)(A+4) }7
)\ =-4, 6 (eigenvalues s/ e Wz it can
(cigenvalues) - (y / i
3) Show whether matrix B is diagonalizable or not (20 points).
L TV CE S

le —

el

Solution: Aol

A
det(XI—B)=det((O l)_(—6 1))

A-1

6 A-1)
= (A-D(A-1) - (6)(6)
=(M2)-21+1-36
=(\"2)-21-35
=A-D(A+S)
A =17, -5 (eigenvalues)

= det(

Now substitute the eigenvalues into the equation (Al — B) and row reduce
to obtain the dimension (the number of basis vectors). Note that “R2” is
referring to “row 2” during row reduction.



4

1 -6

))

7 0
TM=-B)=((, )=,

6 6

=(, ) (RY-6RD, R *(1/6)
1 1

= 0 0 ) Rank = 1, Nullity = 1, Dimension = 1 (1 basis vector)

-5 0 1 -6
SI-B)=(( 5 _ =g )

- 6
=( ¢ _g) RDTOERD, RD * (-1/6)
1 -
=( 0 0 ) Rank = 1, Nullity = 1, Dimension = 1(1 basis vector)

Since each of the two eigenvalues have a basis vector, the matrix is

diagonalizable. — g navaned Sihce (4. i
ha d AL%)‘\NA— <) avalv—ag :’V\)M«

Determine the norm (length) of each vector and the distances between them using the

Euclidean inner product (15 points).
Wurkté_ J\"UO
u=(4,5,6)
v=(7,3,9)
w=(8,1,0) I/U/V' é .
Solution:

normu=( (4"2) +(5"2) +(6"2) )~ .5
=(16+25+36)".5
=(77)" .5

normv = ((7"2) + (3"2)+ (9"2) )" .5

(49+9+81)".5

=(139)+~ .5

normw = ((8"2)+(1"2) +(0"2) )" .5
=(64+1+0)".5
=(65)".5

distance between u and v = ((7-4)"2 + (3-5)"2 + (9-6)"2) *.5
=32+ (22 +(3)2) "5
=(9+4+9)"5
=(22)"5

distance between u and w = ((8-4)"2 + (1-5)*2 + (0-6)"2) .5
=2 + (-2 + (-6)"2) "5
=(16+16+36)".5
=2*((A7*5)



3)

6)

7)

distance between v and w = ((8-7)"2 + (1-3)"2 + (0-9)"2) *.5
=((D)2 + (222 + (-9H2)~.5
=(1+4+81)"5

=(86) *.5
Calculate the Euclidean inner product <u,v> e, o~
V—& . W
a u=[13] v=[3 2] \e, WA N
o © 6 u\-(/\ ‘3 “

621 [12]°
b. Calculate the inner product <p,q> ( %\(‘AM'/ ‘&\ v\u\/
p=6+x+3x'2 | gq=-1+4x-3x"2 @N\QM)( -

N
Solution: K"\/'\>\' O W,\,\,\W : N \ﬂ, :
a. <uv>=03+6+6+8)=23
b. <p.q>=(-6+4-9)=-11 v el Velve X

Which vectors and matrices are orthogonal with the Euclidean inner product?

a. u=(6,3,9 v=(-2,-2,2)
b. A=[13 1]

{01 0]

[2 6 1]
c.u=(1,2,-49 v=_3,2,2)
Solution: %0 —@‘U\I ‘\7 \
a. <uv>=-12-6+18=0 ]

WX K

Because the inner product is 0, it is orthogonal A \,\»—L )
b. det(A)=(1-2)=-1 / K7 0 ¢ \
Because the determinate is 1 or -1, it is orthogonal
c. <uv>=3+4-8)=-1 J 0
Because the inner product is not 0, OT orthogonal A WQ/‘M &
aN& ("Wé
Consider the vector space R3 with the Euclidean inner product. Use the Gram-Schmidt
process to transform the basis vectors ul = (2, 3, 1), u2 =(0, 1, 0), u3 = (-2, 1, 3) into an
orthogonal basis {v1,v2,v3}; then normalize the orthogonal basis vectors to obtain an

orthonormal basis {ql,q2,q3}.

Solution: A
vi=ul=(2,3,1) & (?\C,)
v2Z=u2-<u2.vl>vl g
N W /gfv\
=(0, 1,0)—3/14(2, 3, 1) = (-3/7, 5/14, -3/14) s U, \

vi=u3 -<uldvi>vl - <ud v2>v2

vl v2|[?
2,1,3) = 1/7(2, 3, 1) — 8/5(-3/7, 5/14, -3/14) /ZB

E:g/s,o, 16/5) s &W L/\\)Oojaﬂ)‘

o



These vectors form an orthogonal basis for R3:
vl=(2,3,1) v2=(-3/7,5/14,-3/14) v3=(-8/5,0, 16/5)

The norms of these vectors are:

[vi]] =~(4) [|v2]l =~NGn4y  ||v3]| = 8M(S)

AV
So an orthonormal basis for R3 is: (0”

ql = _vl_=QA(14), 3N14), 114))

vl 95 \Bi &
q2=” v2" =(-37(14) 5¥(14) -37(14) )/\”Q/ J>5‘EW

130d \
Iv2]| ¢ 745, 144(5), 144(5) ) %w &\m V}< AN " b)‘/’

q3=_v3 _=(1N(5), 0, 2N(5)) &L \
8) Given the Matrix \b <
\JW"
5 01
A=|1 10
-7 1 0

a) The characteristic Equation.
b) The eigenvalue(s).
¢) Find the eigenvector(s).

Solution:

The characteristic equation can be found by the equation
det[Al — A]=0.

From this we have
A 0 O 5

0 1
det|f|l0 A O|-[ 1 1 of|=0
0 0 Al |-7 1 0
A-5 0 -1
=detfl -1 A-1 0 |=0
7 -1 A
= (A=5)A-D(A) -1-[-T(A-1)]=0
= (A =51-11+5)(A)+7A-T-1=0
= A -6 +124-8=0

Which is the characteristic equation for the matrix A.

b) The characteristic equation can be factored as follows

WA



(A-2y'=0

=A=2
The eigenvalue for matrix A is thus.

¢) The eigenvector is found by substituting 4 =2 into the equation

[Al—A][x]=0

Which is done as follows

2-5 0 1] x 0 -3 0 -1x 0
-1 2-1 0 fx|={0|=[-1 1 O0}x,|=|0
7 -1 2 | x 0 7 =1 2|x 0

From which we form the augmented matrix to solve for x,,x, and x;
respectively:
-3 0 =10 -3 0 -10 -3 0 -10
-1 1 0/0[=]0 -3 -10|=|0 -3 -10
7 -1 200 0 -3 -10 0 0 0

Which is code for
el S
—3x,—x,=0 xl—?x3-—?
—3x,-x,=0= -1 -1
X, =—x;=—1
x3:[ 3 3
X, =1

Which can be written as
—1 -1 L
/3 A V4 w

—1 ; = is | —1
4 /3 thus the eigenvector for A=2 is A
1

\
o ¥ \
Let

-1 0 1
A=|-1 3 o0
—4 13 -1

a) Find the eigenvalues of A.
b) Find the geometric and algebraic multiplicity of each eigenvalue.
¢) Tell whether A is diagonalizable or not. Justify your answer.



Solution:
a) To find the eigenvalues of A we begin by finding the characteristic equation of

A as such:
A 0 O -1 0 1 A+l 0 -1
detl 0 det|][O A O]—-|—-1 3 0 [|=det] 1 A=3 0 [=0
- = =
etM-Al 0 0 Al [-4 13 -1 4 —13 A+l

= (A+DA+1)(A=3)+1-[-4(A-3)]=0
= (2 —2A+1)(A=3)+4A~1241=0 3(“",\/\50'
SV -3 427 —6A+A+4A-12+1-3=0 \&qu
SV -A-14=0 oo AT /&
>

Which factors as (A-3)'=0=1=3

b) Because there is only one eigenvalue from a 3x3 matrix its algebraic
multiplicity is 3.

The geometric multiplicity can be found by substituting A =3 into the matrix
[ 11-A] and finding the nullspace.

Which is done by

2¢1 0 173 0o -1 [3 o =113 0o -1] [t 0 -3
I 2-3 0 }=[1 -1 O0[~|0 -3 —1|~[0 =3 —1{~{0 1 1/3
4  -13 2+1 4 -13 3 0 -39 13 0 0 O 0 0 O

Nrns 9 Yot

The nulls';&e of the above matrix is-defired-as the number of rows without a
leading 1, which is the third column, so the null is 1.

The geometric multiplicity is then also 1.

d) By theorem if the geometric multiplicity of A does not equal the algebraic
multiplicity of A, then the matrix a is not diagonalizable.

10)  Let IR’ have the Euclidean inner product, and let I be the subspace spanned by the

4 . ..
orthonormal vectors v,=(0,1,0)and v,=(——,0, é) Find the orthogonal projection

5 5
of u=(1,1,1) onto W.

Solution:



\
e YN o

. N
proj yu={u, v )v,+{u,v,)v, vt ¢
r %f\‘) \

4 3 4 3

=L OLODOLOH(LLI T 0D 500 py

=((1)(0)+(1)(1)+(1)(0)}(0,1,0) s
H=Hemo+ENE-1-3) ij' P
L4 .3 ‘ )
=(1)(0,10)+(=3)(~=5,0.3) oo W
577575 X\/\ Q\N \ o
4 3 AN A
55,1725 O 1A X
\
e



343 Exam Key Midterm 3

1. If u and v are vectors in a real inner product space and k is any scalar,
prove <u,kv >=k <u,v >. (10 points)

Solution:

<wkv>=<kv,u> [Bysymmetry]
=k <v,u> [Byhomogenity]

=k <wu,v> [Bysymmetry] .
2. Letu = (uy, 2, u3) and v = (v}, v, v3). Determine if <u,v>=3u; v{ + up v + 6u3 v31s
an inner product sgep on R®. Ifit is not, state the axioms that fail. (15 points)

Solution:
In order to be an inner product spee¢ the four inner product axioms must be satisfied.

Axiom 1
<u,v>=3uyvi+up vat 6u3 v3= 3vl upyt+ vy up + 6v3 w3 = <v,u>
Axiom 2
Let z = (zy, 22, z3).
<utv,z> = 3(utvy)zy + (urtvz)zz + 6(ustva)zs
=3u1z1 +3vizi F a2y + vazo + 6uz z3 + 6v3 23

Buizy + upzp+ 6u3 23) + (3v1 21 + V225 + 6v323)
=<u,z> + v, >

Axiom 3

<ku,v> = 3(kuy) vi + (kup) va + 6(kus) v3
= k3uy vy + kup vy + kbus v
=k(Buy vi+ up va+ 6us v3)
= k<u,v>

Axiom 4

<y V> = 3v12 + v22 + 6V32 > 0 for all values of vy, v,, and vs.
<v,v> =32+ 17 + 6v3° s only equal to 0 if each term is equal to zero thusv=20.

\
All four axioms are satisfied and thus § is an inner product spgee-



3. Let W be the subspace of R? spanned by the vectorsw; =(1,0,1,0, 1), w, =(4, 3, 4,
0,7),w1=(0,0,0,2,-2),and ws = (8, 6, 8, 0, 14). Find a basis for the orthogonal
complement of W. (15 points)

Solution:
The space W spanned by w;, w,, w3, w, is the same as the row spacg of the matrix

1 01 0 1

4 3 4 0 7
A=

00 0 2 -2

8 6 8 0 14

create an augmented matrix for Ax = 0 and row reduce.

1010 1 0] [1t010 1 0 1 0
4340 7 0 (0300 3 0 30
- -
0002 -20 10002 -20 -2 0
8 6 8 0 14 0] [8 6 8 0 14 0 6 0
1010 1 0] [1010 10 \\>,
N
0300 3 0/ 1010010 N \
0002 -20| (0001 -10 W“Abj
0000 0 0] (0000 0 O - Guvt
)

— — — - - —y - —

_ X1 —-5—1 -1 -1
X1 =-s—1t
Xy = -t X2 -t 0 -1
X3=§ =|x3|= K =511+ 0
X = -1 x4 —t ol |-1
X5=1
(x| | ¢t ] | 0} | -1}

= The vectors vl =(-1,0, 1,0, 0) and v2 = (-1, -1, 0, -1, -1) form a basis for the
nullspace of A and thus are also a basis for the orthogonal complement of W.



Lo Ueooven

4. Determine whether or not the following set of matrices is orthonormal with respect to
the inner product on My, where {UV )= U V) =tr(V U) = up, + upv, + u; + u,v,

(15 points)
[o oJ {—2/3 1/3 J [1/3 —2/3J {2/3 2/3J
tollo 230 253]L0 13

Solution:
First, in order for this set to be orthonormal, it must be an orthogonal set, se we must
show that the inner product for all combinations is zero.

W 0 0 -2/3 3 /3 —2/3 2/3 2/3
For simplicity, let A= 1 OJ, B= 0 2/3 y C= 0 2/3 and D = 0 1/3

(A,BYy=0*-2/3+0*1/3+1*0+0*2/3=0+0+0+0=0
(A,C)=0*1/3+0*2/3+1*0+0*2/3=0+0+0+0=0

(4,D)= 0%2/3 +0*2/3 +1*0+ 0*1/3=0+0+0+0=0

(B,C)= -2/3*1/3 + 1/3*-2/3 + 0*0 + 2/3*2/3 = -2/9 + -2/9 + 4/9 =
(B,D)=-2/3%2/3 + 1/3%2/3 + 0*0 + 2/3*1/3=-4/9 + 2/9+ 2/9 =0
(C.D) = 1/3*2/3 + -2/3*2/3 + 0*0 + 2/3*1/3 = 2/9 + -4/9 +2/9 = 0

Because the inner product of each combination is 0, we know that the set is orthogonal.
Now, we must show that the norm of each matrix is 1.

”A” = <A,A>l/2 = (0*0 + 0*0 + 1*1 + 0*0)1/2 — (1)]/2 — 1
1B = (B.B)" = (-2/3%-2/3 + 1/3*1/3 + 0*0 + 2/3*2/3)" = (4/9 + 1/9 + 4/9)\2 = (1) = 1
[Cll=(C.C)* = (1/3%1/3 + -2/3%-213 + 0%0 + 2/3%2/3) = (1/9 + 4/9 + 4/9)2 = (1) = |

1Dl =(D.D)" = (2/3*2/3 + 2/3%2/3 + 0*0 + 1/3*1/3)"2 = (4/9 + 4/9 + 1/9)"2 = (1) = |
Because the norm of every matrix is 1 and the set is orthogonal, then the set is
orthonormal. . \U :
N T \ weed (7()( \,V\W ;
_ ({o(}y \\Q S ‘(-\NS [70 \ )(" N2 )

5. Find the orthogonal projection of u onto the subspace of R’ spanned by the vectors v; and v».
(10 points)

U=(1,3,2)vi=(0,1,2), v,=(1,3, 1)



Solution:

The subspace W of R’ spanned by v, and v, is the column space of the matrix

0 1
=1 3
2 1

To find the orthogonal projection of u on # we can find a least squares solution Ax = u and then
calculate proj,, u = Ax from the least squares solution. The system Ax =wu is

0 1 1
Xy

1 3 }= 3
X,

2 1 2

1
= 5 5 and ATu: 0 l 2 3
5 11 1 31 5

The normal system ATAx = Au in this case is

5 oLk

the solutions to this matrix are x; = 17/30 x,=5/6. So

A

SO

o1 2
AT =
1 31

2[172}

N = O
— ) e

5/6
17/30
/s }: 46/15

01
projyu=Ax={1 3
2 1 59/30

or, in horizontal notation (which is consistent with the original phrasing of the problem),
projw u = (5/6, 46/15, 59/30).

6. Consider the bases B={u,,u,} and B'={u',,u',} for R?, where

o]

(a) Find the transition matrix from B' to B. (15 points)

(b) Compute the coordinate vector [w]g, where

2 .
w :[1] (10 points)



Solution:
(a) By inspection,
u',=3u, —u,

u', = 4u, +2u, X/\,\\S

[ ]

M ) v
Therefore the transition matrix is )( “ KV‘/\O \,\”}(

(b) Using the transition matrix found in part (a) yields:

el TH e

p

Solution: !
This matrix is orthogczt\/al. A matrix is orthogonal if it is square and its ihverse is equal to
its transpose. ¥Therefo e“any matrix can by multiplied by its transpose. If the identity
matrix results, then the original matrix is deemed as orthogonal. For this problem, the
following would result:

win
l

=

- —

[y —
! _[N
Wi

—

—

t

_
o
' 1

=

2 i 1 00
A4" = ZlI4 e 21-10 1 0
-22 711_25__—7252 001

dovdxur v\ foce S LS,

8. Find the real numbers that a and b may equal for the following matrix to be
orthogonal. (15 points)

—_
w
~1
w
w



Solution:
By definition, a square matrix is orthogonal if 4™ = A”. From this definition, it follows
that 4 is orthogonal if and only if A4” = 474 = I. Therefore,

VI - I I R
-aa+b-J%a+b 0 1

In order to satisty this equation and according to the definition of matrix multiplication,
the following three equations, which make up a system of equations, must therefore be

@) +(F)’ =1 2 2
al+l=1 @(a)+)a+by=0 (B +@rb)y =l

| P 2., 1 3. a®+a’+2ba+b> =1
a’=1 -a +—ﬁa+ﬁb=0. , )
L 2a% +2ba+b? =1.
a—-_ﬁ.

Because a can equal + or - and still satisfy equation 1, it may be substituted into
equations 2 and 3 to obtain:

1+2b(x ) +b’ =1

-3+ 5(EH)+4b=0 +2b+b? =0

) -3E3+5b=0 , DEETb)=0
b =+2 (Whena =-1%), " b=0(Whena=t1),
b=0(Whena=—5-). b=%(Whena=-%),
b=%(Whena=T‘5—).

In order for this system of equations to be consistent, a = % and b=0.

9. a) Find the eigenvalues and their corresponding bases for the eigenspaces for the
following matrix. (10 points)

ok
S O N O
S = O O
S O O

1

Y gw—;‘at\ﬂ\&

b) Find the matrix P that diagonalizes 4. (5 point



Solution:

a) From Theorem 7.1.1 we know that the eigenvalues of 4 are just the entries

along the main diagonal of 4 because 4 is a lower triangular matrix.
Therefore the eigenvaluesare A =10, A=2,A=1, A =35.

By definition x is an eigenvector of 4 corresponding to A if and only if x is a
nontrivial solution of (A/— 4) x =0 or in matrix form:

A-10 0 0 0 Tx
-1 1-2 0 0 | x,
-1 0 A-1 0 |x
-1 0 0 A-1{x,
If A = 10 then this becomes
0 0 0 Ofx 0
-1 8 0 Ofx,| [0
-10 9 0fx,| |0
-1 0 0 9jx, 0
Which by inspection yields

o O O O

1 1
X, =t x,= 8t X, = 91 --—t

Thus the eigenvectors of 4 correspondmg to A = 10 are the non zero vectors of

the form 31l
— 1 —y ha
~ o \4

=x and

1

is the basis for the eigenspace

\ol'—‘\ol’—*oolr—*

If l 2 then this becomes

-

-8 0 0 0fx,] foO
-1 0 0 Ofx,| |0
-1 01 0fnx, 0
-1 0 0 1]x,]| [0
Which by inspection yields
=0 x,=t x,=0 x,=0

Thus the eigenvectors of 4 corresponding to A = 2 are the non zero vectors of
the form



f{ |=x and is the basis for the eigenspace

o O - O
o O = O

If A = 1 then this becomes
-9 0 0 Ojx 0
-1 -1 0 Ofx, 0
-1 0 0 Ofx,| |0
“1 0 0 ofx,| |0

Which by inspection yields

x=0 x,=0 x;=5 x,=t

Thus the eigenvectors of 4 corresponding to A = 1 are the non zero vectors of

the form
0 0 0 0
o |o 0 0|lwe o

s ) +1t 0 =x and ) and 0 %‘f)le-ﬁhebasis for the eigenspace
0 1 0 1

b) The matrix P is just a matrix with the columns as the eigenspace basis from
part a.

- -

0

AN

I
()
s
<

10. For the following statements circle true or false and then support your choice with a
logical argument) a theoren} or a counter example,

a) Matrices with repeated eigenvalues are always diagonalizable. (3 points)

a 0 0 0
2 b 00
b) The matrix 4= where a#b#c#dandaq, b, ¢, dare real or
3 1c¢0 \-‘-f"Z.'ﬂLl‘-'{’ZO |>
4 21 d O

complex numbers is diagonalizable. (4 points)



c)

d)

Solution:

a)

b)

For every eigenvalue of some n x n matrix 4, the geometric multiplicity and
the algebraic multiplicity are the same. (4 points)

All orthogonally diagonalizable are symmetric matrices. (4 points)

1 1 . .
False, J, = [O J has repeated eigenvalues of 1, but solving for its

eigenvectors gives(Al —J,)x = [0 0 }x = (), the solution of which is that

1
x, =t x,=0. Thus every eigenvector of J, is a multiple of [0} and since

the eigenspace has 1 dimension and n =2, the matrix is not diagonalizable.

L
T{z\theorem 7.2.3 states that if an n x n matrix has n distinct eigenvalues,
then it is diagonaliszle. It does not matter if the eigenvalues are real or

complex. Wik Yhe 0y Ve~ W O X \ ¥

False, for an n x n matrix geometric multiplicity of an eigenvalue, A, is the
dimensions of the eigenspace corresponding to Ay. Algebraic multiplicity for
an eigenvalue, Ao, is the number of times that the factor A — A, appears in the

11
characteristic equation. The matrix J, = [0 1] has the eigenvalue of

A = 1 and the characteristic equation of (A — 1) (A — 1) =0, so the algebraic

0
multiplicity is 2, but (1 — I)x = [0 0 ]x =0 yields the solution

. . . 1 .
x, =t x,=0. Thus every eigenvector of ./, is a multiple of [O] and its

geometric multiplicity does not equal its algebraic multiplicity

d) True, suppose that

P'AP=D

where P is an orthogonal matix and D is a diagonal matrix.
Since P is orthogonal PP"=P'P=]

so it follows that 4 = P'DP.

We also know that D = D7

so trans7posing both sides vields
A"=(P"DP)"=(P""D"P"=PDP"=4

¥ gon wnd ad\yy CEd nFS /Fomvm\/flﬂ



Exam2 / : C\
S |
1. (15 points) If A = |ia1 a, and B= [ 2} are two Mﬂce\s with an inner
a, b,

a, b,

product defined as <A,B> = a,b, +a,b, +a;b, +a,b,, then compute the following when

i
Az[; ﬂ andB:[—Ol ; The i5 Ne Gt |\ e

,v
> clvws}nu\x\ S Yo \l W W)ﬂ) s e,

e ?\%swc

(a) (4,B
©) 4] T\

OYEX}
@ |4-B |
(e) d(4,B)

Solution:
@  (4,B)=1(0) +2(1y+ 3(-1)+2(3) = 0+42-3+6 =5

®) ”A | = <A 4 >”2 «/M)+2(2)+3(3)+2(2)=ﬁ+4+9+4= J18
© |5 " = ( B,B )=0(00+1()+-D(-D+33) =0+1+1+9=11

SN R il (P

<[l 1}1 1}> = JIO)+1(1) +4(4) - 1(-1) = V1+1+16+1 =419

@ J4-B]-=

4 -1[[4 -1
(¢  d(4,B)=]A4-B | = (solution to part (d) ) = V19

2. (20 points) Consider the bases § = {u,u,,u .} and §'= @,,uz, }m P?, where

u, =1, u, =x, u, =x’, and 111 —2,_1_42—3x 1, u, =2x° +x.

(a) Find the transition matrix from §' to S.
(b) Find p for polynomial p ’K: {2 - x}.

L&LSH«O eonr totordedw? T 59, epdo g R o {
Solution:

(a) First we must find the coordinate vectors for the new basis vectors u, , u, ,

u, relative to the old basis S.



u, au, +bu, +cu,

u, |=|du, +eu, + fu,
u'3 gu, +hu, +iu,
2 a+bx + cx?
3x-1 |=|d+ex+ fx°
2x° +x g+ hx +ix’

2 2+(0)x+(0)

2
X a

By inspection we can see that | 3x -1 |=|-1+3x+ (0)x” |. Since [u,] =|b |,

2x*+x) | (0)+x+2x°

d g 2 ~1

-

c

0

[Elz]s':_‘ eland [u;]g =| A |; [u]s =0}, [w,]5 =| 3 and [u,]e =|1].

f i 0 0

In addition the transition matrix from S' to S is denoted

2-10
Thus the transition matrix from S’ to Sis: P={0 3 1
0 02
2]
(b) We first express p  as the column matrix [V]S'= -1
0 .
2-10(2
previous solution, [v]s = P[v]s. =10 31|-1|=
0 0 2|0

2

p= il bkl )

. Using P from the

2 +DED] |5

5
We now simply convert[v]; to P |~ 3:\ =5-3x.
0

3. (30 points) Find an orthogonal matrix P that diagonalizes A =

3(-1) =|-3].
i 0 0
211
121}

112



Solution:

We will first need to find a basis for all possible eigenspaces of A. The
characteristic equation of A is det(N -A) = 0.

200 (211 A-2 -1 -1
det(AI —A)=det| |0 4 O}-|1 2 1||= -1 A-2 -1
00 A} (112 -1 -1 A-2

—(A-2f ~-1-1-3(1—-2) = 2* —64* +94-4 = (A-1)"(A-4)

From this we see the characteristic polynomial is (1 —1)*(4 - 4) =0, and the
eigenvalues of A are A=1 and N=4.
Xy
By definition x = | x, | is an eigenvector of A corresponding to N if and only if x
X3

is a nontrivial solution of (M — A)x = 0. In our situation that would be:

-

A-2 -1 -17x] Jo
‘1 A-2 -1 |x,|=]0].
1 -1 A-2f x| o

If =1,
1 -1-10] [t11]0
-1 -1 -§0[~|00 0{0|~x,=—85-1,%x,=5,%x; =L
-1 -1 -10] |00 00

From this we see that the eigenvectors of A corresponding to A= 1 are the

x —-s—t -1 -1
nonzero vectors of the form, | x, |=|s =su, +tu, =s 1|+ 0 |and
X5 t 0 1
-1 -1
u,=| 1|u,=| 0 |. These vectors (u,andu,) form a basis for the eigenspace

0l 1! W3 S;w"f\\{\e)\blwx W W\\
corresponding to A=1. Q(\{\A . (NUL oS
0 . U\/\\({'\L\l

To convert these into orthonormal vectors we use the Gram-Schmidt process to
first convert %, andu, into an orthogonal set of vectors, and then normalize the
resulting vectors to obtain the orthonormal vectors.



Applying the Gram-Schmidt process:

-1
vi=u, =1
0 \
-1 -1 [-1/2 /LW \\
Y, =uy - <u2’v> 0 -1 1|=|-1/2 V.
ll"l” 1 2 0 1

To normalize we divide each vector by its magnitude resulting in the orthonormal
vector set of v, and v,.

lvf=v1+1=+2
v, = V(=1/2)* +(-1/2)* +1=f(6/4) =6 /2
-1 —1/+2
z}=% 1 |=| 142
0 0
_1/2] |-UA6
y'z:% ~1/2|=|-1/6
1] | 21s
If N=4,
A-2 -1 -17x] [o] [2 -1 -1f0] [t o -1]0
1 A-2 -1 |x |=|0l~|-1 2 -1o|~J0 1 -1]o|~
1 -1 a-2)x | (0] [-1 -1 2o [0 0 o0]0
1 1
x, =t x,=t,x,=t. x=|t|=11| Therefore | 1| is a basis vector for the
t 1 1

eigenspace of A when A= 4. To convert this into a third orthonormal vector (\_z'3 ),
1
we use the Gram-Schmidt, which is simply v, =}1
1

, and then normalize as before.



[vsl=vi+1+ =3
1 17 (1743
vy=—xo|1|= 1/+3
3 1| 1743

Since P consists of !.1’2,2 and y; as its column vectors, we conclude that
~1/42 -1/46 1743
y;]= N2 -146 1743
0 2/J6 1/43

Pl

4. (15 points) Determine whether the following set of vectors is orthogonal with respect
to the given inner product. If orthogonal, show that the Pythagorean Theorem holds for

the vectors. _ C(}()\ %?}\’Q\O\*'W\

Dp=x q=x>, (pq)= [ p()g(x)ds
b) v=(1,2, 3), u=(-3,3- 1), <v,u> = ViU, VU, VU,

Solution:

If the vectors are orthogonal their inner product will be zero.
— 2 _ 3 _ 1 4! _ 1 1 _

a) (p,q> = [lx xdx = Lx dx _Zx ‘_1 =i"" 0

Because the inner product is 0, p and q are orthogonal.
To show the Pythagorean theorem holds:

lo+al” =[o]" +[al” ~

(p+a,p+q)=(p.p)+{q,9) ~ \
<x+x2,x+x2>=<x,x>+<x2,x2>~ (oot
J"(x+x2)2dx= [ dx+ r(xz)zdx~

[lxz +2x> +xtdx = r(x)zdx + [1(x4)dx ~
[xidx+ [2xax+ [xtdx= [ (0 ax+ [ ) ~
[12)63 =0~

rxz +x*dx = rxz +x*dx ~

16 _16

15 15

b) (v,u) =1(-3) +2(3) +3(-) = -3+6-3=0
Because the inner product is 0, v and u are orthogonal.



To show the Pythagorean theorem holds:
v+ ul =] +
v+u=(-252),

Iv+ul =4+25+4=33,

b

IV +[u]* =@ +4+9)+(©+9+1)=33,
33 =133

5. (10 points) Determine if the followmg matrix is orthogonal by computing A"A. Show
that the det(A)= %1, and that A=A,

| cos(8) - sin(@)
- sin(d) cos(6)

Solution:
The matrix is orthogonal if ATA=I

ATA - [ cos(8) sin(@) | cos(8) —sin(8)

| —sin(@) cos(d) | sin(@) cos(d)
3 cos’(8) +sin’(0) cos(0)sin(f) — cos(6) sin(H)
B | cos(6)sin(6) — cos(0) sin(0 cos’ (@) +sin’ ()

1 0

A
I 1}:1 _ «S.W\( N > s Y 2 K \,) -
det(A) = cos? (@) +sin*(8) =1 X\A\\ \xv,)( C»\/\Q)va \ka

L1 [cos®) sin@®)] [cos®) sin@)] o, o V77 W
4 det(A) {— sin(6) cos(0):| [— sin(9) cos(H)]_A — \W“U\M \0

4%

6. (15 points) Find the eigenvalue(s) and eigenvector(s) of the following matrix:

w

1l
S NN
—_— N O
S = e

Solution:
We first determine the characteristic polynomial for A.
A-2 0 -1
det(Al —A)~det| -2 A-2 -1|{~(A-2)A1-2)(1)-2-(A-2)~
0 -1 A
A =42 +30~AA-3)(A-1D



From this we see that the characteristic polynomial is A(4 —3)(4—1) =0, and that
eigenvalues of A are A= 0,1, and 3.

To find the eigenvectors we compute (A/ —A)x =0 for all eigenvalues.
AU-Ax=0~

A-2 0 -1 x,
-2 A1-2 -1}x,|=0
0 -1 A x,

when A =0

-2 0 -1fx 1 0 % X X, —%

-2 -2 -1|x,|=0~(byrowreduction)|0 1 0 |x,|=0 |x,|=s O
1

L0 -1 0 |x 0 0 O |x X,
-

2

0 | is an eigenvector

1
when A =3
(1 0 -1 1 -2 Yl x] [1
-2 1 -1|x,|=0~ (byrowreductzon) 0 -31x,[=0 |x,|=53
0 -1 3 0 | x, X,

—/ -~ Cw/\( \1:\
Is an elgenvector

_1 AN Aoty Kb (07

when A =1

-1 0 —1x, 112 YUl x] [-1
-2 -1 =1|x, |=0~(byrowreduction)|0 1 -1jx,[=0 |x,|=s/1
L0 -1 1 |x 0 O 0 |l x, X, 1
-1

1 |is an eigenvector

1

7. (8 points) If A is an orthogonal matrix, prove that the inverse of A is orthogonal.



Solution:
If A is an orthogonal matrix, then 4™ = 4",

AT =AT ~ (A =AY ~ (4T =(47")T therefore(4™) is also
orthogonal.

8. (12 points) Answer the following questions using the following system of equations:
x=1

y=2 i Q(AdW“A/{)wQM ‘wmjl

X +y=3.001 AR
IR

a. Is the system of equations consistent?
b. Find the least squares solution of this system

Solution:
a. The system is not consistent because 1 + 2 #3.001

b. We begin by converting the system to the form Ax=b, for our system that
would be:

10 1
X

0 1[}: 2

1 14 13001

To find the least squares solution we solve the normal system 4" Ax = A"b.

1 0
T 1 01 2 1 T 1 01 4.001
A'A= 0 1= and Ab= =
011 1 2 1 5.001
11 3.001
2 1x 4.001 2 1 4.001 1 0 1.001/3
ATAx=A4"b ~ = ~ ~
1 2|y 5.001 1 2 5.001 0 1 6.001/3

Therefore, x = 3.001/3 and y =6.001/3.

9. (15 points) Diagonalize the following matrix, if possible.
2

A= 1

S N O
—_— e O

-1

Solution:

First find the eigenvalues of A.



A=2 0 0
detNI—A)=det| 1 A-2 1 |=(\2"N1)
-1 0 A-1
From this we see that the characteristic polynomial is (4 -2)*(\-1) =0.
The eigenvalues of A are 4,, =2, 4, =1.

Next we find the independent eigenvectors of A by solving (ANl — A)x =0, for each
value of A (assuming x is a nontrivial solution).

IfA=1,

A=2 0 0 Jx] 0] [-1 0 0 0] 10 0 0
1 A-2 1 |x,|=|0|~]1 =11 0f~[0 1 -1 0
-1 0 A-1|x| |o] [-1 0 0o 0ol [0 0 0 0

Thus we obtainx, =0, x, =¢, x, =¢. From this we see that,

0 0 0
x=|t |=t|1]. Therefore an eigenvectorif A\=11s |1 |.
t 1 1
IfA=2,
A-2 0 0 | x 0 0 0 0O 1 0 00
1 A-2 1 §x,{=|0|~|1 0 1 0f(~|0 O 1 O
-1 0 A-1]x, 0 -1 010 0 00O

Thus we obtainx, =0, x, =0, x, =¢. From this we see that,

0 0 0
x=|0|=¢0} . Therefore an eigenvector if A=21s | 0 |.
t 1 1

Since A is a 3x3 matrix and there are only two basis vectors, we conclude that A
1s not diagonalizable.

10. (10 points) If A is an nxn orthogonal matrix, prove that Ax e Ay=x-°*y.

Solution:

We prove this by making use of the fact that 4”4 = I for an orthogonal matrix, as
well as applying basic transposition and associative properties of matrices.

Ax s Ay=(ayf (4x) =y A7 f4x) =y (4" Aeney Ix =y x = x oy



1) a. Find the least squares solution of the linear system Ax = b given by

x —x,=4
3x, +2x, =1
—2x, +4x, =3
b. Find the orthogonal projection of b on the column space of 4.

Solution:
a) We have
-1 4
A= 3 2 jandb=|1
-2 4 3

Using the associated normal system from Theorem 6.4.2, we have
1 -1
r 1 3 =2 14 -3
A A= 3 2=
-1 2 4 -3 21
-2 4
1 3 -2
A'b =
-1 2 4

so the normal system ATax=A4"bis

k) ke

X \
i V\aVbl W'w/
. . ¢
Solving for x; and x; gives the least squares solution of /
— 143

=17 143
X =gs and X, = 285

b) The orthogonal projection of b on the column space of 4 is

-1, [32
95
Ax=| 3 2 [m}= &

—2 4 |

57

[0



2) Find the orthogonal projection o& the vector u = (-3,-3,8,9) on the subspace of R’
spanned by the vectors

u = (3,1,0,1) w =(1,2,1,1) u; = (-1,0,2,-1)

The subspace W spanned by the vectors u;, U, and u; is the column space of the matrix

— O = W
— e N
<

Solution:

With u expressed as a column vector, we can find the orthogonal proj ection of u on Wby
finding the least squares solution of the system Ax = b and then calculating projyu = AX.
We have

3 1 -1 -3
X
i 1 2 0 -3
x =
0o 1 217 8
X,
1 1 -1 9
SO G\nL_
3 1 -1
3 1 0 1 11 6 -4
; 1 2 0
ATA = 2 1 1 =16 7 0
0 1 2
-1 0 2 -1 -4 0 6
1 1 -1
and
-3
3 1 0 1 -3
; -3
ATa = 2 1 1 =] 8
8 )
-1 0 -1 10
9

i’fle normal system AT4x = A™b for this case is

11 6 -4|[x] [-3
6 7 0||x,|=]|8
-4 0 6 ||x,| [10



SO

X -1
X=|x,|=| 2
X3
and
3 1 -1 : -2
. y 1 2 0 ) 3
0], 0 = AX = =
Prod o 1 2| | |4
1 1 -1 0
which can also be written as (-2, 3, 4, 0).
3) Find the eigen values of the following matrix
L0 0 0
A= -2 2 00
I S )
4 -8 1 1%

Solution:
The eigen values of a lower triangular matrix are just the values of the coefficients along
the diagonal. So by inspection

A=, A=2 A=, and A=
4) Given the transpose P of a matrix P that transforms upon matrix multiplication a
coordinate vector relative to the basis B> = {u;’, uy’, ...u,’} to a coordinate vector relative
to the basis B = {uy, u,... n;}, and given the linear combination of the vectors of B
yielding u,

llj’ =kju; +kuy+ ... + kg,
which element of P! is the ky, of the equation above?

Solution: The element in the jth row and mth column of P is km. This is because the
columns of P and so the rows of PT are the coordinate vectors of each vector of B’
relative to the basis B, so the mth element of this row/column is the multiple of u,in the
linear combination above.



¢ V\\R < M ¢\1~0V~ N
5, Y S "\“bq;y“’b‘%
with $o*%

o A . Nt
5) Given a finite-dimensional inner-product space V with basis U = {uy, u,... u
W um a subspace of V spanned by the vectors in {um}, a collection of some possible

orthogonal ug,’s where u, denotes the nth basis vector of V with n contained in {1, 2, ...

dim(V)}, what is the set of vectors written in terms of the basis of V given above that
describe an orthogonal basis for V?

Solution: We use Gram-Schmidt decomposition to solve. First we define the set
Z=1{Z\,Z,... Zm| for all k Z is uniquely equal to some W vy} }-
So the Gram-Schmidt process yields a set T of orthogonal vectors all of
which are of the form
tm = U - proj(span{uy, ... Um.1} , Um)
or equivalently
tm = U - 2 proj(u;j, W)
where the sum is over all j’s that are not elements of any Z;’s of
which uy, is an element.
So the above equation for the Euclidean inner product * is
t = U - Zj (W W) W5/ (00 05)'

6) What is the size of the largest possible (having the most elements) sets of orthogonal
nonzero vectors in an n-dimensional inner product space S?

Solution: The largest such sets have n vectors. By Theorem 6.3.3 the elements in a set
of orthogonal vectors in an inner product space are linearly independent (which is easily
seen when considering a vector’s inner product with linear combinations of vectors
orthogonal to it), and by Theorem 5.3.3 a set of vectors in n-dimensional space is linearly
dependent if it has more than n vectors.

7) Let R? and R? have the Euclidean inner product. Find the cosine of the angle between v
and w for each part given:
a)v=(1,2),w=(3,-4).

b.)v={(-1, 8, -4), w=(6, -2, 3).

. . . v, w
Solution: Using the formula (8) given to us in section 6.2, we can see that cosf = <——2

VA

a.) Solving for cosf, using the formula for v and w, yields
(vw) _ (-1*2) +(3*—4) _-14
b Jen+@F Jor+ea 5V

-14 . .
where ——= is the cosine of the angle between v and w.

545

cosf =

|

o



b.) Using the same formula, we find that
(v,w) _ (-1%8*4) +(6*—2*3) _ —68

M Joyr® +@ Jor+c+07 6

where _6—638 is the cosine of the angle between v and w.

cosf =

I

8) Let U be a subspace of R? spanned by the vectors
w =(6,4,10,16,28) u=(1,1,4,2,6) u3=(3,2,5,8,14)

Find a basis for the orthogonal complement of U.

Solution: The space that is spanned by the vectors, uj, 2, u3, ug, us, can be expressed
in the following matrix:

11 4 2 6 1 1 42 6 1 1 4 2 6

32 5 8 14/A~3 2 5 8 4|0 -1 -7 2 -4

6 4 10 16 28 0000 O 0 0 0 0 O
1 0 -3 4 2
~l01 7 -2 4
00 0 0 O

Solving for the nullspace of the matrix is the orthogonal complement of U. We find
the given values of Xy, X, X3, X4, Xs.
X1 =3s—4t-2j xp= -Ts+2t—4j, x3=5, X4=t, X5=]

We shall express these vectors in the following notation as vectors for the bastis for
this nullspace which is the orthogonal complement:

vi=3,-7,1,0,0),v,=(-4,2,0,1,0) v3=(-2,-4,0,0, 1).

9) Show that the following matrix is orthogonal, and then give three properties of an
orthogonal matrix,
2/7 3/7 6/7

A=\3/7 -6/7 2/7
6/7 2/7 -=3/7

Solution:
According to the definition of an orthogonal matrix, the inverse of matrix A, is equal
to the transpose of the same matrix, A= AT. We can show that the matrix is the
inverse by multiplying the original matrix by its transpose. Like so,



2/7 3/7 6/7 {|2/7 3/7 6/7 1 00
ATA=(3/7 -6/7 2/7 ||3/7 -6/7 2/7|=|0 1 0.
6/7 2/7 -=3/7(|6/7 2/7 -=3/7 0 01

Therefore we can deduce that AT = A™!, and by definition state that matrix A is
orthogonal. Three other properties that can make up an orthogonal matrix, can be
included in the following: (b) The row vectors of A form an orthonormal set in R"
with Euclidean inner product, (c) The column vectors of A form an orthonormal set in
R" with Euclidean inner product, (d) The inverse of an orthogonal matrices is

orthogonal (e) A product of orthogonal matrices in orthogonal, (f) If A is orthogonal,
the det(A) =1 or det(A) =-1.

10) Find a weighted Euclidean inner product in R’ that satisfies all four axioms.

Solution: Let u = (u,, u;) and v = (v, v;) be vectors in R A weighted Euclidean inner
product could be:

<u,v> =Su,v, +3u,v,
Verify:
a) If u and v are interchanged, the right side remains the same, thus:

(1) = (1)

b) If z = (z,22), then
<u +v, z> = S(u1 + v )z1 + '.’a(u2 +v, )22 = (5ulz1 + 5"121)"' (31,1222 + 3v2zz)
= (5u,z, +3u,z, )+ (5v,2, +3v,z, ) = <u,z> + (v,z>

c) (ku,v) = S5(ku, v, +3(ku, W, = k(5u,v, +3u,v,) = k(u,v)

2 2
d) <Va V> =5vv, +3v,v, =5v; + 3V, By inspection: (v,v)=5v} +3v; 20 and
(v,v) =5V} +3v2 =0 iffv; = v, =0 or iff v=_v,,v,) =0



1) Ifu=(3.,5,8)and v=(2,7,0)
a) what is the norm of u?
b) what is the norm of v?

¢) What is d(u,v)?

Solution

a) IIH — <ll,ll>l/2 — (u.u)l/2 _ (32 + 52 + 82)1/2_ (98)1/2

b) [[v] = <vv>'?=(ven) 2=+ 7*+ A = (53)”2

o) flu-v| =<w-vu-v>=[(-v)e u-v)] = [(3-2)" + (5-7)" + (8-0)"] = (69)"*

2) Ifu=(1,4,6) and v = (8,5,9), what is the angle between these vectors?

Solution
Coso = uev/([lul| | v[) = [(1x8) + (4x5) + (6xNVI(1* + 4* + 6)'(87 + 57 + 9)'?]

Cos0 = 82/[(53)"*(170)'*]

0 =Cos(0.863876) = 30.25°

U= [94 .3] V=E ﬂ L _6]

Which of the following are orthogonal Vectors‘?

a) <U,v>
b) <U,Q> — WX \S WL @ >£\/\
c) <V,Q> (-\/e/w JW
- AVGN?
Solution

a) <U,V>=9(2)-2(4)-4(2) + 3(1) = 5, not orthoganol
b) <U,Q>=9(3)-2(1) —4(-2) + 3(-6) = 15, not orthoganol
¢) <V,Q>=2(3) +4(1) + 2(-2) + 1(-6) = 0, Orthoganol



[

4. (15 pts) Find the least square solution of the linear system Ax = b and find the
orthogonal projection of b in to the column space A.

A=| -1 2 b=| -1
2 2 -4
3 2 3
Solution:

ANT)Ax = ANT)b

/ Gmk_@"\”\”’\

-
ANDAx= (-1 2 3 -1 2 14 0
2 2 2 22| =]0 12
32 §
ANDb = (-1 2 3 -1 (2
2 2 2 41 = |12
3 .
14 0) [ x 2 14 0‘2 1 0
0 12)| x| =12 0 1212 |~ |0 1
Orthogonal Projection:  projw=Ax=| -1 2
2 2|l -=
3 2 1

5 (15 pts.) Find the transition matrix from B’ to B and find [v]s’, given [v]B=

m= (2, 3) m = (3, 4)

w=(-1,0) w:=(-1,-2)

w r R r R

-12/7

l 1/7)
1

J

13/7

17/7

wimkwtkw wi=(2 3) (k] (1] (2 3 |-1) (2
3 4| lk|=]0 3 40| ~1
\ ./ - 7 P \ / \s
k1:4, k--3 w=4uw -3 w: PR P
W= ks + ko u2’=;2 3) (k] [1] (2 3]-1) (2
3 4| |k|=|2 3 4 -2 |~ Ll 1
- JU L ) - ,
k-2, kel W= 2w + 1w, wih={4] [wi=(2
-3 !

Transition matrix from B’ to B is P =(4 -2} -
-3 1

\\(\RU d\dl})(\ R{bo
W v
’ St
[2 ) \I’N"‘\
3
1) (2 3]1)
1{~l0 -1]3
J - S
a) (2 3]1)
| ~lo -1]-1
J . J

To find [v]s’, given [v]s, we use the following formula: [v]s'=P™'[v]s

1 1
P = (®H(1) - (-2)(-3) [3

(35 30

-1
-2

2
4

J

1
2

)55 3 )

2
3

[




6. What Conditions must a and b satisfy for the matrix

a-b a +5
A =
a+b a-b )
to be Orthogonal?
Solution:

We know that A(A") =1 =>

1) (a-by’+(@+b)*> =1
2) (a+b)(a-b)+ (a-b) (a+b)=0 => (a+b)=0o0r (a-b)=0

If (a+6) =0 => (a-b) =1
If (a-0) =0 => (a+b) =1

7. Find the eigenvalues of the matrix

[

1212

A= 043 4

’0 0 6 5

0007

Solution:

Al—A= A1 -2 -1 2
0 A4 -3 4
0 0 A6 -5
0 0 0 A

L ’

=> det A/~ A) =t -1)( %4 )(26)(2-7) =0

=>A=1 =4 A= A=7



a b
8. If A= ‘y is an orthogonal matrix and d = ¥/,
Lc d

Find the values of a,band ¢ if det (A)=1
Solution:
W

(2% .
We know that if A is orthogonal siee-itis a 2 x 2 matrix and'a
determinant of 1, it must be of the form :

cos (0) -sin (0)

sin (0) cos (0)
since we know d =¥/, and cos ™! (‘/3/2 )=mn/6
we can find the values easily:
a = cos (n/6) = ¥/,

b =-sin (n/6) =1/, and
¢ =sin (n/6) = 1/;



Problem #9

Let A be the matrix
0 0 -2
1 2 1
1 0 3
_ Let A be diagonalized by the matrix P =
-1 0 2
0 1 1
1 0 1
Find A"
Solution:

We know that A¥ = P*D**p"!
We also know that D = P'*A*P

Thus
4

6 _ pNop-! .
A% =PD®P . \(\UVJ
D= S
2 0 0
0 2
0 0 1
So A6 =
1 0 211206 o0 0 0
0 1 1 0 226 0 1 1
1 1 0 0 176 | -1 0

62 0 2126

= 63 64 63

63 0 127

Problem #10

NN
N BN
BN



Find an orthogonal matrix P that will diagonalize matrix A.

Solution:

Ma/(.

We can get the characteristic equlasion of A from
PAVVIERD

Det M- A)=(A-2 (A-8)=0

When A =2 we get the two vectors
1 1
0
1

O

_ When A = 8 we get the eigen vector of
1
1
1

If we apply the Gram Schmidt process to the previous vectors we get the following
orthonormal eigenvectors

AR 16 CIN3
112 -1V6 13

0 2/\6 13

Then if we put those vectors into a matrix P as the columns we get the orthogonal Matrix

N2 <16 1A3
P= | 1N2 -1V6 1N3
0 26 13



1) Consider the basis S = {u;, u, u3} of R*, where { ‘2/

1 1 0
w=\1[, =0, uis3=|1
0 1 1

. . 0
Use Gram-Schmidt process to transform S to an orthonormal basis R*

Solution:
Step 1: vy =1
Step 2:
Y
v, =u, -2 v,
Vv,

iz
2 1
= —% — Clearing denominators we get v, =| -1

! Good ! 2

U, v U, v
_ 73 l'v_3 2,

Vi = U, 1
v, v, v, v,

% -2 -\

= % — C(learing denominators we get v, =| 2 AL )

2
% Yeh\q\‘”‘\f?vé( /
Step 3: Normalize the vectors and get: / A {W%A
V 4

1 1

1 1 1w, 1

[ e [ R AW

I
()
\

)
\

[\

The set {w1, wa, w3} is the required orthonormal basis.

2) LetA=[2 _zjl
-2 5

a) Find all Eigenvalues and Eigenvectors of the matrix A.
b) Diagonalize matrix A orthogonally.



Solution:

a) The characteristic polynomial of A is

-2 2
— = = — —_ — 4 = 2 _ = — — 1
-4 det{ , z—s} (=2 —5)—4=1 Tt +6=(-6)(t 1) "'w»@“*’v‘
ok

The eigenvalues of A are 1 and 6. W
w0

If t =1 we get the eigenvector: ﬁ
1-2 2 |x 0 -1 2 1 -2 2t 2 2
= | ~ =>y=t,x=2 == |=
2 1-5|y 0 2 -4 0 O t 1 1
If t = 6 we get the eigenvector:
6-2 2 0 1 1 -1/, -1 1
}{x :[}: Ll =y=tx="Y1 2 =t 2! :{
2 6-5|y 0 2 1 0 0 ¢ 1 =21
b) We form the orthogonal matrix P after normalizing the eigenvectors:

ﬁ%mm$q
VAAG 01

3) /W\b

a) Show that A and A” have the same eigenvalues. v JPTIN /
b) If A is nonsingular and diagonalizable, then A is also diagonalizable. é{l/\-m 9
M
Solution: Siadli
a) since detA =det A', then det(Al, — A") = det({Al, — A4}") = det(Al, — A) ¢
) velave PARED, LWere ® v a w\*“‘ o
g,;[}/= D u\ AV "\\/\t"f\/w >
(Note: D™ is a diagonal matrix because i§ diagonal)

(PAPY ' =p4a?'P' =D

4) Find the least square solution of the linear system Ax=b and the orthogonal

2 -2 2
projection off lj\_where A=(1 1| b=|-1/.
P R oose
e S A< O*J/* é«/

Solution:

AT_213
=211

A ey lmg ey



Multiply A by its transpose

f2 -2
, 2 1 3 14 0
A" A= 1 1 |=
-2 11 0 6
3 1
Multiply transpose A by the b value
12 _
2 13 e 6
-2 11 -4
__1 -
ATAx = A"b
14 0fx ] _[6
0 6]x,| |-4

We form an augmented matrix and solve by row reduction

(14 0 6 10
0 6 —4} {o —// =x=Y5="%

Orthogonal projection Ax=b"

2 =2 % 4%1

11 - —/
_% 21
3 1 3 1%1

5) For two orthogonal matrices A and B, prove the following:

A det(A)= . \
B. AB is orthogonal ‘ -x )\,

c. x| =4 G

Solution: Ymy W on s S
A 1=det(l)=det (A'A)=det (A") et (A) = (det (A))’ sorh Y
Ge i
B. (AB)'(AB)=B‘A’AB=B'IB=B'B=1I \\.\"W"W?J'
aov? A

—

38

1
C. |44 =(Ax-Ax)2 (x+A'Ax)2 =

=K

6) If p=a+bx+cx®
’ £
q=d+eX+sz, \‘ V‘kc\ g,&(_...\{l—-l f
< p,q> = ad + be + cf (the inner-product), «\/ ho 7

1 —
and Hp" = <p,p>2 (the norm)



Find the cosine of the angle between p and q:

p=5+6x+2x’ q=3+2x+2x’
st = (20 __OOrOD+@0)__ 40 %
(25+36+4)7 (9+4+4)2

7) Find the least squares solution of the system of linear equations.

2x —2y=2

x —y=-1

3x +y=1
Solution:

2 1 31]° 2 13]|°
B I TN | K
2011 vyl -2 11
301 1
14 0 6
=l P> x=23,y=37
0 6||y| |-4

8)  Complete the following.
a). Write out the Cauchy-Schwarz inequality in terms of u & v.
b). Verify that the Cauchy-Schwarz inequality holds for the given vectors.
1). u=(2,1,3,),v=(1,0,-3).

). u=@,-12,9),v=(1, -4,3). _
i), u=v=(1,1,1). \W F)k
iv), u=(0,0,0),v=(3,3,3). XLJ R
A
Solution: K"n v X\
O vt <RIvE, N / _ the!
b). Q).  <u,v>? = ¥ £ (fiT9):=(13)2=13.
llul[? = (V4+1+9)2=(14)2=14.
V]2 = (JV1+9)2=(410)2=10.

\’],\ UBu< 140. Therefore, the inequality is verified.
i),  <u,v>? = (WB+48+27 )2~(w”’/§?)2—78

V) oY



Ijul = (J9+144+81)2=(/134)2=134.

v = (M)E(F)Z—%
78% 3484. Therefore, the inequality is verified. ey f /s
i), <, v>? = Wi =B = 8- 787
Jul? - () =(B)=s Te + ey
JvIF = (Ieler=(3)2=s.
q <9. Therefore, the inequality is, verified. ‘l/l‘b-\ XA 1 ?
iv), <u,v>? = (y0)2=0.
[[ul* = (Jo)z=o0.
IIv|P = (J9+9+9)2=(427)2=27.

040. Therefore, the inequality is verified.

9) Let Ri have the Euclidean inner product. Use the Gram-Schmidt process to

transform the basis (u, , u, , u, ) into an orthonormal basis.

=(2,2,2) u,=(2,2,0) u,=(2,0,0)

Solution: ) P \/[/\D
v, =u, =@,22.a (1,
Vs =Uy - (Suy, v >/ vi P v,

=(2,2,0)- —8—(2, 2,2)

A’z/%\s
e
/

4 4 4
=2,2,0)—(<,7,7)
3’373 | /7)
NN
3’37 3
Vs =Us-(<uy, v >/ v, |P)v, - (<u3>V2>/||V2”2)V2
_ _i 4/3.22 4
~20.0-17@22)- 24/9(3 3’ )
2 2 2 1 2
=(2,0,0)=(=, =2, 5y (=, —,-=
( ) (3 3 3) ( 3)
=(1, -1, 0).

Thus, v, =(2,2,2),v, = (% ,% , -g), v, =(1, -1, 0) form an orthogonal basis for
R,.

v =23, ||v2||=§£, vy ll=+2.

An orthonormal basis for R ; is

q; =v,/|lv,]



_(2,2,2)

& —
12\/51 1 /M«C/Y—W \ Q\,vr(

CEEET ey X

q, =v, /v, |
_ (2/3,2/3,-4/3)
2J6/3
L1 2. -~
VAN AN
q; =v,/||v,l
_ (1,-1,0)
V2
1 1
(\/5, \/g\,O)

1 0) Find the least squares solution of the linear system Ax =b given by

x+2y=7
3x—-4y=1
-x +3y =3.
Solution:
1 2 7
A=|3 —-4|,b=|1].
-1 3 3

, 11 -13
ATA= :
~13 29

7
Aol
19

Thus, the system A" Ax = A”b is

[—1 . _2191 mz [179}

Solving the equation results inx =3,y =2.



|5

1.Letu=F(x):3+2x+x2 andv=G(x)=1+x+2x2
Find <u,v> where <u,v> is defined to be {1 F()G(x)dx
and find || u|| . (15 pts.)

Solution

I G+2x+xd)(1+x+2x7)dx

[y 34+ 2x+x2+3x+ 27+ X+ 657+ 4%+ 2x* dx

(%4 o l
[0 3+ 57+ 9%+ 50 +2x dx — 51 = pliny) ¥

C’YWN(XI‘/)
-
3x+5x2ﬁ+9x%+5 4 +2x%5 | 1 S,, 5%y 2, dx

=(3+5/2+9/3+5/4+2/5)-(-3+5/2-9/3+5/4-2/5)

=12.8 or 64/5

ful =<wu>"=<Fx),Fx)>= v §1 FEF(x)dx

= |1 G+2xHx?) (3+2x+x7)dx

= |1 9+6x+3x3+6x+ax 2 +3x+2x +x d
(

Z\[S-l 9+ 124+ 10x2+4)?/+x4dx
= Ox + 1222 + 10573 + ax4+ x5 |1

= M9+6+103+1+1/5)—(-9+6-10/3+1-1/5)
= B376/15 =||u|

3

2.V is a subspace of R’, v;,v2,v3 are vectors in V;

/
Vi =(1,1,2) Lo Y
V,=(3,6,3) . ‘:F"‘“wuk Y
V3=(3,7,6) . A
YA
Find a basis for the orthogonal compliment of theWectors and check your work by finding the

inner products (15 pts.)

~ watcl, e

A \o{ 3Wuw vV \' A ( wW:A’ﬂ

rspren



11 -2

36 3 7

3 7 6 A0 SAA(% :

_ i a7 1 "

11 =2 3

03 9 This Awdo{)wcjr > u

0 4 12 } el .
1 {%Q_U\{ O~ (/‘f

i 1 -2

0 —-12 -36

0 12 36

11 -2]

0 3

_O 0 .

o s

01 3

LO O _

X1:5

X2:-3

X3=1

(5,-3,1) is a basis for the orthogonal compliment of V

ecking: %&\\‘(f‘*‘ C/\'\Q,C)Vll /
Checking _ e?é% W}/

<vib> = <(1,1,-2),(5,-3,1)>=5-3-2=0
<vy,b> = <(3,6,3)(5,-3,1)> = 15-18+3 =0

<vi,b> = <(3,7,6)(5,-3,1)> = 15-21+6 =0



3. Verify that the following sets of vectors are orthogonal with respect to the Euclidean inner
product; then convert it to an orthonormal set by normalizing the vectors. (15 pts.)

(1,0,-1), (2,0,2), (0,5,0 3‘
First verify that the sefi§ orthogonal ) ¢ \“){/ /\/ Q<

<(1,0,-1), (2, 0,2)> = (2x1)+(0x0)+(2x-1)=0
<(2,0,2), (0,5,0)>=(2x0)+(5x0)+2x0)=0 o U O \\ RS (O y U\
<(1,0,-1), (0,5,0)>=(1x0)+(0x5)+(-1x0)=0 /-

Then to normalize the vectors

1 1 1

1 1
M~ {(@o-1,@,0 —1)) (L1 = \F LoD =05
I
2,0,2 2,0,2
(oD@ 7 zf 202= (f f | Now Llendevd
! 1050 = . )
055,050 (0,5,0) = 5(0,5,0) (0,1,0) (o9 ] !

4. Let R’ have theWinner product <u,v>= u,v, + 2u,v, +3u,v,. Use the Gram-Schmidt process
to transform u, = (1,1,1), u,=(1,1,0) u,=(1,0,0) into an orthonormal set. (15 pts.)

<1,y = Uiyl ryor 1=% +2

u,= v, =(1,1,1)

> \
V2=t - %ﬁvﬂl,l,m M(lm (1,1,0)-5(1,1,1) =(§, 1) e ()7 2L )
Vi
LD AR l,n,u W)= 1y Lry =(#3
<( 00, 1>>
_— (1) <u3,v2>v2:(1,0’0)_m>) . VR
a [ (LY ”(1 1o 3303
3’373
1 1.1 111 -1 542
—(1,0»0)'5(1,1,1)—5(3 ) (1 00)—(5 3 ‘3‘)—(5 "5 5 )—(55’5)
Now to Normalize
il =Bl =l =2
IR S S _ V2 _(¥3 N3 =43
O T S YRR
g, = v, 5 4 2

Wl AN CAPW L

P2 \/L\)f\‘w\,u ‘«\, ou\&\ [ Ke Yo ey lruw(

U\h‘)&“ Y\"' )(w»ﬂ\_ {V\v\w ?f‘)‘\"d'
A \/\.(;J‘v) A\sv\PdeM



5. Find the orthogonal projection of u onto the subspace of R’ spanned by the vectors v,,v,, and v,
u=(541) v, =(2,1,2) v, =(1,2,3) (15 pts.)

1" n
2 1 T > Db sayime & Peag |,
A=|1 2| ~ ‘ ‘
2 3 — 1L, \*‘\S \V\JTO‘J‘W\‘\U\.\ f\(—g{,
And Ax = u can be show as ( 67( P} u \\"3
2 1 5 ’ \ \ ,\/*Q-
1 2mz 4 Dow 4 )“’A/V)
2 3 1 W/

<r Pl ey B

Sowe find 4”4 and A" u

2 1
2 1 2] 9 10
ATA:L 2 3|} 2 :[10 14} S
Iy 3 N
s "

2 1 2 16 A
1 2 3 16

1

Now we set A" Ax and A u equal to each other

9 10| x| |16

10 14 y| |16
So /

13 26 13




6. Consider the bases B = {u;, u;} and B* = {v;, v,} for RZ, wher \( L,Q\QAA’
no aAwst

RCRUERN R

Find the following:
a) The transition matrix from B" to B. (5 pts.)

We can find the transition matrix by solving the augmented matrix

2 -4|6| 8 1 -2 3| 4 1 =23 | 4 1 0|1 |-4
2 0 1(2]|-8 0 4 |-4)-16 0 1 |-1|-4 0 1]|-1|-4

1 -4

b) The transition matrix from B to B". (5 pts.)
Q = P! can solve by augmented matrix

1 =41 O 1 -4]1 0 1 -4} 1 0 1 0] 1/2 -1/2
-1 =410 1 0 -8|1 1 0 1 ]-1/8 -1/8 0 1,-1/8 -1/8

o[ V2 -1
-1/8 -1/8

¢) The coordinate vector [w]g. (5 pts.)
2 —4|-2 1 -2|-1 1 -2]-1 1 011
2 0 2 0 4 | 4 0 1 1 0 1)1

d) The coordinate vector [w]g:. (Solve by the equation [w]g- = P![w]s, and
then check your answer by solving for [w]g: directly.) (5 pts.)

Using the equation given, we find:

[1/2 —1/2}“ [ 0 }
W]B‘Z =
-1/8 -1/8||1 -1/4

Solving directly through the augmented matrix, we get the same answer

6 8 | -2 3 4 |-1f{ |0 16 | -4 1 -4 1 1 0 O
2 =8| 2 1 -4 1 1 -4 1 0 1 |-1/4 0 1]-1/4




7. Determine which of the following matrices are orthogonal (5 pts. each)

a)'l/ﬁ 1/42
~UV2 N2
—a —a

b) }

_a a
/2 1/2 1/2
c)|1/2 -2/3 1/3

/2 1/3 1/3

To solve these, remember that for an orthogonal matrix, Al=AT

1/4/2 1/\/510}11\/’2'0~11ﬁ0}~
“1V2 w2 lo 1) =11l o V2| o 2(v2 V2

a) First we find A™! {
D12 0 | 1 01N2 —1N2| 1 (V2 -1/42
0 11272 V272 o 1|uv2 142 /N2 142

—> This matrix is orthogonal
a —al|l 0 a —al|l 0 a 0
b) - -
0 1 0 2a|-11 0 a

a a
1/2a 1/2a a a

Al= Al= A% A" not orthogonal - % 1 '
|:—1/2a 1/2a} [—a ajl s b‘“\‘bﬁ A= = \(‘L

}9A"=AT

/2 1/2 1 0| 1/2a 1/2a
-1/2 1/2 0 1|-1/2a 1/2a

172 1/2 1/2|1 0 O 1 1 1(2 00 1 1 112 00
c) (1/2 -2/3 1/3|0 1 O|~|3 -4 2|0 6 O0{~|0 -7 -1{-6 6 O~
/2 1/3 1/3|0 0 1 3 2 2|0 06 0 -1 -1]-6 0 6

1 1 1/2 0 O 1 1 0|-4 -1 =7 1 0 0|-4 0 -6
611,66 0 6(/~/01O0]0 -1 ~-1}~i01 0] 0 -1 -1
0 0 6(36 6 42 0016 1 7 0016 1 7

-4 0 -6 /2 1/2 1/2

A'=] 0 -1 -1] AT=|1/2 -2/3 1/3| > A'#A" > not orthogonal
0 1 7 /2 1/3 1/3



8. Find the eigenvalues of the following matrices. (5 pts. each)

6 0 O
a) |2 -3 0
1 0 2
b) 1 2}
3 4
[0 0 2
¢c) 0 0 O
2 00
To find the eigenvalues, use the formula det(N[ -A) = 0.
A 0 0 6 0 0 A-6 0 0
a)det(|0 4 0]-]2 =3 0p)=det(|] 2 A+3 0 [)=(A—6)(A+3)(\=2)
0 0 4 1 0 2 1 0 A=2
> AN=6,-3,2
b)det({/1 O}-{l 2})=det(r“_1 2 })=)\2—5)\+4—6=O SN-5A-2=0
0 2 3 4 3 A-4
A=(5+.B3)/2, (5-33)/2
A 0 O 0 0 2 A 0 2
c)det(|{0 A 0}-{0 0 0))=det(|0 A O0[)=N3-4N=NN-4)=NA+2)(A-2)
0 0 4 2 00 2 0 4

>N=0,-2,2

3 } and then compute P AP (15 pts.)

9. Find the matrix that diagonalizes the matrix [

a) To find the eigenvectors remember that det(N —-A) = 0.

i 0] [-2 -2 A+2 2
det ( ; )= det ( )=N-N-6-6=0=N-A-12=
0 Al |-3 3 3 A-3

A=4)(N+3) > N=4,-3

6 2 0 1 1/30 -1
ForA=4 i = > > Xlz-t,X2:3t 9P]=
3 1]|x, 0 0 0|0 3
-1 2 0 1 =210 2
ForA=-3 I: }{xl:l= |:j| > [ ' :| —)X1:2t,X2=t—)P1:|:}
3 -6/]|x, 0 0 010 1



-2 =2

10. Using the matrix { 3 } compute A° (10 pts.)

Remember A¥ = PD*P!

-1 2]|4° 1 -2
A6=L3 1“40 _26}(-1/7){_3 _J,lemﬁq,(a)ﬁ:y

s |—x 2y 1 -2 x—6y 2x-2y 278 —6734
A°= (-1/7) =(-1/7) =1/7
3 -3 -1 —3x-3y —6x-y 14475 25305

Lan S e
V\W\.«-W bfA‘t\f

/ZL[/ he L\:Jvm\o\{, \97' }‘)
2 A A dewrly b

6% w " ; e-fne
we



1. Let the space vector P, have the inner product <p9 q> [ P (x )q ()C )dx /v&
' \

a) Find ||p|| for p1=1, p2 =x, and p; =x.
b) Find d(p,q) ifp=1and q=x. ) ~,
ﬂ/\\ ° /i'

Solution (13 Points): \ 2 {QL/ /
1 ,\\é‘l'
o o= 1 e =T =TT =2 ST Y
—~\

1 3 3 P /'@
upzu=JL<x><x>cbc=JLx%wJX—T P e
loal= | G xxtyax = | [ 4dx—\/_5—1 /15 /ﬁw@””“

b) d(p,@)=p - qn_\f[(x % dx—\/[(x D(x- 1)dx—\/[(x K+ D

g o G KO e

2. Let R’and R’ have the Euclidean inner product. In each part, find the cosine angle between u
and v.

a) u=(1,3),v=(2,-4)

b) u=(0,1), v=(8,-3)

c) u=(1,5,-2),v=(-2,4,9)
d) u=(1,-3,0),v=(48,1)

(u,v)

Solution(12 Points): Note the formula: €08 0= m and 0<0<nm . Using this,

find < u,v >, |lu|| and ||v]|, then plug these into the formula above.

+3% =

a) (u,v)=((1x2)+(3x—-4)) = (2+-12) = |= 427 +(—4)* =20

(u,v) -10 10 <10 A - °
CMUﬂMJW_Jﬁ1N'I (50 = 5%

b)
{(, v)=((0x1)+(8x-3)) =(0+-3)=-3

1= V02 +12 = V1 =1,|v||= /82 + (=37 =73




wv) -3 3
ol M 1373 V73

c) <u, v> =((I1x-2)+(5%x4)+(-2x9)) =(-2+20-18) = 0, because the inner product is 0, we get

c0s9:ﬁ=2=0. (Go Qzﬁd' 7)

d) {(u,v)=((1x4)+(-3x8)+(0x1)) = (4—-24+0) =

[v]=4? +8% +1% = /81 =09.

cosd =

= I +(=3)* + 0% =410,

(wv) 20
cosf = =
Jull vl ov10
>(\AC>€. - o)
19"\?‘2 W‘)”Wmmﬁ B
7/ 0 0 -2
3. Use A" =PD"P 7 to find 4> and 4"°, where 4=|1 2 1
1 0 3

Solution(20 Points): First find the characteristic equation, eigenspaces and bases for the matrix

as follows. JY
00 -2 A0 2 PR Wit
A=|1 2 1 |anddet(N-A)=0 =edet| -1 A-2 -1 |Hfi= ) /,‘
1 0 3 -1 0 -3

AA=-2)(A=-3)-(-DA-2)QR) M == X -5 +81-4§W = (1-1)(A-2)’ 7@ q ?\:l L.
Thus the elgenvalues of Aare 4, =1,4, =2,andA, =2, or two eigenspaces for 4. — v\ e ?w r
MBasest found by plugging the eigenvalues back into the matrix for A

A0 2 Tx1 [0 Cadiln
-1 A-2 -1 jx,[=|0
-1 0 A-3|x,| |0
1 0 2| x 0
IfA=1,then {-1 - } =| 0 [whichreducesto |0 -1 1| x, |=|0/, and this gives
0 0 Ofux, 0

us x; = -2s, x=s, and x3=s. The eigenvectors corresponding to A= 1 are of the form
-2s -2 -2
[ ..
s |=s| 1 |sothatthabasisis | 1
K 1 1



-1 0
Repeating the process again for A= 2 results in the basis | 0 jand | 1 |.

1 0
Next, we need to find matrix P that diagonalizes 4. To do this, we use the three basis vectors in
-1 0 -2
total which we found abovetoget P=| 0 1 1 |. To make sure that P is diagonalizable, we
1 0 1

must show that P AP is a diagonal matrix. Thus
1 0 210 0 =2j-1 0 -2 2 0 0
P'ap=|1 1 11 2 10 1 1|=|0 2 0|paepa diagonalizable
-1 0 —-1f1 0 3 1 0 1 0 0 1
C

matrix. Oneaely 2N, (e B
Using the formula A* = PD* P! given above, and remembering that D = P ' AP, we can plug
-1 0 -2J2> o off1 o 2] [-6 0 -14

into the formula 4> =PD*P*={ 0 1 10 2° of1 1 1|=7 8 7
1 0 1{0 0 -1 0 -1 7 0 15
To find 4’, all we need to do is replace 10 Wiﬂ; 3 and solve_: (Remember 2'%=1024)
10 =22 o o1 o 27 [-1022 0O -2046
A°=pD*P' =10 1 1 0 2° of1 1 1|=|1023 1024 1023

1 o 1o o 1° -1 0 -1 1023 0 2047

1 2 3 321 <\ 1
45 6 6 5 4 % Nk
4. If A= 123 ,B= 321 ,and <A,B> = A]]Bn +A12B12+A13B13+A21B21 +
ABy + ApBas + A3 B3 + AjBaz + AjsBss , find:
a) <A,B> &\‘}/\2\,\\5 ;
b) [|A]| P ~
) IA-B] A e o
(94

Solution(10 Points): First find the characteristic equatg,eigenspaces and bases for the matrix
as-follows.
a. <AB>=3+4+3+24+25+24+3+4+3=93,

b, [IA]|=<A,A>"2 = V1F4+9+16+25+36+1+4+9 _ 105
c. ||A-B||=<A-B, A-B>=
Vo2 10427 422 10427 +0+-2" +0+2° =/4+4+4+4+4+4 =26




5. Are the following matrices orthogonal? If so, find the inverse of the matrix.
1 0 0
010
o A:—O 0 1
0 1 0
1/2 0 —1/4/2
NN £ VAN I VAV
172 N2 0
1/2 -1/42 0
V2 0 1
c. C=t
Solution(10 Points):

a) Let ey, e, €3 be the column vectors of A. Matrix A will be orthogonal if <ey, > = 0, <e,e3>
=0, <ez,es>=0,|lel]| =1, |lez]| = 1, and ||es|| = 1.

<e;,e>=0+0+0=0,
<ey,e3>=0+0+0=0,
<ey,e3>=0+0+0=0,

llef] = <erer>'"? = V1+0+0-
ezl = <eper>? = YOI +0 -,
2_~NO0+0+1_4

1

b

le3] = <es,es>'

2

O O
oS = O
- O O

So A is orthogonal and A = AT =

b) Let ey, ey, €3 be the column vectors of B. Matrix B will be orthogonal if <ei, > = 0, <ej,e3>
= Oa <62ae3> = 03 Helll = 15 “62” = 19 and ”63” =1

<e,e>=0+0+0=0,
<e,e3>=0-12+1/2=0,
<ey,e3>=0+0+0=0,

lleil| = <ener>'"* = 0+1/2+1/2 2
”ezH = <62,62>1/2 = mzl,
He3||=<e3,e3>1/2= 0+1/2+1/2=1,



0 1/42 1/42
1 0 0

o —uN2 ua2

So B is orthogonal and B! =B

c) Let ey, e, €3 be the column vectors of C. Matrix C will be orthogonal if <ey, €,> = 0, <ej,e3>
=0, <ez,e3>=0, |le1||= 1, |le2]| = 1, and ||es|| = 1.

<ep,e>=1/2Y2 -12Y2 +0=0,

<e,es>=0+0+ 1/\/5 = 1/\/5 #0,
So C is not orthogonal.

0 0 -1
6. Find the eigenvalues and eigenvectorsof A=|-1 0 O
-1 -1 1
Solution(1S Points):
A 0 1
A-A4={1 4 0 det(AI-A4)=0= A -2 -A+1 =(A-1)>(A+1). Thus
1 1 A-1
A==1.

X is an eigenvector with  eigenvalues A =1 iff. X 7! 0,and x eNull [A] - 4],

1 01 1 0 1 X —t -1
NullllO=NullOl—lzéx2=t=t1
110 00 0 X, t 1
-1
Thus the eigenvectors with eigenvalues A =1 are Spans 1
1

X is an eigenvector with  eigenvalues A=-1iff. X /Z 0,and x eNull [A] - 4],_,

-1 0 1 1 0 -1 1 0 -1 X, t 1
Null|1 -1 0 |=NullO -1 1 |=NullO 1 -1 76 x, [={t|=t1
11 -2 0 1 -1 o0 ol |x]| [¢] |



1
Thus the eigenvectors with  eigenvalues A = -1 are Span <1.
1

7. Find the normal system associated with the given linear systems, and then find the least
squares solution to each normal system.

Solution(15 Points):
a. A"Ax= A"b is the normal system.

; [1 -1 3} ; {11 7} ’ m

A= thus 4" 4 = and 4°b= .
2 1 2 7 9 7

~117l6}~1%l G 1Y Al [ A

7 907 |1 % 1| o 9415 ] o 1

} Nol

%2 %0

b. A" Ax= A"b is the normal system.

.1 oo - . [4
A= thus A7 4 = and A"b =
111 13 7

e A s o]

AR

% 0] Thus
Ao

8. Prove that if matrices A and B are orthogonal, then
a) A™' is orthogonal

b) AB is orthogonal

c) det A= £1



Solution(15 Points): £

a. Y A is orthogonal <> 4" A=Tand Aissquare & I =A4"(4A")" =47"(4")" < A 'and
(A areinverses < (A1) 47 =1 i 3wk Acgplued My 47

Thus A™" is orthogonal.

A"A=I=B"B
b. If A and B are orthogonal, then
<> (AB)" (A4B)=B"A"AB=B"IB=B"B=1

Thus AB is orthogonal.

c. I=det/ =det(A" A)=det A" det A =(det 4)* =1 <> det 4 ==+1 .

9. Consider the bases B={u,,u,}and B'={v,,v,} forR*, where

e

a) Find the transition matrix from B'to B.

3
b) Compute the coordinate vector [w] , where w =[ 5} and use the following equation

to compute [w] ;. (coordinate vector for win B') : [w] = P™'[w],.

n fastselie

Solution(20 Points):
a. vi=k,u, +k, u, 2k, +4k, =1 inspectiop k= 1%0 %“4‘3 - P‘ﬁ”‘«
2k, -k, =3 K,= "% wuse by (+vumspave d)
b fovimoadisi
%
vo=k u, +k, u, 2k, +4k, =-1 By inspection, k,= —%
2k, -k, =-1 k,=0

-1
vzz—%ul+0u2 Thus[vz]B:[ é}
13 -1
Thus the transition matrix from B'to BisP = {_40 A]
5 0
b. w=k, u, +k, u, 2k, t4k, =3 Byinspection,k1=_1%0

2k, -k, =-5 kzz%



-17
w=_1%0 u1+%u2 Thus[W]B=[ 8101
%
We must now find P
{1%0 Al 0}{1 0 | 0 {1 0o | o —A}
"% 0 jo % o [0 I % |
0 _A] ThusPlz{O ——15?} A m‘v\)’f\"e”('b X
-2 A ”\\ s

—

1 0
0 1

_9 =13 ~
2 A )WM\.SP
Thus the coordinate vector for win B, [w],, is WA .
B 17 o~ Ay M
rene, S0 3 LAWY
B o1_o -13 8 - o
2 A A ’ \iwe &'°

10. Let R”2 have the Euclidean inner product. Let u; = (1,-4) and u; = (2,3).
a.) Use the Gram-Schmidt process to transform the basis {u;, u,} into an orthogonal basis
{Vl, Vz} .
b.) Find the norms of v; and vy.
c.) Then normalize the orthogonal basis {vi, v2} to obtain an orthonormal basis {qi, q2}.
d.) Draw basis vectors {qi, 2} in the xy-plane.

Solution (20 Points):

a) Let:
vi=u;=(1,-4)
_ (u,,v,) (2,3)e(1,-4)
= Wy — PIOju; Uy = Uy — =(2,3)— 1,-4
V2 = U — PIOjy1 Uz = Uy o vi=(2,3) (1,_4).(1’_4)( )
-10 44 11
=2,3)-—0,4H)=(=,=)
17 17717 " (“\\\\A
Thus, <
vi=(1,-4) and w=(2 Ly 2k
’ 17 17
b) Let:

Ivill= J(viv) = Y1+ (4 = 17

= = ﬁZ 1_12= 21 :LL
[ vall = (v, v,) \/(17) +(17) " )




d)

) or (0. 242535 5,-0.9701425001)

7 \/—\/— &\«)’\)\r CMWWV\)\A#,_.

Let:
\Y 1,-4
P T ) O
v
R 4417 1117
v, J121/17 7 \121/17

) r (0.9701425001, 0.242535625)  lo¥s w%‘daoc\_

rterons o vigeey

(tscale W)j

awn.

»
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Question 1: /S
For any linear system Ax = b, the associated normal system ATAx = A™b is consistent,
and if W is the column space of A, and x is any least squares solution of Ax =b, then the

orthogonal projection of b on W is projy b = Ax.

Find the orthogonal projection of b on ColA given by the following linear system Ax =Db.

2x, + x, — 2x;, = 6
X, - x =3
X, o+ X =9
x, + x - x =6
Solution 1:
2 1 =2 6
1 0 -1 3
A= b=,
1 1 0 9
1 1 -1 6
21 =2
2 1 11 7 4 -6
AA=|1 0 11 =4 3 =3
1 1 O
-2 -1 01 -6 -3 6
1 1 -1
6
2 1 11 30
T 3
Ab=1 0 11 9= 21
-2 -1 01 -21
6
7 4 -6||x 30 7 4 -6 30
ATAx=ATb=>| 4 3 -=3||x,|=| 21 7! 4 3 -3 21|~
-6 -3 6 ||x -21 -6 -3 6 -21
1 0 0 6 X, 6
~[0 1 0 3|=|x,|=|3
0 01 4 X, 4
2 1 =2 7
6
1 0 -1 2
Ax = 3= .
i1 0 9
4
1 1 -1 5



Question 2:

Letu=(u,, u,, u,)and v=(v, v2, v;). Determine if the inner product
(u,v)=u, gv,t 15 4V, isaninner product on R gby verifying that the inner product
axioms hold. If it does not hold, list the axiom(s) that do not hold.

Solution 2:

Axiom 1 states (u, v) = (v,u) and for the given inner product (u, v)=1u, v, * 13,V
and (v,u) =v, u,tvy,uy and vt vy gy Uy T Uy v, therefore (u,v) =
(v,u) and this demonstrates that axiom one holds for this inner product.

Axiom 2 states (u+v,z) = (v,z) t{u,z). Letz=(z,, z,, z,),

so (u+v,z)=

(g1t 51u3) + (v, V5, Vs )5(21, 25, 2 ) =@y + )+ (1 + ;) + (s +V3)),(2,2,,235)) = )
(W, + v+ +vz, = (MU (VT AY3) = (w 7 L=
7!“1+VI+ e X\/\\s une AudS ot
=@,z tuy,z3) (v, vy) - —
#Au,z)+ (v,z) which demonstrates that axiom 2 does IIM] hold for this inner product.

Axiom 3 states (ku, v) = k{u, v). For the given inner product k(u, v)= ku  ,v,+ ku , o3

té‘k(“p"ﬁu} V) - ‘\’\/\\3 one \/\J\L$

#k (u, v), which demonstrates that axiom 3 does/hét hold for this inner product.

Axiom 4 states {v,v) >0 and (v,v) =0 ifand only if v = 0. For the given inner product

(v,v)=v,2+v, ?, because both terms are squared (v,v) =0 and v,* + v, *implies that

both v, and v , must be zero, But v 5 does not have to equal 0 in order in order to make
{v,v) =0 and therefore (v v) #if and only if v=0 and thus this inner product is not an

inner product on R * . 7

1)

Question 3:

If u=(1,4,7) and v=(0,1,1) and u and v are vectors in R ?, find the norm of u and the
distance between vectors u and v.

Solution 3:
“u”= (uu) '"?= \/uf tultul = JI2+42 +7% = /66

d(u, v) = Ju—v|= [w]= (w,w) 2= V1’ +32 + 6> = 46




Question 4:
Find the cosine of the angle © between the vectors u = (1,2,3,4) and v =(2,1,2,3)

Solution 4:
[ = V1427432 +42 =430 M = v22+1242243° = VI8
cos©=—<u’v> = 22 _ 22 11

Bo18 615 315

\'\‘J\ w u> \<\/\\5 ]
Question 5: G
For the set S = {vL , v, where S is an orthonormal basis for an inner product space V,

andvandu are \r'V,

——

V1=(1,2, 1),V2 ':(3,-5,2),\/3 :(-19 1, l)andu_( 1 O 2)

a) find the coordinate vector of u with respect to given ba51s S\y y ’;(x

b) LetS= {ul N7 } where u,=v,and up = v, N I%Iow con51der the vector space

R wi Euclidean inner product. Apply the Gram-Schmidt process to

transform basi and u o ifi td andjorthogonal basis {w1 ,wz} then angft
orthonormal basis {g, , . \r
% Ve o o \Q 7 Ok cpavre W
7 X(\w VN k_i \Ocqv

t \/ o \/‘
Solution 5: c,(/\\ﬁ""‘"//\‘ W\5 ov\\l«}\/\u\és ’g‘/
4

a) u=q ,v,) v,+v,) vy + (uv,) v, therefore the coordinate vector (u) ;=

({u,v,), (u,v,), (u,v,)) for the given vectors (u,v,)=-1+2=1
(u,v,)=-3+4=1and (u,v,)=1+2=3 amau)fi?l, 1,3). )

\
b) w=u,=(1,21) \Dw\m\o)») \NJ(J,
/\\1\ ’L‘j

w2 < uj -Projspan{wl}uz “u3- <u27wl>wl \/J

(wy, w;) / c\/\"‘ ’)
=(-1,1, 1) —-(2/6)(1,2,1) «(-1,1,1)-(2/6, 4/6,2/6) = (-4/3,1/3,2/3) =w
Therefore the orthogonal basis = {(1,2,1), (—(4/3),(1/3),(2/ 3))}

Andg,= v, =(1/V6,2/ 76,1/ J6)

[l



W &
\
And g =v, =(-(4/3)/(7/3), (1/3)/J(713),(2/3)/ {J(7/3)). @ {)pff\
.| BN
Question 6:
2 2 1/4 27
: : 0 4 O 1
Find the Eigen values of A= .
0 0 5 3/2
0 0 O 1
Solution 6:
The characteristic polynomial of A is det( A I-A)
A=-2 =2 -1/4 =27
0 A1-4 0 -1 :
= det =(A-2)((A1-4) (A-5)(A-1) and the eigen

0 0 A-5 -=-3/2
0 0 0 A-1

values are the values of 4 where the determinate is equal to zero;
so A=2,4,5,1.

Question 7:
Show that if 4and B are orthogonal then :

a) A7'is orthogonal
b) AB is orthogonal
c) det(4) =+1

Solution 7:
a) HMAis orthogonal < AT A=1¢> A (A7) =T=4"(4")" = that 4" and
(A" areinverses = (A4™')" 47 =1 = A" is orthogonal.
b) U4 is orthSgonal <> A7 A=1=B"B so
(AB)"(AB)=B"A"AB=B"IB = B"B =1 => AB is orthogonal.
c) If A" A =1, amd X \ngw
1=det(]) = det(A” A) = det(A” ) det(4) = (det(A4))* < det(4) = +1.



Question 8:
Find the orthogonal projection of v =(2,1,3) onto the subspace wof R’ spanned

by u, =(1,1,0) and u, = (1,2,1).

Solution 8:
The subspace of R’ spanned by u,and u, for the column space of matrix A is

1 1 1 1 2

X
A=|1 2. Using the least squares method Ax =visequalto |1 2{ ]}= 1.
0 1 o 174 |3

11 2
. 1 10 2 3 . 1 10 3
A A= 1 2|= and 4'v = 1= . The normal system
1 2 1 3 6 1 2 1 3 7

01

6| x,

A"v and performing Gaussian elimination.

’ . 2 3| x 3 ) .
A" Ax = A" v is then 3 =, v can then be found by augmenting 4" 4 and

2 3 3] [1 3/2 pr2] [1 3/2 pr2) 1 3/2 2
36 \7}{3 6 7}{0 3/2 ls/z}{o 1 ‘5/3}
1 0 |-1 X, -1 _

01 ‘5/3}3x=[xj=[5/3} or proj v=(-15/3).

n A cuwu/\“ {SV LS
V) o e \0""‘}(&1
l - \/‘/;\ v QMX\,‘\/' A’K

u\—‘“w ’ A ~
Question 9: J " 5"/\ \mro ‘e
Let M,, have the inner product. Find the cosine of the angle between 4 and B.
\ .
(5 —1] (0 2 30"\\««&8 \VKt “Af}(k% d-&_C(/k\/s{/
a A: B: N .
: (2 4] |12 3} \{ou VL&’V\” XVV \»C\/\QL\\(/ w\/\\u\’\
_ _ \?(/\f)f;t-w\(mf‘ {\/\V\c(\ pméw\/,
N ~1] | 1 4 .
) __3 1| _L—z _2 \/\’\/L)T\S ke
Solution 9:
(4.8)
cosf = ——
|4l
2) cos6 = —2+4+12 14 14

J25+1+4+16Va+4+9 46417 782



5-4-6-2 -7 -7 -7

b) cosd = = = ="
J@5+1+9+1)JA+16+4+4) J(36)/(25) (6)5) 30
Question 10: ,
Find the coordinate matrix for prelative to S = {p,, p,,ps}- LAY . 4/'\@
\ ‘_3(\‘3{\ A
(AV\
a) p=4+5x+x*, p =1+3x, p,=x—-x°, p,=x" Ad( (,00 uwtw

p,=l+x, p,=1+x", p,=x+x

W XN
b) p=x-x7, = = 2 2 (\\% Al :‘/\'V"/

Solution10:
The polynomials can be written with their coefficients as [p; | P2 I P3 | p], whose r.r.e.f
yields the coordinate matrix for p relative to S.

1 0 0 411 00 4
pi| p2| ps|pI=13 1 0 5|~[0 1 0 -7|=
0 -1 1 1] (0 0 1 -6

4
(p), =(4-1,-0), [p,]=| -7
-6
1 1 0 1 0 0 1
p1|p2|p3|p]—> 1 0 1|~(0 1 0 —-1|=>
1 - 0 01 O

0

1

1

(), =(1,-1,0), [ {



1.)(a) Prove that if u and v are orthogonal vectors in an inner product space, then
o+ A" = e+
Solution:
u and v are orthogonal vectors = <u,v> =0
e + o = (u+v,u+v)
=<u,u> + 2<u,v> + (v,v> , and 2 (u,v) =0

e s =) () = e
7

(b) Also show that ifu and v w_gxw, then

v <] + 0

b

W

Solution:
||u + v“ (u +v,u+ v> = <u,u> + 2<u,v> + <v,v>

AR < )+ () () =l
ARGl b) £
ol F <+ bAF P

oAl <fod + M

(c) Verify the theorem in part (a) with the following orthogonal vectors in P, with
the inner product (P],P2> =ayb, +a,b, +a,b, where P =a,+a,x+ a,x’ and
P, =b, +bx+b,x’

P =-143x+2x" and P, =4+2x-x’
Solution:
o+ = e+ 7
[(4-12+32-1) = (<10 +37 +27 )+ (a2 +22 + (1))
, P=149+4+16+4+1
\AvA

(3% +52+12)=35 W
9+25+1=35 o

(d) Verify the theorem in part (b) with the following non-orthogonal vectors in R’ with

the Euclidean inner product —

= (—- 3,1,0) and v = (2,_1,3)

Solution: |(—3+2,1+-1,0+3)}| < VO +1++4+1+9

VJ1+9 sﬁd+¢ﬁ



1
2.) Let P, have the inner product, ( p,q> = jp(x)q(x)dx ,
0

Find the angle between the following functions in Py, p(x)=2x and g(x)=2.

Solution:

1
cos@=£&v—> (p.q)= J‘4xdx=2x2]g =2

W P
Il = (p.p)? (pdj (g” o]

= (0.a)" - (;ij); ~(axff =A =2
wy)_ 2 _\3 cos_1[£)=%=30°

W 2 2
] 22 2 2

1 3
3.) Find an orthogonal matrix P that diagonalizes A= {3 1:\

Solution:

o:det(ﬂ—A):det[’1 _31 ;31}(,1-1)(,1—1)—9 =(-24+1)-9=2"-21-8

=(A-4fA+2)=>A=4,1=-2
A-1 =3 ]]x 0 3 =3|x 0
= when A =4, =
-3 A-1]ix, 0 -3 3 |x 0
3x, -3x, =0, and -3x, +3x, =0
Myl
X =X, = = =X,
X, X, 1
-3 3|1 [0
When A =-2, =
-3 -3lx, 0

~3x,-3x,=0,and -3x, —3x, =0

X, = —xz = = =X,
X, | X, | 1

1 -1] |

1 -1 Nz T = =
u, =| {,and u, = :>v=‘/§,andv:‘/—i3]3:‘/E \/5
"t 2 1 ! 1 2 1 1 1
V2 V2 ] 2 2



1 1
4.) Do vectors v; = (——,O,———— ,v2=(0,1,0), v3 = form an orthonormal
N2T2 ] J— f

basis and if so exprc;?s the vector u = (3,-5,7) as a linear combination of the three.

\(QJI whuX |

Solution o WAB
First we must verify that this is indeed an orthondrmat basis.

1 1
<v1,v2>:ﬁ-0+0-1+$-0=0
1 1
, — —+O 0+—=-——==0 -
(v,v;) = \/— NG NG \/\U"J v,(}\,{i)ou
1 1 vvuﬂ J ! \(vb/ej\(
(v,,v,)=0- \FH 0+0- —ﬁ=o _ W/

Since all inner productspeses are equal to 0 we know that this is an om%zﬂbaﬁls
Now we have to discover the inner productyspages-of u to» +Esch v so that we get the ‘
coefficients for the linear comb1nat1on [ 2 A

1 ,
u,vl +( 5) 0 7 . o~

<u,v2>=3-0+(—5)~1+7~0=—5 Nﬁw\x(

3>=3-%+(—5)-0+7-——1—=— 1

20 2

So the linear combination is % v, =5, — % V.

<u,v

5.) Find the least squares solution of the linear system Ax = b given by:
3x, - 2x, +4x, =-1
X, +2x,-6x;,=8
2x, +3x, +4x, =4

Solution:
Here
3 -2 4 -1
A={1 2 -6|and b=| 8
2 3 4 4

Since A has linearly independent columns we know that in advance there is a unique least
squares solutio& So now we get

Wy
And oy »rh ngM : )\x{/
Lo W IAR I CAeY
N

&
3 (om i 2¥ 2
f\‘i*/\’l ; : o \Mv"e“k
J L3

W{c>1
]

AN oW

(a4 \W\”\mm\

\geoX 2



2 29 =25 16
ATA={1 2 -6}|]-2 2 3i=[-25 41 -16
4

16 -16 29
31 2||-1] |13
Ab=|-2 2 3|8 |=| 30

4 -6 4|| 4 -36
So the normal system ATAx=A"b is
29 =25 16 | [x 13
~25 41 -16]|x, =] 30
16 -16 29 | |«x, -36
By solving this system we get the least squares solution:
35415 21343 _ —5428
IETETIN =123 - = 809

Ave VSJV\ SEOG WS
6.)

Consider the Bases B = {uy,u;} and B’ = {u,’,u;’} where
w=3,1); w11 u’=(8,2);  u=(1,7);

(a) Find the transition matrix from B’ to B

(b) Find [vlg if [V]s = [_62}
N A
Solution: ~/\‘7 \’()(\/\ "\( “%l w)ﬁ ,
0

(@ u’= Qu+ (1)u2 Yo & -€ N .J?Q

w’ = (3w + (10w Qm M,)(\
o] e[

10



vl 3 -3i|-2}|(-24
ViB= =
®7l-1 10]] 6 || 62
7.) By definition we know:

Iff AT=AT

then A is said to be an orthogonal matrix.
A%

Is the following statement always true or sometimes false? V\w’)u)

If A is an orthogonal nxn matrix. Then for some Eg%nt k, kA 1s also orthogonal.%

"
Solution: A{\\_ﬂ,\tg vt s /‘\,\_Q_ ] A“""'\Y“ ﬂ/\}/
Sometimes false ‘(}c\r Yo Wi Ao
5 V\,)( v
cec L e
False case: \V K~ S
. AALe™ @ o
. \( \uw -
i {1 0} and k=5 o D y — Mo
01 T
50 WS \,
kA = 0 5} e W\/\WB( \( .
[1/5 0 5 0 X T\ e 2 v
- T_ \ \ v~
Ao 1/5} A [0 5} o0 @m}w}‘\”) 'S
, , o
Then: %U\\l \.S< \)6 \\ (/\/\0\(/['{
(V7 y
And therefore kA is not orthogonal O (< WJW
True case: L % ﬁ " v%'( \D
l AN
. O
If: S(\/Vw 5<\«/ | OV,{/>(\
<,L)‘~\( 6 \’\
S d k=1 \ 5€ o~ Y )
= 0 1 and k= Qw ) . de\/g/\/ /‘\j ,
10 e\ W\wf y,
KA [0 J X O N
\ \V\JV‘



Then:
(kA)"' = (kA)'
And therefore kA is orthogonal

8.) Let u = (u,,u,,u,) and v =(v,v,,v;) be vectors in R * with the inner product defined
by (u, v) = 2u,v, +4u,v, +5u,v,. Find the distance between the points u = (7,11,20) and
v=(5515).

Solution:
The distance between two points is defined by d (u,v)= “u - v” Since Hun = <u, u>% , WE

can express the distance between the two points as follows:

d((7,11,20),(5,5,15)) = |(7.11,20)~ (5,7,15)| = ((2.:4.5), (2,4,5)>% =(2-2-2+4-4-4+5.5-5) =197

9.) What conditions must x and y satisfy for the matrix
x x—4 y+5 x°

0 x-y ¥y x

0 0 x+y vy )
0o 0 0 L ey 2 )' L
to be orthogonal? \(50 ' {\f > 0 MO
w ol
Solution: J/ Vﬁ(

The matrix will be orthogonal if it’s determinant is 1 or -1. Since the matrix is triangﬁar,
it’s determinant can be computed by multiplied the entries in the main diagonal.

xx=yYx+ y)y = 1= mle’ - y?) =2l = 2y - yix =21

10.) Consider the bases B = {ul,uz,u3} and B' = {u},u},u;} where
u, = (L), =(4,54)u, = (61418} = (1,4,9),u, = (2,6,14).u} = (39,13)
Find the transition matrix from B’ to B.

Solution:

The transition matrix P from B’ to B can be expressed as follows:

P=[ul, (], | [w],]



In other words, we must form a matrix whose columns consist of the coordinate vectors

from B’ relative to t{}[ basis B. We can do this by row reducing one big augmented
. \
matrix as follows:

1 4 6 213 1 4 6/112]3 1 0 0] 93 | 142 | 109
1 5 14/4|/6|9|~|/0 1 8|3|4|6|(~(0 1 0[-29|-44|-34
1 4 18(9|14|13 0 0 1(4]6]|5 0 0 1] 4 6 5
The transition matrix P from B’ to B is now the right half of the above row reduced

augmented matrix.
93 142 109
P=|-29 —-44 -34

. o X
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N

Y

Use the four axioms which define an inmer product space to determine whether the
following is or is not an inner product space:

o la b e f .
"_{(: d}’v_{g /1}’61\[‘22

(w,v) =ac — bf + cg — dh,with usual addition and multipication

Solution
Axiom 1: (w,v) =ae—0bf | cg—dh =ca— fb 1 gc— hd = (v,u). so the axiom holds.
. { ]
Axiom 2: Let z = "1 Then
nop

B ate bl f [ m
(ulv,a>—<{(“g d}hl’{n pJ>
=al el —bm— fm 1 en ) gn—dp—hp

:((L/ —bm | cn— (ip)l é] — fm | gn— hp)5

- <u>z> | <sz>

B ka kb L m
N ke kd |71 n o p
= kae — kbf + kcg — kdh

= k(ae — bf 4 cg —dh)

so the axiom holds.
Axiom 3: (ku.v)

so the axiom holds.

Axion d: (v.v) = ¢?— 2| g~ h%, which is smaller than zero whenever f2 1 h? > ¢% | g%,
Also, (v.v) = 0 whenever f2 | h?2=¢? | g%, eg. e =2, f =3,9=—3,h =—2. Since
axiom four fails to hold, this is not an inner product space.

(2) For the inner product (u,v) = 2uv; | Huywy, are the vectors u = (5. —1) and
v = (2,4) orthogonal?

(b) What is the relationship between the space spanned by u, and the space spanned
by v?

(¢) For the same inmer product, what is the angle between v’ = (4, 3) and v/ = (1,2)?

Solution

(a) (wov) =2%5%2 1 hx(=1)x4d=20—20 =0, souand v arc orthogonal with
respect to this eteensectorn \mwey QV‘.J\_M)(,
(b) The spaces spanned by u and v are perpendicular to cach other, i.c.

Span{u} =(Span{v})*, Span{v} =(Span{u})*.



ECA'SS

[+ IIVII
2%2x | +D42%2

V22245552 /2% 1245422
— 4420

\/281?—2()\/2-}-20

V616

) =cos ! (i>
616

cosf) =

3.1 v = (0.3,0), vy = (-3,0,6), vy = (6,0,3) is an orthogonal bass for % with the

Icuclidean inner product,

(a) Find v|. v}, v/} such that they form an orthonormal basis S

for %,

(b) Express u = (3,0, 1) as a linear combination of vi, v}, and v,

(¢) Find the coordinate vector of u with respect to S, i.e. (u)s.

Solution

(a) Normalizing, we have

vi = 25(0.3,0) = 1(0.3.0) = (0.1.0)
Vi = —=(=3,0,6) = 1=(=3,0,6)
Vi = =(6.0,3) = 12(6,0,3) = (4

(b) As S is orthonormal,

(3,0,1) = (u,v)v} | (u, v2>v‘Z | (u.

“~ -
-
~

—_

V
- ()V\l_ﬂL-L\/(UV“ qw&t\x“‘ \s '

(¢) By the definition of coordinate vector, and (b) above, (u)g = (0, — ﬁ’ \h)

4. You have collected data of force and acceleration of an object with unknown mass . b

Here is the data collect:

F, =120N « =4.1lms*
F, =18.1IN a, =6.2ms?
F; 90N  ay = 32ms2
F, =59N a; = 1.8ms7?

Use the data and Newton's Second Law F = ma to find the hest
to three decimal places.

\ow, o Y70
(o o"

AR o~ "
U OV \/(,t—,\’

approxination for m

Hint: m is scalar, but you can consider it as as a vector m = m

Solution
We have the systemn of equations

4.1 12.0
6.2 ]
32 1™ 7| 90
1.8 5.9



We can obtain the least squares solution from the normal equation A" Am = A"b. In
this case, we have

1.1 12.0
.| 6.2 TR A
A= |5 AT =[41628208) b= |
18 5.9
Then
4.1
T 6.2 o e
ATA =10 | [416.23.21.8] = [68.73],
1.8
and
12.0
A'b = [4.16.23.21.8] PO [200.84]
A 16.23.21. 00 84].
5.9

Thus [68.73]m = [200.84] = m = [2.922] = m = 2.922ky.
5. Consider the bases Q = {u, uy,u3} and S = {v. vy, v3} of %

a) What would vou multiply the column vector ug,., ., ..y by to [ind uge,?
( ph {e1.c2.03) D] {s}

(b) What is the transition matrix I’S‘f}' to change uygy to ugp?

Solution
(a)
1 00
0 1 0| ue, eoeq) = [ A\ ‘Vg ‘ Vy }1,1{5}
0 0 1
| 1 0 0 l
Uygy = [ v ’ Vo ’ Vi }_ 0 1 0 | Uy ney = [ v ’ vy ] vy r Wie) om0}
0 01

.- oot . (end \\fw»svu\m\)\’).

So multiply Wi coes} DY [ V| ‘ Vo IV;; }

(h)
|: 11 ‘ 1y ‘ 3 il 11{(2} = [ V) ‘ Vv, ‘ Vy :| ll{yf,’}

[vifve|vs Jugg

_ XX
S()]’,@-‘:[ul‘uz‘u;;} l[vllvz‘v_.;],f 3 XXo

ll{Q} - [ 114 ’ LR D) } 114 }

.....

6. (a) What are the coordinates of A = 14 x | 2% with respect to the basis S = {1, 0. 2% }7

(b) What are the coordinates of A with respect to the basis {1 a0 1 22,1 | 22}7

Solution



(a) By inspection, Ag .2y = (1,1, 1). T

by (Lt a1 (wta®)sgr (L ra¥)y=11a 2? 7 o
10 1 a l
L 1o =11
0 1 1 ¥ 1
o1 1o 11 L0 0]y
LT OojL | ~10 1 —1{0|~]0 103
0 1 1 01 1|1 00 1]
wN
Thus A, oy 20y = (%, % %) \O\’e/ !

(o
CeenX Q
7. All 2-by-2 orthogonal matrices are of one the two forins

1 cosf) —siné B cosl)  sind
| sin®  cos# , OF 2= sinf/ —cost |-

() Of which form are matrices of rotation in R??
(b) The product of two orthogonal matrices is also an orthogonal matrix. Of which
form is the product if you multiply...
i. two matrices of the first form?
il one of the first form by one of the second (i.c., AB)?
i, one of the second by one of the first (i.c., BA)?
iv. two of the second form?

(¢) Do orthogonal matrices always commute?
Solution

(n) Matrices of rotation in R? are of form A.
(b) i As det(A) = 1 and det(B) = —1, det(A; Ay) = det(A) det(Ay) = 1+ 1 = 1,
so the product is of form A.
i, det(A,13)) = det(A) det(B)) = 1% (=1) = —1, so the produet is of form /3.
i, det(304)) = det(By)det(A)) = (=1) 1 = —1, so the product is again of
form 13.
iv. det(3)13,) = det(By) det(13y) = (= 1)« (—1) = 1, so the product is of form A.
(¢) No for example, although standard matrices of both rotations and reflections
are orthogonal, rotation by 7/6 radians followed by reflection over the x-axis
is nol cquivalent to reflection over the x-axis followed by rotation by 7/6 ra-
dians: the first ordering moves (1,0) to (v/2/2, —1/2), while the second moves
it to (v/2/2,1/2). Thus, the operations and their associated matrices do not
generally commute,

0 -2 0
8. (a) Find the cigenvalies of A= | =1 —1 0
-3 -1 =2



(b) How many cigenspaces are there? Find bases for the eigenspaces.

Solution
() The cigenvalues can be found from the characteristic equation det(A/ — A) =0

A 2 0
sdet] 1 X110 O = ()
3 1 A—2

By cofactor expansion on the third column,

0 =(A=2)(AMAF1)—=1%2)
=(A=2)(A\} A—2)
—(A—2)(A 1 2)(A—1)
S A=2, 21,

{(h) As there are three eignvalues, there are three cigenspaces. To find them. we find
the nullspaces of the matrix Al — A for each A.

i A=2
2 20 I 1 0 I 0 0 0 0
1 30 ~1]0 2 0|~1010=x=]0]=101/]Iisabasis.
310 0 —4 0 000 t 1
i A= -2
-2 2 0 1 -1 0 1 -1 0 1
I =1 0 ~+0 0 0 ~ 10 0 0 = | | |is a basis.
3 1 -4 0 4 —4 0o 1 -1 1
. A =1
12 0 1 2 0 1 20 2
1 2 0 ~ 10 0 0 ~ 10 0 0] =1-11isabasis.
3 1 -1 0 =5 —1 05 1 5
1 8 —18
9. Mind a matri¥ P that diagonalizes A= | 0 3 —15
0 0 =2
Solution

(a) Solve the characteristic equation, det(Al — A) =0

A—1 -8 18
det | 0 A=3 15 | =0=0-1DA-3)(A—2)=0
0 0 Ai2

SoA=1,3,-2.

<t



(b) Find bases for eigenspaces of A

0 —8 18 010 ]
A=1#ANul| 0 -2 15 [ =Null|0 0 1 |=Span]| 0
0 0 1 000 0
2 =8 18 1 -4 0 4
A=38Null [0 O 15 [ =Null{0 O 1 | =Span| I
0 0 5 0 0 0
[ -3 -8 I8 I 8/3 —6
A=-=2&Nul|l 0 -5 15 | =Nall| 0 1 =3
| 0 0 0 0 0 0
1 0o 2 —2
=Nul [0 1 —3 | =Span 3
00 0 1
1 4 =2
-~
—P=|01 3 1%
00 I P ot ¢ T
w 'y
. v \I(V\ é [
10, Determine whether the following matrices are diagonalizable: 5( \v gv

N
(1) Ao e
w )

7 k
) N b

- J v~

12 -1 Yt )1
2 1 4

-1 4 2

(¢) i

I 0 0 1
0O 1 10
01 10

| 1 0 0 1

Solution

(a) Yes, as it is a triangular matrix with distinet entries on the main diagonal.
(b) Yes, as it is symmetrical

(¢) Yes, as it is symmetrical

6
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Question #1
Find the eigenvalues of
0 1 0
A=|0 0 1
K -3k 3k
Solution #1
15 points

The eigenvalues can be found by calculating Det(4/-4), which in this case is

0 1 0 A -1 0
0

0 1i=[o0o 1 -t
k> -3k* 3k| |-k 3K A-3k
A -1 0
Det(H)=| 0 41 -1
-k 3k* A-3k

Det(A) can be calculated by a number of methods, such as altering it to upper triangular form
and multiplying along the diagonal, or perhaps the most simple method in this case is expand
the first two columns out and multiply across the threee diagonals. Either method will
ultimately yield the equation:

Det(A) = 2> =32k +34k* - k°
Which can be reduced to

B3k 43Ak -k =8B =28k + AP = A2+ 22k k> = (A-k)(X -2k +k7)
=(A-kYA-kYA-k)=(A-k)’

neArix  ave «ll
Therefore, the eigenvalues for this system-ofequationswittequal-zero whensi=k.

(k\rc\fe— Ay Vg Q\/S\tu .A' C"I‘s) (f\h-k

Question #2
Diagonalize the matrix 4 St Qo wole Wave -c_Cc)ﬂ«v;.\ H.s)
-1 7 -1
A=1 0 1 0
0 15 -2
Solution #2

15 points



D=P 4P, where P is a matrix composed of the bases for the eigenvectors.
The first step is th® find the bases for the eigenvectors of this matrix.

A+1 -7 1
Det(Al—A)=| 0 A1-1 0 |=(A+DA-1)(A+2)
0 —15 A+2

So the eigenvalues for this matrix are 1, -1, and -2. Returning and substiting these values in
turn yields the following bases

0 -7 1] [o 1 o] [«] [¢ 1
A==-1={0 -2 0~001~x2=0=t*0
0 -15 1| [0 0 0} |x3 \
2 -7 1] [1 0 -1/5 1/5 /C\,\;,\a.‘-rc,h) \
A=1={0 0 0f~|0 1 —1/5{~|x2|=|t/5|=t*|1/5 S
0 -15 3| (0 0
-1 -7 1] [t o0
A=-2=10 -3 0|~l0 1 0
0 -15 0| |o

Matrix P is composed of these values.

b 1/5 1 1 4 -1
P=[0 1/5 0/,P"'=|0 5 0
0 1 1 0 -5 1

D can now be calculated

1 4 -—-1{{-1 7 -1110 1/5 1 -1 0 0
D=P'4P=|0 5 O[{0 1 0]j0 /Y5 O|=[0 1 O
0 -5 1 0 15 =210 1 1 0 0 -2

-1 0 O
The final answeris D= 0 1 O
0O 0 -2



Question #3
3. Using matrix A, and the answer to the previous problem, calculate A"

Solution #3
15 points
Remember that 4*=PD*P, 4''=pD'' P”!

1

0 1/5 1]|-1 0 o0 1 4 -1 [o /s 1]|-1" o o0 {1 4 -1
A"={0 1/5 o]0 1 o} <0 5 of|=|0 /5 o] O 1 O |0 5 O
0O 1 110 0 -2 0 -5 1 0o 0 -2"{l0 -5 1
0 1/5 1y1-1 0 0 1 -1 10237 -2047
=10 1/5 00 1 0 -0 0
0 1 1 0 0 -2048} (0 10245 -2048
-1 10237 -2047
Therefore, A’ =1 ¢ 1 0
0 10245 -2048
X ha K © et
Question #4 - iy AL Uw«‘ﬂ/\“\
Mmlmlze the following linear system Ax=b, )( Y
x—y=-1
3x+2=2
-24+4=0
, and find the orthogonal projection of b on the column space of A.
=
w{,[\*%\—&\,\-oc\,';
Solution #4
15 points

The normal system (A"Ax= A'b) will equal:

- 11 -1
ol U325 Ll —}
-1 2 4] 13 21
2 4

- 14

b 1 3 =2 2_5

-1 2 4]0
0

5k

And solving this system gives the least squares solution of.




14 -3 SJ
3 21 5
1 -3 5
1 /14 A‘* J so the minimized solutions are x = 56/133 and y = 17/57
0 1 85/285
1 0 56/133}
0 1 17/57
so the projection onto b on the column space of A is 5( >( o .
-74/399 \
56/133 Al K N o XU D Ae
o =] 3731399 ol >
2 4 386/399 {w«s\“\ St 59 ‘e
Question #5 N q T e

Find the transition matrix from B to B'.

u1=(11 2: 1) u; (21 11 1) l"3=(1l 2! 2) u’1=(21 1: 1) U'2=(1, 1: 2) u’3=(11 21 1)

("‘\’RA"A V? ‘w\é, L\/\a&)(\s E}?

Solution #5

15 points
Wimau;+tbuw+cus
ui=dujteuw +fus
visguythwm+iu

the transitional matrix is represented by a-i corresponding to the system above. We can solve for this
matrix as foliows:

121211
212112
1121 21
1 2 1 2 1 1
0 -3 0 -3 -1 0
0 -1 1 -1 1 0 0 -1 1
- - _so the transition matrix fromB-8"=|1 1/3 0
1212 1 1 0 473 0 Y
0101 1/3 0 MV
0 0 1 0 4/3 0] 1 AN g6
1000 -1 1] " e E
0101 1/3 0 N 4 W w Q\/D“’V v
0 0 1 0 4/3 0 o o IR ol
0N o
~
Y A%\ e Q’V‘MIMV
dovr NN



Question #6
Find the transition matrix from B’ to B.

u1=(11 21 1) u2=(21 11 1) u3=(1l 2! 2) u'1=(21 11 1) u'2=(11 11 2) u,3=(1l 21 1)

P
Solution #6 s

15 points

ui=au | +bu+cui

u=du’;+eu, +fus

u=gu+ hu’, +iu;

the transitional matrix is represented by a+ corresponding to the system above. We can solve for this

matrix as follows:
2 1

1

11 2 1
2 212
1 11 2
1 172 172 172 1 172

0 1/2 3/2 3/2 0 372 g

0 3/2 12 1/2 0 3/2 0 1 -1/4
12 12 12 1 12 so the transition matrix fromB-B={0 0 3/4
1 0 3/4
0 1 3 3 0 3
0o 0 1 1 0 3/4
1 0001 -1/4
01 0 0 0 3/4
0 01 1 0 3/4
Question #7
Use the transition matrix from question 5 and 6 to find: f[w], and [w], where w=(1, 2, -2)
/)ka‘b'
"S,b"‘” SK\/\\/\V\“’ o ,/_\/\Jql_g‘,ﬂq_lﬁt?g
Solution #7 / AN
10 points \,)\»3.
0 -1 tfj1]]-4 waww‘/”
[wl,=|1 1/3 of 2 |=|5/3 .

0 4/3 0j-2] [8/3

eves NV o

t:)czwmv\//l’vsrc\\c-tw&\b ke \
\3(/\' 0[0\\\«-(,& I prw\l/vs YJU&XC — % /\’\ﬂm

ok vk, Now =
i v (,oors\w}\&



0 1 -va|1]|]sn
[Wl,={0 0 374 2 |=|-3/2
1 0 3/4]-2] |-1/2

Question #8

Prove the following;:
If a matrix is orthogonal, then its inverse is orthogonal

Solution #8 (g0 ®
10 points

Suppose we have an orthogonal matrix 4. By theorem (or definition, depending on if you
are referring to class or the book) 4™' = 4”. Since by theorem (or again by definition), an
orthogonal matrix’ columns and rows form an orthonormal set in R" with the Euclidean inner
product, and by the definition of a matrix’ transpose, A’ ’s columns and rows also form
orthonormal sets. By that same theorem, this implies that 4" is also orthogonal which implies
that 47" is orthogonal.

Question #9
Prove the following:
a- A product of orthogonal matrices is orthogonal
b- If a matrix A is orthogonal then ||Ax||=||x]|
Solution #9
15 points

a) Suppose we have two orthogonal matrices A and B. By theorem (or definition), if we
multiply a matrix by it’s transpose and end up with the identity matrix 7, then that matrix is
orthogonal. So say we have the matrix product AB. We can multiply by the transpose and get
AB(AB)"=AB(B" A")=AB(B"' A™')=4B B™' A™'=AI A™" =I which completes the proof.

b) Suppose we have an orthogonal matrix A so that A” A=I. From the definition of the norm,
and by using the Euclidean product for matrices we get

lAX|I=(Ax @ Ax)*/2 = (xe A" AX)*1/2 = (x o x)"1/2 = ||x]|

Question #10

For the following matrix

0 0 -2



Find a) the characteristic equation; b) the eigenvalues; and c) wbas?s’ for the eigenspaces

Solution #10
25 points
a) We can find the characteristic equation of A by det( A 7 - 4), which gives us

/1 0 2 QJ\\))'}
det| —13 A+4 -1 :Z(},+4)(/1—2)+2(-13)(-1)—2(2)(}L+4)—(-1)(-1)(/2 "S,"U\Aﬁ‘fl o
o) 1 A1-2 Y‘...I“\Lb \['@v\'
ot 2
X v
WY

= A(PH21-8)+26—-(4A+16)-A=A+21-81 -54+10= P +24*-131+10

b) We can find the eigenvalues by solXin St(l/ly S’characteristic equation. We’ll first try to find the
integer solutions which can only be ften, namely + 10, £5, 2, 0or £1. fwetry 1
we will get 14+2-13+10 = 0 which shows that 1 is a factor. We then divide A -1 into the equation.

243 1-10
/1-1)13+2/12 ~131+10

- B =
0+34-1314+10
- 3X-31=
0 -102+10
-104+10=
0

So the equation factors like so: (4-1)( A>+3 1-10)
Additionally, we can factor *+3 1 -10 into (A +5)( A -2), giving us (A +5)(A-2)(A-1). If we set
this equal to zero, we will get the eigenvalues 1, 2, -5

c) By plugging in the eigenvalues and solving the resulting homogenous system, we can geta
basts for the eigenspaces.

For A=1
1 0 2 1 0 2 I 0 2 1 0 2
-13 5 -1|~{0 5 25i~10 1 S5 |~|0 1 5
2 -1 -1 0 -1 -5 0 -1 -5 0 00

-2
which implies that x3=t, x2= -5t, and x1=-2t. The corresponding basis is then | — 5
1



For A=2
2 0 2 2 0 2

2 02
-13 6 -—-1}{~|0 12 24|~|0 1 2
2 -1 0 0 -1 -2 0 00
-1
Which implies that x3=t, x2=-2t, and x1=-t. The corresponding basis is then | — 2
1

For A=-5
-5 0 2 -5 0 2 -5 0 2
-13 -1 -1|~{0 -5 =-31{~}0 -5 -31
2 -1 =7 0 -5 -31 0 0 0

2/5
Which implies that x3=t, x2= (-31/5)t, and x1= (2/5)t. The corresponding basis is then | —31/5
1

-

>

~ by 1o _’fﬂ\
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Problem #1 (6.1) 10 points

Let <u, v> be the Euclidean inner product on R2, reduce <2u+ 2 v, u—5v>to the
simplest terms possible, and then calculate it using u = (2, 4) and v = (-1, 2).

Solution

Lu+Yv,u—5v>wm

<2u, u — 5v>+ <%v, u — 5v> by part (b) of theorem 6.1.1 2=

<2u, u> - <2u, 5v> + <Vav, u> - <Vav, 5v> by part (c) of theorem 6.1.1 -

2|[ulf* - 10<u, v>+ Y4<u, v> - 5/2||v|[* by part (c) of theorem 6.1.1 and by the definition of
a norme>-,

2|l — 19/2<u, v> - 5/2|[v|f* by axiom 1 of the definition of an inner product.

Plugging in the values for u and v we get: 2[[(2,4)|F — 19/2<(2, 4), (-1, 2)> - 5/2|[(-1, 3)|”
=2(20) — 19/2(6) — 5/2(10) =40 — 57 — 25 = -42

Problem #2 (6.2) 10 points

Let R? have the Euclidean Inner Product. For which values of k and j are u and v
orthogonal?
u=(k -2,0) v=(6,/,2)

Solution

The inner product of u and v needs to equal zero. Therefore:
0=06k-2j+0Q2)=>

0=6k-2j =>
2j = 6k =>
j=3k

Every j that is three times k will make u and v orthogonal.

Problem #3 (6.3) 20 points

a) Verify that the following vectors form an orthogonal basis in R* with Euclidean Inner
Product. b) create an Orthonormal basis from these vectors. ¢) express the vector T = (1,
2, 3) as a linear combination of this Orthonormal basis

V,=(1,0,-1) V,=(2,0,2) V3=(0,5,0)

Al

/‘ »
Solution: ? -\'[ WV O
a) These vectors are Linearly Independent and- \')Cc%)—e/ Now € ¥ \’M - 15 = Aaw 4.

<V1,V2>:2+0+—2:0



<V, Vi»>=0+0+0=0
<V2’V3>:O+O+O:0

Therefore V,=(1, 0, -1), V, =(2, 0,2), V3 =(0, 5, 0) form an Orthogonal Basis in R”.

b)Ui=V,_ U= ¥V U= V3

Vi IVall IVl

Vi = <V, V> = (1+0+1) = 217
IVal| = <V,, V> = 4+0+4) = 82 = 2313
IVall = <V3, V3>'% = (0+25+0)= 252 =5

il

Uy =(1/12)"7,0,-1/2)") Uy = (142),0,1/2)"*) Us= (0, 1,0)
c) T=<T,U>U; +<T, Up>U, + <T, Us>Us
<T,U;> = /)% +0+-3/2) 2 = -2/2)"

<T,Uy> = /)" +0+3/2)"* = 4/2)'"
<T,Us> = 0+2+0 =2

T=-2/2)" U +4/(2)"? U, +2 Us

Problem #4 (6.3) 20 points

Using the Gram-Schmidt process transform the vectors:
u =(1,2,1)u; =(2, 8, 6) u; =(0, 1, 4) into an orthogonal basis {v;, v, v3}, and then into
an orthonormal basis {v, v,, vi}.

Solution:
vi=u=(1,2,1)

V2= Uz -Sup V> = (2,8,6)- (2*1 4 8%2 4 6*1) *(1,2,1)=(2,8,6) - 24 * (1,2, 1) =>
| vil? 12+22+12 6 S
(2.8,6)~4(1,2, 1) = (2,8, 6) - (4,8, 4) = (-2, 0, 2) = v, — s X2 L7

V3 = u3 - <u3, Vi>*v| - <u, vp>Fy, =>

[l Tl
(0,1, 4) — (0%1 + 1*2 + 4*1) * (1, 2, 1) — (0*-2 + 1*0 + 4*2) * (-2, 0, 2) =>
121224112 (272 + 07+ 22

0,,49)-6*(1,2,1)-8*(-2,0,2)=(0,1,4)-(1,2,1)-(-2,0,2)=(1,-1, 1) =v3
6 8



The orthogonal basis for R?is: vi=(1,2,1) v»=(-2,0,2) v3=(1,-1, 1)

Now, find the orthonormal basis.

qQ =y = 2(1,22, 1) 2=(1,2, 1) = (1/+6, 2/76, 1/7/6) e
\ MT+27+1 ,
” 1” 6 Wsu\(q(\v)\wﬁ J \D
A A
Q@=vs = _(2,0,2)  =(2,0,2)=(-1/x2,0, 1/\2) - Cq¥
[v2] 27 +07+2> B Vv
G=vy = _(1,-1,1) =(1,-1,1)=(1/AB, -1/B, 1/\B)
Ivsll  V2+¢DP+1? B
An

Fhe-orthonormal basis for R is:

Qi = (LN, 246, 1/46) 2= (-1A2, 0, 1/A2) q3= (1/AB, -1/AB, 1/3B)

e

- MmN \a!
Problem #5 (6.4) 15 points W) - emy

Find the least squares solution of the following linear system Ax =b and find the
orthogonal projection of b onto the column space of A.

1 -1 2 5 wz/\\'%mé'
1o 12
l1o-2 07 0 |-4

0 -1 0 4
Solution

From theorem 6.4.2/6.4.4, the system A"Ax = A'b is consistent and it has a unique
solution which is the least squares solution. The orthogonal projection of b onto the
column space of A is Ax.

1 11 0 3 -3 3 3
A'=|-1 0 -2 -1| andA"A=|-3 6 -2|andA'b=|-1
2 1 0 0 3 -2 5 12
3 -3 3 3
Thus, the solution x of the equation | -3 6 —2|x=|-1]| is the least squares
3 -2 5 12

solution.



Augment it and row-reduce.

3 -3 3 3 3 -3 33 1 0 0 -5
-3 6 -2 -1|=]/03 1 2 |=(01 0 -1
3 -2 5 12 0 0 5 25 0 01 5
-5
The least squares solutionis x = | ~1
5

The orthogonal projection is Ax or

1 -1 2
-5
1 0 1 . L
~-1|= . 1s the orthogonal projection of b onto the column
1 -2 0 s -3 -3
0 -1 0 1 1
space of A.

Problem #6 (6.5) 15 points

Find the transition matrix for A to B if A = {uy, u;} and B = {vy, v2}in R? where v; = u
and v, = uy.

Solution

If we let u; = (a, b) and u; = (c, d) then we can write A and B.

a b b a .
AZ{ } B= L{ } so, the transition matrix can be found with A'B so we solve it:
c

c d
b b
a b|b a 1221 - - 1 1_b_21
d\d K a\a > adibcadibc > ayd
¢ ¢ c dl|d c 0 0 0 1{1 0
a a

1 0]0 1 .. . .10 1
> so the transition matrix from A to B is
0 1]1 0 1 0

\
%\/\H i
Problem #7 (6.6) 10 points

Determine whether the following matrix is Orthogonal.
[1 3 -2]
[3 1 -2]
[-2 -2 1]



Solution:

A= 1 3 -2] Al= 1 3 -2]
[3 1 -2] [3 1 -2]
[2 -2 1] -2 -2 1]

AAT=T[14 10  -10]
[10 14  -10]
[-10  -10 9]

AAT = Therefore, this is not an Orthogonal matrix.

Problem #8 (6.6) 20 points

For an orthogonal matrix A, A'A and AAT are both equal to the identity matrix. Use this
fact to show that both the row vectors r1, r2, r3 and column vectors cl, ¢2, ¢3 form
orthonormal sets, respectively, for an A;y; matrix.

Solution
rl
If row vectors are rl, r2, r3 and the column vectors are ¢l, ¢2, ¢3 then Ais | r2| or
r3
cl
[c1 c2 ¢3],and ATis | 2] or [r1 r2 r3]
c3

rlerl rler2 rler3
A" Aisthen [r2erl r2er2 r2er3
r3erl r3er2 r3er3
clecl clec2 clec3
and likewise A A" is |c2ecl c¢2ec2 c2ec3|. These must equal the identity matrix I
c3ecl c3ec2 c3ec3
1 0
=10 1
0 0

matrices are to be equal so rlerl=r2er2=r3er3 =1and clecl=c2ec2=c3ec3 =
1, since these dot products lie on the diagonal These shows that the both the row vectors
and column vector of A are normalized.

To show that they are orthonormal, we must show that all the vectors are perpendicular.
This is done by showing that their inner products are zero with respect to each other. All

0
0 |. So the corresponding entries of these matrices must be equal if the
1



entries in the identity matrix that are not on the diagonal are zero. These means that all
the row vectors ., 7

rler2=rler3= r2er3 =0 and since the Euclidean inner product is commutative this
shows that the row vectors form and orthonormal set.

clec2= clec3= c2ec3 =0, by the same token, the column vectors from an
orthonormal set.

Since an orthogonal matrix multiplied by its transpose is the identity matrix, the row
vectors form an orthonormal set as do the column vectors.

Problem #9 (7.1) 15 points

Find bases for the Eigenspace A. Show A with each of it’s corresponding bases.

2 0 1
A=|-1 =2 0

-1 0 4
Solution:

Take the determinate of the function “N — A” to find the correct value for A

A-2 0 1
detN—A)=det(| -1 A+2 0 [)=(A+2)\*-6\+9)
-1 0 Ai-4

AN+ 2)(N*-6N+9)=0 then A=3,-2

L4~
(-1 A-2 0 1

now plug the values for A back into the equation | -1 A+2 0

-1 0 A—-4
3-2 0 1 1 0 1
A=3=|-1 3+2 0 |(=(-15 0
-1 0 3-4 -1 0 -1
~-2-2 0 1 -4 0 1
A=-2=>| -1 =2+2 0 =|-1 0 O
-1 0 -2-4 -1 0 -6

using reduced row-echelon for we find that the bases are:



(1 0 1|~ [1 0 1 -1 ] -1

1 5 0|9|0 1 1/5{%t|-1/5|8|-1/5|forA= 3
-1 0 -1 0 0 1| 1

-4 0 1 0 K

-1 0 [ 1| &#t[1]| & | 1| forn= -2

-1 -6 0 0 0 0 0

for the correspondmg values of A

Problem #10 (7.2) 15 points

Find if matrix A is diagonalizable:

2 0 0
A=11 20
3.0 2
Solution
A-2 0 0
det(M/—4)=det| -1 A-2 0 |[=(r-2)

The characteristic polynomial of 4 is then : (A -2)’ =0=>1=2
Therefore the eigenvalue of 4 is 2. Now to find the eigenvector associated with A = 2.

A=-2 0 0 x| |0 0 0 Ofx| (O 0 00O
-1 A-2 0 |x,|=0|=|-1 0 O|x,|=|0|=>|-1 0 0 O =>
-3 0 A-2]x,] O -3 0 0jx,] (O -3 0 00
1 0 00 1x,+0x,+0x,=0 x, =0s+ 01 x| 10 0
0 0 0 0= 0x;+0x,+0x;=0=>x,=5 == |x,|=|1s+|0}
0 0 00 0x, +0x,+0x, =0 X, =t x,] |0 1
0 |0
The eigenvectors for A with respect to A=2 are: | 1|&|0
0] |1

Since 4 is a 3x3 Matrix and there is only two vectors A4 is not diagonalizable



} 5|o+5

15pts

1. Compute <u,v> where S(U
pu o
1 3 SLe
3 -2 -
u= \: :\ and v= [ 1 l} %Q‘e, v’&
"o
el B
Solution: \ V\Q
_ \A \ 7
<u,v> = UVt UV, T UV UV, _ ‘DV\‘U (
N
<u,v>=3(-1)+(-2)3+4(1)+8(1)=3

2. Let R? and R have the Euclidean inner product. Find the cosine of the angle between u and v.

a)
u=(1,-3), v=(24)

b)
u=(-1,52),v=24-9)

Solution:

)
()
Jadliv]

<uv>=1(2)H-3)(4)=-10

= V1 + (-3)* = V10 o 10 -1 -1
COSu = = =
IWl= v22 + 4% = V20 J10%420 1042 V2

cosf =

b)
<uv> = -1(2) + 5(4) + 2(-9)=0

lull = -7 + 5% +22 = V30 N T T
*
)= v22+4°+9> = J101 J30*4/101 /3030 , ?

—50 B =90



[ 15p8 ' 3. Find the least squares solution of the linear system Ax=b, and find the orthogonal projection
! of b onto the column space of A.

1 0 -1] [6]
2 1 -2 0
A=\1 1 o b7
1 - 1] El
Solution:
PR L Ny 4 s
aazlo 11 1|2 THele 5 -3
1 1 0
-1 -2 0 —1_1 L -1 -6 -3 6
6]
1 2 1 1 0 18
A™h=0 1 1 1 o|= 12
-1 -2 0 —1L3_ -9
The normal system ATAx=A"b is:
7 4 -6|x| [18
4 3 -3|x,|=]12
-6 -3 6 |x -9
Solving this system yields
7 4 -6 18 28 16 -24 72 42 24 -36 108
4 3 -3 12|~|-28 -21 21 -84~} O -5 -3 -12
-6 -3 6 -9 -6 -3 6 -9 -42 -21 42 -63

7 4 -6 18 7 4 -6 18 7 4 -6 18 7 4 -6 18
~l0 -5 -3 -12|~|0 1 2 15 {~/0 1 2 15|~/0 1 2 15
0 3 6 45 0 -5 -3 -12 0 0 7 63 0 0 1 9



7 4 0 72 7 0 0 84 1 0 0 12
~101 0 -3{~/0 1 0 -3j~|0 1 0 -3
0 01 9 0 01 9 0 01 9

therefore

X, 12
x,|=|-3 x=12,%,=-3,%=9
X, 9 _ V\\nUV}(
o BN
_ _ L.
0 _ 1-1 3_} X\’\\\/{ ,(/u"\/\ N \/\L
12 - ﬂ\v\w\ 7 (ﬁ& (/\V"\Q/\z
2 1 -2 3 3(\/“17 \
Ax = 1 O - 3 = MU&
9 uv‘(
11 -1] 0 A




25pts

4. For the following matrix, find: characteristic equation, eigenvalues, bases for the
eigenspaces.

40 1
A=[-21 0]
201

Solution

The characteristic equation for this matrix is the equation found byllllsing the fact
that det [\ — A] = 0." First, we find the matrix \L— A: A-4 0 1
( [ 2 A1 0]
e bues Yok wzan’, 2 01

Next we take the determinant of this matrix:
Det (Ml — A) = (-4)( A2 -2 + 1) + 21— 2. Y-

\A{%"fcvbb
‘_,5005‘

This simplifies to: Det (A — A) =A"3 - 60”2 + 114 - 6. This éthe
characteristic polynomial of the matrix A.

To find the eigenvalues, we solve the characteristic equation for A:
M3-602+11A—6=0.

Factoring yields (A — 3)(A"2 —3A +2) =0, or (A— 3) (A —2) (A — 1). Solving this (2
ring 3 , AN N A 9f*
equation yields our eigenvalues,A=3,A=2,and AL=1. . &,& e Wi
Vs \Y \s (K 6Mv\ .
To find the bases for the eigenspaces, we return to the matrix Al — A. For each
eigenvalue we will replace A with the eigenvalue, then solve the equation
presented as follows:

IfA=1: A4 0 1 becomes -3 01 301 x(1)
[ 2 A1 0] [-2 0 0 ]. The equation{-20 0] [x(2)] =0 is
22 0 A-1 200 2200 x(3)

solved as follows: x(1) = 0 from the 2" and 3™ equations. x(3) = 0 because of the
1* equation. No parameters are set on x(2) so x(2) =s. The basis then becomes

0 0 0
[ s] ors[1] Soonebasisis[1]
0 0 0
IfAa=2:24 0 1 becomes -2 0 1 201 x(1)
[-2 A-1 0] [ -2 1 0]. Theequation[-21 0] [x(2) ]=0 is

-2 0 A1 201 201 x(3)



30pts

solved as follows. Let x(1)=s. Then by the first row, x(3) = 2s. Also, by the 2"

row, x(2) = 2s. Thus the basis becomes s 1 1
[2s] ors[ 2 ] So another basisis [ 2 ]
2s 2 2
IfA=3then A\l - Abecomes -1 0 1 -101 x(1)
[-2 2 0] Theequation[-2 2 O0][ x(2) ]=0 is
202 202  x3)
solved as follows: Let x(1) =s. Then by the first and third rows, x(3) =x(1) =s.
Then by the second row, x(2) = x(1) =s. Thus the basis becomes s 1
[s]Jors[1]
S 1
0 1 1
Thus three bases of the eigenspaces are [1],][ 2], and | 1 ]-
0 2

C()IM’%C/-‘?\/ o\.»«A— Wwe ” *7\.“'\ 0\\')U\~‘\' lA-blV\ >/0V~ (l
5. ForA=[ 0 1 0] find A*1. e, StW“ \M.uv"e, e(/\’\\rJVJ

015 -2

Solution

To begin, we find the bases for the eigenspaces of A. This will help us to
find P, the vector which diagonalizes A.

A+l 7 -1
M—A=[ 0 A1 0 ] DetAl - A=(-1)(A+1)(A+2)=0. By
0 15A1+2

inspection we see that the eigenvalues for this matrix are -2, -1, and 1. Next we
find the bases for the eigenspaces.

ForA=-2: -1 7 -1 x(1)
3

[0 0 ]J[x(2)] =0. Byrows?2 and 3, we know that x(2) = 0.
0150 x03)
From the first row, we see that x(1) = -x(3). So we set x(1) = s and x(3) = -s.
This gives us our first basis: s 1 1
[0] ors[0]So the first basisis [ 0 ]
-S -1 -1

ForA=-1: 07 -1 x(1)
[0-2 0] [x(2)] = 0. By row 2 we see that x(2) = 0. From that and
0151  x(3)



row 3 we see that x(3) = 0. x(1) is never initialized, so it can be set to s. Thus the

basis is as follows: s 1 1
[0] ors[0] So the second basisis [ 0 ]
0 0 0
ForA=1:2 7 -1 x(1)
[0 00 ][x()] =0. To solve, set x(2) =s. Then by row 3, x(3) = -5s.
0153 x(3)
Replacing x(2) = s and x(3) = -5s in row 1, we get x(1) = -6s. Thus the basis for
this eigenspace is as follows: -6s -6 -6
[s ] or s[1 ] Thus the third basisis [ 1 ] Putting these
-5s -5 -5

three bases together into one matrix gives us P, our matrix that diagonalizes A:

1
P=[0
1

[y

-6
0 1 ]. Now we also will need the inverse of P, or P*-1. Computing this
0 -5
0-5 -1
yields P-1 to be equal to [1 11 1]. We also will need D, where D is the diagonal
010

matrix with A(1), A(2), and A(3) as its diagonal entries: [

Now from formula 10 of section 7.2, we know that A*11 = P(D*1)P*-1. We
will now proceed to calculate this.

11-6 204800  -2048 -1 -6
PDMD=[001][ 0 -10]=[ O O 1] Thismatrix times P*-1
10-5 0 01 2048 0 -5

is as follows:

2048 -1 -6 0 -5 -1 1 10223 2047
[ 0 0 1][1 11 1]=[0 1 0 |]=A*1
2048 0 -5 0 1 0 0 -10245 -2048



6. What is the procedure for orthogonally diagonalizing a symmetric matrix? What is

5 pts
P the theorem that this procedure is a consequence of?

Solution

Step 1. Find a basis for each eigenspace of A.

Step 2. Apply the Gram-Schmidt process to each of these bases to obtain an orthonormal
basis for each eigenspace.

Step 3. Form the matrix P whose columns are the basis vectors constructed in Step 2;
this matrix orthogonally diagonalizes A.

This procedure is a result of the theorem that states that if A is a symmetric matrix, then
(a) The eigenvalues of A are all real numbers.
(b) Eigenvectors from different eigenspaces are orthogonal.

<) ’(\'CV‘CID ”f"W‘MD\a” v \/\e,?-e S i€ o)ew\rz)ﬂ'\c M\*:?‘\\"‘\"’S

= « 211{’ o e M"")"\'(
10pts 7. Let u = (u1,u2) and v = (v1,1) be vectors in R%. Verify that the weighted Euclide
inner product

<u,v> = 3uyv; + 2upv,
satisfies the four inner product axioms.
Selution

If u and v are interchanged in this equation, the right side remains the same. Thus,

<u,v> = <v,u>
If z = (z1,2,), then

<u+v,z> =3 +vi)z1 + 2(ur + v2)zy

= QBuz) + 2upzp) + (Bvizy + 2voz2)

= <u,ZpRy,z>
which proves the second axiom.
Next,

<ku,v> = 3(kuy)v; + 2(kuz)v, = kQQuivy + 2upv;) = k<u,v>
which proves the third axiom.
Last,
<V,v> =3y + 2vv, = 3v12 + 2vz2

Clearly, <v,v> = 3v12 + 2vz2.2 0. Moreover, <v,v> = 3v12 + 2vz2 =0iffvi=v, =0, or, iff
v = (v1,v2) = 0. Thus the fourth axiom is satisfied.



25pts

8. Consider the bases B = {u,,

[} o]

u,}and B' = {u,, &,} for R?, where

] e

a) Find the transition matrix from B' to B. (Pyy)
b) Find the transition matrix from B to B'. (Py,;)
¢) Compute the coordinate vector [w],, where

and use the formula [v], = F;

s

5[V]g tocalculate[w],.

d) Check your work by computing [w],. "directly”. (By setting up an augmented matrix)

Seolution:

There are several ways to do this, but the simplest way is to start with the equation:

= [“1 l“-lun][V]B:[“; I
VI =[w | Ju,]' [

L=

| vl
| iVl = Poplvle

= PBB':[“l .. “J][ui [... | “'n]

a)
-3
b)
s |2 —3}“[1 0]_
Pl 4o 1
©)

1 0]'[2 1 o2 =3] [2 -3
Ppp = = = .
0 1] |1 4] |0 1)1 4] |1 4

0 %1][1 OH% /}
__%1 %0 1 A '

o 5

A [ 3 _ A
L5 - A .

d) The corresponding augmented matrix to solve for [w]. is:

-3
i

2 =337 [2 3
1 4 |-5| 1o 13

_ _%1:|
= [w]g {_1%1 .

[2 -3
0 1

3 1 0
130 0 1

_%1j|

11



10pts

10pts

9. a) Explain why that if 4 is orthogonal, then A" isorthogonal.
b) What is the normal system for Ax = b when 4 is orthogonal?

Solution:

a) Because 4 is orthogonal, we know that both the column vectors of 4 and the row

vectors of A4 form an orthonormal set (Theorem 6.6.1). A’ is just A with its row and

column vectors swapped. So, because both the column vectors and row vectors
of A form an orthonormal set, the column vectors of A" (which were the row
vectors of 4)and the row vectors of 4" (which were the column vectors of 4)
form orthonormal sets, and therefore A is orthogonal.
b) The normal system is given by the equation :
A" 4x=A4"b

Because A is orthogonal, we know that A" = 4™' (definition of an orthogonal matrix).
Therefore,

A'dx=A"b > A Ax=Ab> x=4b>x=4"D

nonhohoKh
1 -5 1 1
10. Is the matrix 4 = I I orthogonal? If so, find the inverse.
noKo %o %
5 K K

Solution:

The matrix 4 is orthogonal if A” = A4™'. Thisimplies that if 4" 4 = I, then 4
is orthogonal. So,

/S A K oh o on K\\r K K ox
R I R,
Ko o w X% K ¥ oK %H\B K K %
KoY HhK% Kok w owil¥ ¥ h %

1 000 I R
= 0100 = Ais an orthogonal matrix. A" = 4" = ok K K )
0 01 O v % Y% %
0001 KoK k%



Question 1 (10 pts)

Find the inner product of the following _ 4 1. V0 ) “3 Ay T

e
3 7 2 6 &09‘
a)u= = ‘3(/% V"“’”kf\,

5 3
b)p=-2+3x-4x> q=9x-5x" L A
cu=[1,5,6,3] v=[2,2,5,1]

a) 3¥2+7*2+2*5+9*3
6+14+10+27
57

b) 3*9+4*5
27+20
57

c) 1¥2+5%2+6*5+3*1
2+10+30+3
45

Question 2 (10 pts)

Let R? have the Euclidean inner product. Let (a, b) be any two real numbers. Find the
cosine of the angle © between the vectorsu=(1,0,a)and v=(2, b, 1). Find “a”if© =
90?

Selution:
The cosine of the angle © between the vectors u and v is

(u,v)

cosf =—~.
Julllv]

We can calculate each part of the right hand side of the equation.
Jull = o) = 1+.a? )

[Vl = (vov)"* = (4452 +1)"* = (p? +5)"
(u,v)=(1-2+0-b+a-1)=(a+2)

Knowing these values we can calculate that
(a+ 2)

(a2 +1)”2(b2 +5)”2
If © = 90, then cos90 = 0. By inspection of the previous equation, we see that a = -2.

cosO =




Question 3 (6 pts) s &
oo

Let {vi, V2, .. ., Vn} be an orthogonal basis for an inner product space V. Show that if w €

e o (L] o[ fr.

Solution:

Wl = (w,w)=(W,c;v, +c,v, +...+¢c,v,) = ){\‘\U‘/f""

n

<w <w,v1>v + <w,v2>v et W,¥,) v/§=
vev) L (vaevs) T (v,y,)

w,V, LAS
<v,,v, (w,v1>+<<v2’v2>><w,v2>+ +<<v v>><w,vn>—_-
R 0 R Y
<v1’vl> <v2’V2> <v2’v2> ""1"2 “"1"2 ”"1“2
2 2
(w,v,) . (W,v,) - (w,v,) ?
vl [v-] v,
Question 4 (10 pts)

You are an analyst in the country Applemania, in their National Apple Department. Your

boss believes that the quantit}{’zof apples demanded (in pounds) is proportional to the price

of the apples (per pound). She wants you to approximate the solution to the equation
e Q=Px.

Where “Q” is the quantity of pounds of apples demanded per person and “P” is the price

per pound. “x” is some proportional scalar. They have given you the following data

from last years sales to help you estimate this equation. The table lists how many pounds

of apples were demanded at various store prices.

What is the approximate value of x?

Price per Quantity of &f T\/ijg e 5’}"vm l/z7/6

Pound ($) Apples _\ ‘ . Z<
Demanded(lbs.) M(p‘, Lot 4,.\4\() — A

2.01 3

1.51 54 Year  econoanst”

122 67

1.07 1.2 (,aﬂeowyﬁé%,

.94 1.73

.86 2.1 ™ Qony N looke hke

& | wd )J‘]'(b’?
9 40 flank et e N ke 7 1K
S0 TWiak #v \ ) /
QWMVV{/C‘/W«;\:/\%‘ ¥ i_)})



Solution:

We are trying to solve the inconsistent system Q=Px

3

54
.67
1.2
1.73 =
2.1 =

|

If

2.01x
1.51x
1.22x
1.07x
94x
.86x

In other words, we must find the least squares approximation of the solution x in the
inconsistent matrix equation Ax = B, where A=P and B=Q in our example.

[2.01]
1.51
1.22
1.07
94
86

3
54
.67
1.2

1.73
2.1

The normal equation is

A"Ax=A"B=[2.01 151 122 1.07 94 .86]

= [10.5767x = [6.952] = x = 6.952-

, and X is a scalar.

L

1
10.5767

[2.01]
1.51
1.22
1.07
94
86

x=[2.01 1.51 122 1.07 .94 .86]

=.65729

By inspection, the least squares approximation is x = .65729. Therefore, the approximate

proportion is Q=.657 Q — [q,wh.c, X\ \ne Clont_ % YA W ohod .

Question 5 (10 points, S points each)

a. Find the coordinate vector for w relative to the basis S = {u;,u,} for R%.

W= (2, 5), wy=(1,3); w=(5, 13)

54
67
1.2
1.73
2.1




b. Consider the bases B = {u;,u;} and B’ = {v,v»} for Rz, where

) l)
)l

Find the transition matrix from B to B’.

Solution:
Part A

w:z(;)

W= C]'U] + 02‘u2

5= 2C] + 1‘02

13=5¢y+ 3¢y

Solve the corresponding augmented matrix

215 215 113 11 3 102
- - - -

5313 113 215 0 -1 -1 011

Therefore the coordinate vector is (c1,c2) = (2,1).



Part B

Vl = C]'ll] + Cz'llz

V2 = 03-u1 + C4'U2

Which can be represented by the following matrix equation
"o
n ! /\"/\I') 1€
e J
2 3)(°¢ @ 42 JI(LAV\)’% . \r{/ vus/\’,-/
31) ) 52) Anld 5“/“”"\"{45 X
03 C4 1 oA~ ] \I){/ -/V\JJ
[P
\Oh\'\>(vw \’ O\O\/\“"S

This equation can be represented and solved using the following augmented matrix.
2342 2 3 42 1210 1210
- - >
3152 1210 2 3 42 07 22
So c2=c4=2/7 and c1=1+2*(2/7)=11/7 and ¢3=2*(2/7)=4/7, therefore the transition matrix for /X

BtoB'is: ’X\
tef e \L\ \\,}SX 0\ /L:\\'
7

- Qw\')b)\'o}v) W\"CM \9"‘* B 7/ 9 -
I Cb\\—-\\’ Pvluw jo"‘f é'&ve p“"/é\f \ WUCSINEL

Question 6 (10 pts)

[y
—

RN
SN gl

- Sane YyPe qmw

S\?}?esriger the bases B={uy,uz,u3} and B’={vy,v3,v3} for R’ of M) nS
1 0 3 3 1 3 -
ui= 0 JUr= 2 JUu3z= 0 and V1= 2 V2= 1 4V3= 2
0 2 5 2 1 7

Find the transition matrix from B to B’



i

Solution: \ w2 \(\,\\W\( \Q/L .
vi=3utup+H0us - ~ 5 o

vo=1 u+1/2 uz+0 u3 Y W\\“\

v3=0+ uyt u3 mg(,vxé

3 1 0
1 1/2 1
0 0 1

Question 7 (10 points, 5 points each)
Are the following matrices orthogonal? Show your answer by showing the product of
ATA and by using the determinant.

a.
21
21
b.
10
01
Solution:

(2 2)(2 1) (8 4)

a. ATA=1\11/A2 1/=\4 2/ Thisis not equal to the identity matrix, therefore
the transpose of A is not equal to the inverse of A and so the definition of
orthogonality is not met.

Det(A) =2*(1)-2*(1) = 0. The determinant of A is not equal to 1 or -1, so the
matrix is not orthogonal.

10 10 10
b. ATA= (0 1) (0 1)= (0 1). This is the identity matrix, so the transpose of A is
equal to the inverse of A and the definition of orthogonality is satisfied. The
matrix is orthogonal.

Question 8 (10 points, 5 points)

Find the characteristic polynomials of the following matrices. € d) ‘A( _ \
v -

)

a.



1 -12
2 =21
-3 2 1

Solution:
Part A

det(A-1-A)=0

A-2 1
det =0
2 A-1

(A-2)(r-1)-2=0
A —3h+2-2=20

k2—3-k=0

" eauedim
This is the characteristic ei.ge(jwaiﬁe-

Part B

det(A-1-A)=0
A-1 -1 2

detf 2 A+2 1 [=0
3 2 Aa-1

A-DQ+2)A-1)+3+8+6(0+2)-2(-1D)+22(a-1)=0
(xz-z-wr 1)-(x+2)+6-(x+ 2)+11=0

(xz—z-x+ 7)-(x+2)+ 11=0
(2 )
A +3A+14+11=0

3
A +3A+25=0

€ (»'\/\/\7 wA
This is the characteristic tat and can be solved for the eigenvalue.



Question 9 (10 pts)

Find a matrix P that Diagonalizes matrix A

2 -2 14 =37
0 1 10 -30
0 0 3 -6
0o 0 O 1

Solution:

First find the characteristic equation

det[AI-A]=0
A 0 0 O 2 -2 14 -37
6 A4 0 O 0 1 10 -30
det - =
0 0 2 O 0 0O 3 -6
0 0 0 4 0 0 O 1
A-2 2 -14 37
got| 0 A1 710030 (A-2)( A-1)( A-3)(A-1)=0
e - - - - - —
0 0 A-3 6
0 0 0 A1-1
A=2.1,and 3
For A=2
0 2 -14 37 0 12 -14 0
0 1 -10 30 0 1 -10 0
null = null =
0 0 3 0 O 30
0 0 0 0 0 0 1
0 12 0 0 0 0 0 0
0O 1 0 O 01 0O
null = null
0 1 0 0 010
0O 0 0 1 0 0 01

x1=t; x=0; x3=0; x4=0



|

—_ o O O

P1={
For A

1

-14 37

-1 2
0
0
0

nuil [

X1=2t-3s; Xp=t; X3=-0S; X4=S

-14 37
-10 30

-1 2
0 0
null
0 0
00
1
0
null
0
0

5
0
-3
0

-2 0
00
01
0 0

=3

For A

S ——

=

=

r
1
o o o
T © o O
—
[
aNNo O
- o QO
| S ——— |

p—

o

=

F
1
~ © O N
o on
<t & O O
—
(I
NN o O
— o O O
I — |

e

—

=

=

=0

At; x=5t; xa=t; X4

X1=

pP4=



Question 10 (14 pts)

Find an orthogonal matrix P that diagonalizes A and determine P'AP, given:
Solution:

3 -1
A=
-1 3
Step 1: Find the eigenvectors of A.

A 01 [3 -1 A-3 1 NP
det(ﬂ-A):de{[O J—[_l 3D=det[( 1 /1—3H=(/1—3) “1= (%=1 ()

(6449 1= -6A+8=(1—-4)(A1-2),".A1=42

Step 2: Find the corresponding eigenvectors to these eigenvalues:
By definition,

is an eigenvector of A corresponding to A if and only if x is a nontrivial solution of
(M — A)x =0, in other words:

S N
LR L 1 -

I - -1 -1]

i } = { S} = s[ ] [ ! Is an eigenvector for A when A =4
(%] LS 1 1 | and we shall label it w,
LetA=2:
[2-3 1 |x o] [-1 1]=x] |0 -1 1 -1 1

= = = = Nul = Nul =

1 2-3]x,| [0 L1 -1]x,] |0 1 -1 0 0

i ] = [s} = s[l] [l:l Is an eigenvector for A when A =4
LX> s 1 1] and we shall label it u,

Step 3: Because the vectors lie under different eigenvalues and are already orthogonal to
each other, we just need to normalize the vectors.

= () = D2+ =141 =42
s = (uyom,)? = YO + ()F =1+1 =42




v, =L:_!_|:_1:| =l:—1/‘/§:|
o v2L1 ] [ 1/42
v2 =22 __1__[1] = {I/‘E]
oo V211] [1/¥2
Step 4: Form P from the vjand v, using these vectors as the column vectors of P.
. [— 1/2 1/«/5]
/N2 /N2

Step 5: Solve for P'AP. Because P is an orthogonal matrix, P!=P'=P. Therefore,
P'AP = PTAP=PAP.

N N Iehand

_|-4/V2 42| -1YV2 1/2
[2/«/5 2/«/5][1/\/5 1/\/5}

PAP =|:

J



22

Probiem 1
Given vectors u = (u), uy ,u3, tig) and v = (¥4, V2, v3, v4), determine which of the following
are inner products on R*.

a) <u, v> = uvz + uzvy RYRY
b) <u, v> = -u1vi+uan-2usvst3uzyy = ~W ViAWV, THRTS

Solution:

a) NOT an inner product space.

Axiom 1: <u, v> = <v, u> This does not hold for (a), u;v; + uzv4is not equal to viuz + vauy
Axiom 2: <u + v, z> = <u, z> + <v, z> This axiom does hold for (a).

Axiom 3: <ku, v> = k<u, v> This axiom does hold for (a).

Axiom 4: <v,v>> 0 and <v,v> = 0 if and only if v=0. This does not hold, for example, if
v=(1,1,0,0) <v, v> would be equal to 0 but v is not 0.

b) Inner product space
Axiom 1: <u, v> = <v, u> This axiom holds for (b). Acu A

Axiom 2: <u + v, z> = <y, z> + <v, z> This axiom holds for (b).
Axiom 3: <ku, v> = k<u, v> This axiom holds for (b).
Axiom 4: <v,v>> 0 and <v,v> = 0 if and only if v=0. This axiom holds for (b).

U
Cu) = =V avaAvet KO By s (o),
Problem 2

Find the cosine of the angle 6 between the vectorsu = (1, 5, 2, 3) and v=(-2, 4,7, -9),
using the Euclidean inner product for R’.

Solution:
The angle between two vectors in a vector space is defined as:

(u.v)

cosld = —=

[ullv]
Therefore, since
<u, v) =(1,5,2,3)0(-2,4,7,-9) = 1(-2) +5(4) + 2(7) +3(-9) = -2 +20+14-27 =5
and

Ju] = (w,u)* = V17 457 427 +3° =1+ 25+4+9 =439
[V = (v, v)"? = J(-2)* +47 + 72 +(=9)" = V4+16+49+81 =150 = 56

V) 5 5 1

cosf =

ulv] ~ V39(5V6) 15426 3v26

Problem 3

Consider the vector space R* with the Euclidean inner product. Transform the basis
vectors uy = (-2, 2, -4), u» = (2, 0, 2), us= (0, 1, 1) into an orthogonal basis {vi, v2, v3}.



Solution:
We will use the Gram-Schmidt process to accom;{lish thgs transformation. Thus:
vimm = (2,2 4) - dygore ()00 A

=, — projwila = (2, 0, 2) - _7142—(-2_, 2,4)=(,1,4)

I

. -2 4 -7 17 4
=u3 - projuas=(0, 1, 1) - —(-2,2, -4) - — (1, 1,4)= (—, —, —
¥3 = U3 - Projwatts = ( )24( )- 15 ¢ )(18 TR
Thus : "é\
vi=(-2,2,-4) ) \ Ty
B ,y\%’%\
R TRET A VIGN
is an orthogonal basis for the vector space.
¢ 0 e
Problem 4 / oyaﬁ S
If possible, find the QR-Decomposition of the matrix: . \lQ,e .
1 0 -1
A=10 1 1
1 2 2
Solution:
The column vectors of A are
1 0 -1
u, =0, uwu,={1}, wu={1
1 2 2
Applying the Gram-Schmidt process: \
v, =u, =(10,1) N
<u2,v1> 2 k’\\ ™
v2 = uZ - —zvl = (0,1,2) - 5(17071) = (-1’131) \AV')Q' -L A\
v A A
<“3’v1> <“3’v2> 1 4 1 11
3 =Wy = v, - vV, = ("1,1,2)— _(170’1) - _(_1’191) = (__’——"_)
vil Iv.I 2 3 636

Now we normalize the new vectors and get:

1 1 1 1 1 J6 6 6
:_——103_‘) 2:——_—7———)——) 3:_—)_—’——.—
q, (5 ,—2) q (ﬁﬁ r-3) q; =( e 3 6)

Written another way,




/2 ~1/43 -J6/6
ql': O 5 q2: 1/'\/5 N q3: _’\/—6—/3
/2 1/3 J61/6

/42 -1/43 -6/6
So,0=| 0 1/3 -6/3 o/lm
1/V2 13 Ve ?/0/“
Now, R is given by:

<u,,q, > <u,,q,> <u;,q,> 2/\/5- Z/JE l/ﬁ
R= 0 <u,,q, > <u;,q,>|=| O 3/3 4/3
0 0 <u,,q; > 0 0 6/6

/42 -1/\3 -J6/6][2/42 2/42 1/42
Thus the QR-decompositionof A=| 0 13 -67/3 0 3/3 4/43
N2 13 Jere || o 0 6/6

Problem 5
Consider the bases B = {v; vz v3} and B’ = {q1 g2 qs} for R*, where
-4 0 5 -1 -1 -1
Vi={ 0|, v2=|2|, W3=|0|, 1= O |, 2=| O |, P3=]| 2
-5 0 1 0 5 5
Find the transition matrix Pﬁ/from B to B’ and compute the coordinate vector [w]g of
-3
the vector w-| 2 | using the transition matrix. Vo %\(b"‘k
9 >\\/\ o Vo \ ,\yw}" un
/ ©fy

Solution: /
There is some matrix B and some matrix B’ such that
B(v)s =B’(v)»’ L AV4

where (v)s and (v)p- represent the coordinate vectors with respect to B and B’,
respectively.

Thus to solve for the matrix P which transitions from B to B’, we multiply the previous
equation by the inverse of B’. Thus:




B)'BVe=B")Y'BWs = B)'BMV)s-(V)s

So, the matrix (B’)"'B is the transition matrix for a coordinate vector from B to B*. Thus:

(B’)"/Z

‘—1-1—1100—1—1—1100—1~'1—110(1)
002010~055001~01100-5-~
|0 5 5]0 0 1 0 0 2101 0 1
0 0 110 — 0
L 2
_ - - ) o
100—10-1— 1 o =
1 1/-1 0 0 5 5
01 00 _—11~010 0 -1 lsoB’=0 -1 and
2 5 2 5 2 5
001010 oo0o1/l0 L o o L o
L 2 J L 2 ) | 2 |
i 1 [ 267 Jush o vedece
CS [0 5 1o | ®
BYB=l0 — —(*¥0 2 0|={-1 -1 = ‘
®) 2 5 o 5 H\i\?"‘"
o L o 0 1 0
L 2 i L i

The coordinate vector [w]s can be putting the following augmented matrix into reduced-
row echelon form:

=5 3 -5 3
- - 1 0 — 1 0 — —
4 0 5 -3 4 4 R 1 0 0 2
0 2 0 21|~0 2 O 2 |~<|01T 0 1(~]0 1 0 1
-21 =21
-5 01 -9/ 10 0 i 0 0 1 1 0 011
s o 2 24 ]
2 ? 2 5
so [w]g =| 1] and [w]p is givenby P [w]g =| -1 -1 3 *1= —14
. 5
1 0 1 0 1 1




7 (24
-1 -1 =17 5 | [-3
We can check this observing that B’[w]g-isindeedw: | 0 0 2 |* —141 2
0 5 5|3l

Problem 6
Prove the following: If A is orthogonal, then det(A) = 1 or det(A) = -1.

Solution:

We know det(I) = 1.

We further know by definition that if A is orthogonal, A" = AT which means, I = ATA.
So, 1 = det(I) = det(A"A) = det(A") det(A). (Theorem 2.3.4)

By theorem, det(A”) = det(A) (Theorem 2.2.2)

Thus, det(A") det(A) = (det(A))*

Thus, 1 = (det(A))>

V1 = [(det(A))2

det(A) = +1

Problem 7

Find the orthogonal projection of the vector v = (6, 1, 9, 4) on the subspace of R spanned
by the vectors :

vi=(1,2,0,3), v»=(3,0,3,0), v3=(1,-1,-2,-2)

Solution:

The subspace of R spanned by vi, v,, and vs (which we’ll call W) is the same as Col A
(the column space of A) where

1 -3 1 A
2 0 -1 L ‘m
4=l0 3 2 M)( )

3 0 -2 /6

The question is asking us to find projwv. We can find projw v using theorem 6.4.2, since
projwv = Ax where x is the least squares solution of Ax = v and Col 4 = W. So, first we
find the least squares solution of Ax = v, which corresponds to the system below.

I -3 1 6
xl

2 0 -1 1
)C2 =

0 3 =2 9
X3

3 0 -2 4

Whith-means that




~ 41 1
1 2 0 3 14 -3 -7
r 2 0 -1
A A=1-3 0 3 0 ={-3 18 -9
0 3 -2
1 -1 -2 2 -7 -9 10
- 13 0 -
_ -1 6
1 2 0 3
r 1
A'v=|-3 0 3 0 o
1 -1 -2 2

We can use these to form a normal system of the form A”Ax = A”v, which can also be
expressed as an augmented matrix to give us the least squares solution of x.

14 -3 -7]x] [ 20
-3 18 -9x,|=| 9
-7 -9 10 x| |-21
14 -3 -7 20 7 9 —10 21] [7 9 -10 21
-3 18 -9 91~[21 —-126 63 —-63|~|0 -153 93 -126|~
-7 -9 10 -21) |14 -3 -7 20| [0 -21 13 ~-22
7 9 -10 21 7 9 -10 21 7 9 0 -179 7 0 0 -77
0 51 -31 42i~10 51 -31 42|~(0 51 0 -578|~|0 3 0 -34|~
_O 357 =221 374 0O 0 -4 80 0O 0 1 =20 0 0 1 -20
10 0 -11 x| [-1
0 160 —34—:>x:x2:—§i
3 3
0 0 1 -20 X3 -20
By Theorem 6.4.2, given x as the least squares solution of AX=v 4qa }
1 -3 1
-11 3
} 2 0 -1 34 -2
proj,v=A4x = -——|=
0O 3 -2 3 6
3 0 —207200 |54
Or, using the original notation, projwv = (3, -2, 6, 7).
Problem 8: o= (NG-20+ N
1 2 9 5
B s 10 -9 = NN XY
Find the eigenvalues of ASfor A= o 0 o 3 —-} xebt \Sq y.b = b
0O O 0 7

> %/t‘

J”w

Solution:

We can reduce A to an upper triangular matrix through the following elementary row

operation:

&



whid N\LV“V&'J

P s AV vl )
V) M v Suvi
W"\O\ ot N ¥ nhties 10 s,
/ o vt gave G
T 2\9 S5][1 295 ’,\\msu\mpwsfw«\—
WI<2 2/-10 -9| f0 6 8 1 "y
o 0o o 3|Hoo o0 3| Yo wders
0 0 0 7]00 07

By inspection, the eigenvalues will be 1, 6, 0, and 7.

To determine, the eigenvalues of A®, we can use Theorem 7.1.3 to determine that the
eigenvalues of A¥ = A= 15, 6% 0° 7 = 1, 46656, 0, 117649

Problem 9:
Find a matrix P (if it exists) that diagonalizes
2 0 -2
A={0 3 0
0 0 3

If P does exist, verify your answer by finding P’AP.

Solution:
First, we need to find the eigenvalues and bases for the eigenspaces for 4.
The eigenvalues of 4 are the values of 4 for which det(A/ — 4) = 0 (by theorem). From
theorem 7.1.1, we know that since this matrix is upper triangular, its eigenvalues are the
entries along its diagonal, namely:

A=2 or A=3
(If the matrix were not upper triangular, we would need to solve the characteristic
equation for the matrix, i.e.: det(Al - 4) = 0.)

Now for the eigenspaces. First we must find the eigenvectors for A. By definition, x is an

eigenvector of 4 corresponding to A iff (7 — 4)x as a non-trivial solution for x)In
other words, we need to find the non-trivial solutlons of '&
A-2 0 2 x 0

0 i-3 0 |x |=lo0 \
0 0 A-3|x| |0 Ed

First, let’s let A = 2. We plug 2 in for 4 and solve the resulting system.
0 0 2 |x 0 0 0 2 010

0 -1 0|x,|=|0|=]|0 -1 0|~|0 0 1
0 0 -1x,| o] |o o -1| |0 0 o

Whichyields x; =# x>=0, x3=0. The eigenvectors of 4 corresponding to A = 2 are
the nonzero vectors where

[




t | 1

x=|0|=170| The vector|O |forms a basis for the eigenspace corresponding to 4 =2.
0 0 "0

Now let 1 = 3.
1 0 2ix

0
00 0fx,|=|0
00 0fx,| |0

Which yields x;=-2¢, x,=35, x3;=1t The eigenvectors of 4 corresponding to A =3
are the nonzero vectors where

-2 0 -2 0 -2
x=| s |=s]1|+4 O | Thevectorg 1|{and| O |forma basisfor theeigenspacecorresponéhg
t 0 1 0 1

to A = 3 since the vectors are linearly independent.

Since there are 3 basis vectors total for the eigenspaces of 4, we know by theorem 7.2.1

that 4 is diagonalizable. The column vectors for matrix P are the basis vectors for the
eigenspaces of 4:

Problem 10:
Find an orthonormal set of eigenvectors which span the eigenspaces of A, and determine

if A 1s diagonalizable.
W Uk Vi povs e Smc&\%&

1 -1 4 _
A=l-1 1 -2 A’\S YW %yw\w)(V‘C-
2 -2 =2
Solution:

The characteristic equation of A is by definition
det(Al — A ) = O where A represents the eigenvalues of the matrix A. Thus:

A-1 1 -4 A-1 1 -4
det(Ml - A)=det| 1 A-1 2 ~det| 1 A1 2 ~
-2 2 A+2 0 21 A+6

Cofactor expansion along the first column yields:




detf 1 A-1 2 |= -1 [ (A-DA+6)-(4X) ] - [(A+6)+ (81) ]
0 24 A+6

We can expand and collect like terms :

A1) [ (-DOH6)-(4N) T - [(A+6)+ (8R) 1 =17 - 164 = M - 4)(A + 4)
( ) ) -'\w/\\«\""{ \‘v’\\/\v)\v ‘*\q""'\( ‘)(

So the eigenvalues associated with A are O(tp%@) 4 and -4.

If A = 4 then (Ml — A)x=0 for a nontrivial eigenvector x. thus

A-1 1 -4 | x1 0 3 1 —-4)x1
M-Ax=0=>| 1 A-1 2 x2=0|=>|1 3 2 ||x2]=0
-2 2 A+2{(x3| |0 -2 2 6 {{x3| |0
so we can solve this system using Gaussian elimination
p o U
3 1 -4 1 3 2 1 3 2 4
1 3 2 |~0 -8 —10|~|0 1 %~O 1 % which is code for
-2 2 6 0 8 10 0 0 O 0 0
X1 - EX3 =0 and
4

5
X2 +ZX3 =0
SO we can parameterize the system:
X3 =1t - \\
X2 ::_S_t \ ~ E\

\

11
X1 == ?t \<O
sothat vy,é/

u,] [u O

Al |4 4 1
x=|x2 |= ;4—1 =t % sO |~ % is a basis for the eigenspace corresponding to A = 4

x3 t 1 1
Similarly

If A = -4 then (A - A)x=0 for a nontrivial eigenvector x. thus




A-1 1 -4 i xl 0 -5 1 —-4||x1 0

M-Ax=0 =| 1 A-1 2 x2=0|=>|1 -5 2 ||{x2|=|0

-2 2 A+2)|x3 0 -2 2 =2(|x3 0

so we can solve this system using Gaussian elimination: )
1 0 3
-5 1 -4 1 -5 2 1 -5 2 4
1 -5 2 |~[0 =24 6(|~|0 1 1 -1 which is code for

-2 2 -2] |0 -8 2]]l0 0 o0 |0 O g

X + ix3‘—“Oand
4

-1
X» +—4—X3=O

SO we can parameterize the system:
X3=t
Xy =—t

4

-3
X]=—1

4
so that (/\/\"‘V\%a/

o

\co

kP et B /
1] | 4 4 7
1 i . . . .
x=|x2 |= Zt =t " SO % is a basis for the eigenspace corresponding to A = -4
x3 / 1 1

We can normalize both of these vectors to obtain ort@)normal eigenvectofs :

G 3
1%; 11[%6 _A ’ 84w/l_3 D L
‘% = and % = V\O%% .

-58/ J% -
3/ N3 :

NE
1 _ /_ 1 _ /JT

N

C\\ )""g/ L‘\'(’JD.)’L{\ = "7373"5\'\% 1‘“ O



—11[%— _3\/—8-4\/5 g\K

-3 Jg& and V8 are\an orthonormal set of eigenvectors which span the
8
9

Vais

MERN:

eigenspaces corresponding to the eigenvalues 4 and -4 of the Matrix A
Since we can see that there is only a set of two orthonormal eigenvectors (which we
could have, and should have, seen earlier) there is, by theorem, NO matrix P which

diagonalizes A.




Problem 1:

Determine which of the following are orthogonal with respect to their defined inner product.
Vs K\f V“‘J ?0 ‘U(/
a) <U,V>=tr(UTV), where

Uy Uy Vi Y
U= V=
Uy Uy vy VY
4 1 -5 0
Let U= V=
-1 5 0 4
Solution:

<U,V>=tr(UTV)= vt vt vty
=5e4+001+0e-1+4+5=-20 +20 =0
Thus, V is orthogonal to U.

b) Using the same inner product as in a,

4 1 2 1
Let U= V=
-1 5 —19 2

Solution:

<U,V>=tr(UTV)= UV vt wvtuvg,

2e4+101+-190-1+2¢5= 8+1+19+10=38+0

Thus, V is not orthogonal to U with respect to the given inner product.

¢) <p.g>=agb,ta b, +a,b,tasb,, where

p= a0+a1x+a2x2+a3x3 ,and ¢g= b0+b1x+b2x2-*—b3x3
Let p=2+-x%, and q= x+-x>

Solution:

<p,g>=2+0+0°1+-1+0+0--1=0
Thus p is orthogonal to q with respect to the given inner product.

1
d) <p,q>=f_1 p(x)q(x)dx

Let p=x*+1 and =xX>+x

Solution:
1 1

f (x>+1)( x3+x)dx=f X+2x3+xdx = éx6+% x4+% x? 1
-1 ~1



(6+2+2)(6 2 2) 0

Thus, p is orthogonal to q with respect to the given inner product.



Problem 2

Determine if the following inner product is a real inner product space by:

a) First, listing the 4 axioms that need to be satisfied to determine an inner product space
b) Then, does the inner product defined by

(u, v¥= ugvy + vy tugyy

satisfy the 4 inner product axioms? (Show all work for full credit)

Solution 2
1) (u, v)= v, u) [Symmerty axiom]
2)( +v, 7=, 2+ v,z [Additivity axiom]
3) (ku v>= ku, v) [Homogeneity zxiom]
4) (u, v)> 0 [ Positivity axiom]
and (v, v=0

if and only if v=0

b) We will determine this by checking all the axioms one at a time
1) {u, vi= v, u)?
(u, v>=u]v3 + vy +uzv;yand (v, u)=v]u3 +vouy +vsu;g
(v, u) can be rearranged to be (v, u)= ugvg +ugvy +ugv;
so Axiom 1 holds
)ty =2+ 2?
u+v, 7= (u] +v1)z3 + (”2 +v2)22 + (u3 +v3)z]
=u;z3 +v123 + UnZy +v222 +u3Z] +v321
u, 20+ W, 9= <u123 + UyZy +u3zl) + (vjz3 +v222 +v321>
:M]Z3 +V]Z3 +M2ZZ +V222 +M3Z] +V3ZJ
so Axiom 2 holds
3) (ku, v)= kv, u)?
<ku, V>:kU]V3 +ku2v2 +kM3V] =k(u1v3 + M2V2 +u3v])=k<u, v)
so Axiom 3 holds

4) We must check both parts of Axiom 4
(u, v)> 07

(v, vi= viv3 + Vovy + V3V =Vvv3 + (VZ )2 + Vavy

The (v2 )2 term in this result must be positive but the v;v; and thevsv;
need not necessarily be positive so the expression

v, ve= vz + (v2 )2 + v3v; could be negative and (u, V£ 0

Also does (v, v=0 if and only ifv=0

This is clearly not the case because if v;v; and the v3v; can be negative,

then (v, v)= vvy+ (v2 )2 +v3v; could equal zero

. 2

if (v2> = —(v1v3 +v]v3>

so Axiom 4 fails on both counts
So this is not a real inner product space.



Problem 3
Given S={v,, v,, v;}, where v,=(0,1,0) v,=(-1,0,1) and v,=(1,0,1)

a) Find S’, where $' is an orthonormal basis of S with the Euclidean inner product. In other words,

“normalize” S. \IO\M % v M\M? u\[\\(\vgb/wv@/ /W W

Solution:

V] v2 V3
v 17 vy 1 Ty
v, 1 =302+ P 402=1 llvy =y (=1 + 02+ 122
lvg Il = 210?412 =4/2 g

Vi V2 V3
vy 7 vy 7 dhvs i

S'={ }

§'= { 1(0,1,0), ( ﬁl 0,

b) Find the coordinate vector of uTelative to S', (u) 5. Then express the vector u=(2,3,1) as a linear
combination of the vectors of the orthonormal basis found in part a.

Solution:

In order to express u as a linear combination of the vectors in S', we need to find a coordinate vector
relative to the basis S’. We can find a coordinate vector in either of two ways. The first way is to use
the formula

(W) ¢ = <u,v >,<u,v,>,<u,v3>

() = (2°0+3+1+1+0), (2._—_1+3.0+1.L), (2-—1—+3-0+1- L

NN TN Y

-1 3
We=G, ——> 7—)

V2 V2
To express u as a linear combination of the vectors in S’ we use this formula
u = <uV, >V <V, >V, W, V>V,,

U= (2404301140, + (2=l 4300 Lo Yy, + (20 = 4340+ 1= v,

V2 V2 V2 V2
—1 3
TE“ v, t ﬁ A
The second is by writing

-1 1 1 1
k,(0,1,0)+ ,0, +k 0,

To do this, we insert the vectors into the columns of a matrix:

Thus u=3v, +

)= (2,3,1) and solving for each scalar.



1 1

0 —— — 2
NERRYE

1 0 0 3
1 1

0 — — 1

L V2 2

Swap R1 with R2 ~

1 0 0 3
1 1

o —— — 2
V2o 2
1 1

0 — — 1
ERE

Add R2+R3 and replace R3: with the result
3

1 0 0
1 1
0 —— —= 2
7z Vs
2
o o —= 3
V2

Multiply R2 by -2, and add to R3 replace R2 with the result.

1 0 0 3
2
0 — 0 —1
V2
2
0 0 — 3
V2 |
Multiply R2 and R3 by V2/2
1 0 0 3
0 1 0 —\/—E
2
0 0 Z 3[2
L J2 2
2 1 32 3
Thus k,=3 kz——g=_\/_, 3=_éf__\/__2_
o V2 W2 3
Ws'=@ -5 =5)=0G~ \/— \/,

We write u a linear combination of S’ as
u=3vl +-V2/2v2 + 332/2v3 oru=3vl +-1/V2v2 + 3/N2v3

\/— 3\/— —_—1v+—3—v
\/E 2 \/E 3

u= 3v1+ -

5 V5 or u=3v1+



Problem 4

Let W be the subspace of R* spanned by the vectors

v,=(1,4,5.2),v,=(2,1,3,0) and v; = (-1,3,2,2)

a) Find a basis for the orthogonal complement of W

b) As a check, verify that v, and v, and v, are indeed orthogonal to the basis for the orthogonal
complement of W

Solution 4

a) To solve this, we use Theorem 6.2.6 which states that the nullspace of A and the rowspace of A are

orthogonal complements in R™. Therefore, we will find the basis for the nullspace of A. We will make
thte the vectors v, v, and v, as the row space of the matrix A.

v, =(1,4,5.2),v,=(2,1,3,0) and v, = (-1,3,2,2)

-1 3 2 2
And the nullspace of A is the solution to the homogeneous system

X] +4X2+5X3 +2X4:O
2x1+x2+3x3 ={)
_xl +3XZ+2X3 +2X4=O

1 4 5 2100l 1 4 5 2 1 4 5
2 1 3 olol|~lo =7 =7 —4lo|~|0 7 7
-1 3 210 1o 7 7 4 0 0 0
- - o 1 -2
7 28 35 14lo] [7 o 7 =20 7
0 28 28 16l0|~|0 28 28 16 |0 |~ L, 4
0 0 o oloJ[o o o oo 7

0 0 0




-1 | 2 [ 2
xl —t+ 7S r _1‘ 7 W
& —t— s -1 _4
= 7° | =t +s 7
X3 1 X0
t 0 \,l’)y/ \) %

Lx4 L0 (/\lw ' /\)\) )

- L Ky i L l i 4 J/ \ﬂ/\
The basis of the nullspace of A arew; = (-1, —1,1,0) andw2= (%, :7——, 0, 1)

And the nullspace of A and the rowspace of A are orthogonal complements thus 7
And the rowspace of A was the vectors v, v, and v, that spanned W !

The basis of the orthogonal complement of W are
2 —4
w;= (-1, —-1,1,0) andw2= (;, T,O, 1)
b) We can check that they are orthogonal by taking the euclidean inner product. An inner product of
zero will mean that the vectors are orthogonal.

vywp)=(1,4,52) (-1,-1, 1, 0)==1—4+5+0=0

2 - _2_16 14 _
(vl 2) (1,4,5,2) - (7 )—7 > +O+7 0
(v2 1)=(2,1,3 0)- (-1, 110)——2-—1+3+0 0

_ 2 -4, ﬂ_ﬂ

viwy)=1(2,1,3,0) - (7 7 ) 2 +0+0=0
(vyw))=( 1322) (-1,-1, 1, 0)=1— 3+2+0 0

2 — 2 14
(v3w2>= -1,3,2,2) - (—7‘ —_— )=—;——+0+7=0



Problem 5
Gram-Schmidt Problem.

a.) Given the following basis {u;,u,,u;} express the general form of Gram-Schmidt process for
converting this basis into an othogonal basis in terms of the inner product.

b.) LetR® have the inner product <u,v>= u,v, + 2u,v, + 3uyv,.  Use the Gram-Schmidt process to

transform {u,,u,,u,} into an othogonal basis.

ulz(lalal)

u,=(1,1,0)

u, = (1,0,0)

¢.) Using the othogonal basis from part b, transform the orthogonal basis into an orthonormal basis.

Solution 5:

a.) General Form

iz
B <u2, VI >
Vz‘“ u2 - )
T
3 <u2, V] >
I, |

b.) Find orthogonal basis.

v, = u,=(1,1,1)

v,= (1,1,0) -
(1,1,0)- (1,1,1)
(1,1,1) (1,1,1)

(1,1, 1)

_ (1,0,0)- (1, 1, 1) .
v,=(1,0,0) - (LL1) (LL1) (1,1,1) (

<u3, v2> )
- —————2 )
vy I

0K
_ 1
- (la 130) (%, 2’
(1,0,
11
2, 2,



v,=(1,1,1)
v_(1 [ ) )
27\ 2 9n2 2 _/"* A
>(0 &\’}] !
W (B2 L) 7 2et
37 \24” 7247 " 24
. . Vi
¢.) Find orthonormal basis.v, J \ v (
e Xy z
M S (,' \H’EIHJ 6 {
£ (L \, e
vli=v (LL D (LL 1) = 1+1+1=y3 - N
O Wi
11 1\ (11 1 111\/5/\,b \LXW\
l|V2||=\/(E,5,_§)'(5,‘2‘,_5)=\/2+Z+Z="2— Cuvé‘b Uk, \\ L\
L\7 “
anz\/(ﬂ _ 1 _L).(H_l _L)z\/289+49 L
3 24> 247 24 24> 24> 24 576 = 576 = 576
113 /339
192 24
i _ (1 1 1
IRSA! J3 3743
11 =1
2 \22° 2 2(11_1)
vy | J3 ERRVERRVE
2
77 1
Y1 (24"24"24)_( 17 7 1 j
v 339 V3397 /3397 /339



Problem 6
Find the least squares solution of the linear system Ax = b given by

7xl - x2=5
X, — 3x2= —1
—2x1+4x2=3

and find the orthogonal projection of b on the column space A.

Solution 6

Since A has linearly independent column vectors, we know that there is a unique least squares

solution.
7 =1
- 7 1 =2 54  —18
A4 = 1 —=3]|=
-1 —3 4 —18 26
-2 4
7 > 28
1 =2
ATp = [ } —~1 1= { } Because ATAx = 4™,
-1 —3 4 10
3
54 - 18 xl 28 _1 _1
[ ] { } (47A) 7 (4"A)x= (47A) ™ 4To
—18 26 J|x, 10
v ) \’U-Jwe/
227 29 _/.\re,-fv\@lwf,af "7-’ M w
Y17 270 27 39 sl b,

proj,, b, when W is the column space of A, is Ax

664
7 —1] 227 135
270
Ax = | 1 -3 S A
20 135
-2 4 30 59
L 27




ProblemT If P is the transition matrix from a basis B' to a basis B, and Q is the transition matrix
Jrom B to a basis C, what is the transition matrix from B' to C? What is the transition matrix Sfrom
C to B"?

Solution7

t

e
Let bases B = [”1, iy u3], B'= [vl’ v, v_,)},iC = [WI, W, W, ], 5v S(L‘V\(-

ERECRES S RN 2P (o

u=[uyluylug] ™ vy 1v, 1 v, 0y Therefore P= B AR
and- 1 wa Lol

[wilwy Dws o= [y L uy | uy oo

we= [ hwy Lws |7 g Ly Ly Jy 0= [y 1wy [y P

The transition matrix from B' to C = [w | wy 1wy] ~'[v Iy, 1] = oP

(Because QpP= [wl | w, | w3] B l[ul | u, | ”3““1 | u, | u3} B l[vl [ v,y | v3])

The transition matrix from C to B' = (QP)_1
by the theorem 6.5.1 (p.344).



Problem 8
Orhtogonal Matrix Problem.

What must the values of ¢ be so that the following matrix is orthogonal?

(1+c¢) c
2 2
c (I+c¢)
2 2
Solution 8 -

By Theorem 6.2.2 we know that if A is orthogona

then det(A) =1 or det(AQ

(1+c¢) c

2 2
Therefore det =1 or-1

c (I+c)

2 2
_, (+c) (I1+¢) AN /
det=( 5 > ) (2 2) 1/ 1

/

det=(i +%c -3 =1y/

N | —

[}

Il

I
OIS

[¢]

I

|
N

o | Wiw\'{\m)b'l




Problem 9

~1 —4
a) Find the eigenvalues of { }
2 5

b) Find the right eigenvector~

c¢) Find the left eigenvector $

Solution 9

a) Eigenvalues (A) can be obtained by the expression

det [AI-A] = 0

A+l —4 i
det 0= +1)(A—5)+8=0 = M —4r+3 =0 =

2 A—5
o
A—=-1)(rx=3)=0 A=1 and *=3 g \lo\:u/\/
N\
b) We find the right eigenvector(s) x by realizing thatx € Nul(A[—A4) | )
(A+1 Y4 ] (2 4] 2 —4] 2]
Nul(N—A4) = Nul ‘ = Nul = Nul =span
A=1 __’2 7\—5__ A=1 _:2 —4__ [0 0 J _:-1__
r+1 44 4 44 1 +1 1
Nul(A\—4) = Nul = Nul = Nul = span So
A=3 | -2 A=5]1x=3 -2 —2] 0 0 -1 | J

2 1

right eigenvectors are x = [ }when A=lorx= { }when A=3or any scalar multiple of these vectors

1 1
c) We find the left eigenvector(s) y by realizing thaty € Nul ( N—A4 T)

Nul(XI—AT) = Nul{)\—*’1 B } ’ =Nul[ 2 :|=Nul|:l B }=span{[[ 1 }J
l A=1 +4 A—=5]11x=1 44 —4 0 0 41
J A+1 =2 4 "2 2~ 1
Nul()\I—AT) = Nulli ] i =Nul[ i|=Nul[ }=span{[{ ]
l A=3 t4 A=51ix=3 +4 -2 0 0 +2
J

1 1

}when A=3 or any scalar multiple of these

So left eigenvectors arey = { ]When A=lory = {

vectors



Problem 1 (18 points total)
a) 4 points
b) 4 points
¢) 5 points
d) 5 points

Problem 2 (15 points total)
a) S points
b) 10 points (2 points for each Axiom check 1-3 and 4 points for Axiom 4 check)

Problem 3 (15 points total)
a) 2 points
b) 12 points

Problem 4 (15 points total)
a) 10 points
b) 5 points

Problem 5 (15 points total)
a) 3 points
b) 6 points
c) 6 points

Problem 6 (15 points total)
(If final answer is wrong, partial points can be awarded for correct steps)

Problem 7 (15 points total)
(If final answer is wrong, partial points can be awarded for correct steps)

Problem 8 (15 points total)
(If final answer is wrong, partial points can be awarded for correct steps)

Problem 9 (15 points total)
a) 5 points
b) 5 points
c) 6 points

Problem 10 (12 points total)
a) S points
b) 5 points
c) 2 points





