Exam Key Midterm 2 Fall Semester 2005

Question 1:
Determine if the following transformations are one to one:

A. The transformation defined by:

w, =x, +2x,

w, =2x, +5x,

B. The transformation: T =

o o o -
S O =N
S O B W
w — O O

Solution 1:
According to Theorem 4.3.1 the follow two statements are interchangeable:
T is one-to-one.
T is invertible.
det (T) does not equal zero.

A. Yes, the transformation is one to one because T is invertible

w, 1 2| x X, 5 =2w 4 5 =2
= = = = =T =
w, 2 5|x, X, -2 1 |w, -2 1
B. No, the transformation is not one to one because det (T) equals zero, making it not
invertible.

Question 2:
Determine if the following are subspaces of R*:

a) all vectors of the form (a,b,0,0)
b) all vectors of the form (a,b,c,d) whena+b+c+d=0

¢) all matrices of the form {a
c

b
d} where d = b-a and ¢ = a-b
Solution 2:
Any subspace S must satisfy the following two requirements:
(a) For any u and v within S, u+v must also exist within S.
(b) For any u within S and k any real number scalar, ku must also exist within S.



a) Yes, because
(a) (a,b,0,0)+(a’,b’,0,0)=(ata’,b+b’,0,0), which exists in S
(b) k(a,b,0,0) = (ka,kb,0,0), which exists in S

b) Yes, because \1 %
(a) (a,b,c,d)+(a’,b’,c’,d’) = (at+a’,b+b’,c+c’,d+d’), which exists in S =~ ¥~ ”3 v
(b) k(a,b,c,d) = (ka,kb,kc,kd) 7! k(0)=0 7

¢) No, because a matrix is not a subspace of R’ -’h«i C’L(Y ‘

Question 3:
Find the dimension of and a basis for the solution space for the system:

0=x +x, +4x,
0=2x, -1x; +x,

Solution 3:
Xy
114 0]x| [v 1140 10 % 4%
02—11x3_v2:701—%% 01 -% Y4
'x4
-% -
= .9 | 1 —1
_Eaxl %X, Ax4:>ﬁ= s X, + Ax4
X, =Yx, - ¥x, 1 0
0 1

v = (=%, 4,10) \
35)1:(—%,—%,0,1)3 0y e Va5 09,

Dim(S)=2 .

Question 4:
Are the vectors u = (4,2,1) and v= (— 1,3,—2) orthogonal?

\nneyv
Solution 4: If the Euclidian®product of two vectors in R" is equal to zero the vectors are
orthogonal. Since u o v = &4,2,1)¢(~1,3,2) = 0)u and vare orthogonal.

p‘ V\\



Question 5:
Use the Wronskian to show that the sets of vectors f, =1, f, =x, f, =x’¢" are linearly
independent. v

o X kw\‘)s
Solution 5: The Wronskian is formed by finding 2)( and then finding the determinant of
the matrix that is formed.

1 x x’e*
Wx)=10 1 x’e" +2xe” =x%e* +2xe* +2xe* +2e*. Since the
0 0 x’e"+2xe” +2xe* +2e"
SYmeinde re-

Wronskian is not equal to zero ‘the set of vectors are linearly independent.

Question 6:
Is v a subspace of R® when v =ia,b, c) MI b=a+ c}?

Solution 6: v is a subspace because v is closed under addition and scalar multiplication?

Closed under addition: if v = (a,a +¢,c) and u = (d,d + f, f) then u+ v

=(a + d,@e: ;;)c + f) which follows the form (a,b,c) whenb=a+c,

therefore v is unde tol: WM £ B bnev—e d b s
‘O\ll VCA Viva eyt

Closed under scalar multiplication: if v =?, a+c, Iolen kv=

(ka, ka + ke, ke) which is of the form (a,b,¢)

under scalar multiplication.

v .
when b= a + ¢, therefore vis closed

Question 7:

Find the standard matrix for stated composition of operators on R*,

a reflection about the x-y plane followed by a rotation of 30" about the x-axis followed
by an orthogonal projection to the x-z plane.

Solution 7:
The standard matrices that make up this composition are as follows:
1 0 O 1 0 0 1 00

T,=0 1 0|, T,=|0 cos30 -sin30 |, T,=10 0 O
0 0 -1 0 sin30 cos30 0 0 1



The linear transfgrmation can be expressed as the composition
T=T;-T,o T%[Ts] [Tz] T

10 0FF1 0 o Jft 0 o
Thus, TZ|0 1 0 [0 cos30 —sin30 |0 0 0
0 0 —-1|10 sin30 cos30 (|0 1

1 0 0 1 00 1 0 0
=10 cos30 —-sin30|{0 O O0|=|0 O -sin30|.
0 —sin30 —-cos30{|0 O 1 0 0 -cos30

Question 8:

Find the standard matrix for the operator T: R* > R’; given by
w, =x,+2x, +X,
w 5 = X 2 +x 3

W,= X;

Then calculate T(-1, 2, 4) by matrix multiplication and check by substituting back in to

o . ‘ C 9
the original equations. et XAl wa
e e MR VRS

Solution 8: 7 >
T(-1,2,4=(k, w, , k,w,, ks w, ) which has a system of equations”
1 2 1]j-1 ~1+4+4 7 W,
01 || 2|=| 2+8 |=[10|=|w,
00 1|4 4 4| |w,
Check:
w, =-1+(2(2))+4=7
w, =2+8=10
w,= 4
Question 9:

The vectors u=(2, 4, -2), v=(3,2,1) are in R*. Show that w=(9,2,7) is a linear
combination of u and v.

Solution 9: For w to be a linear combination of u and v there must be scalars k, and k,
such that w=k,u+ k, v.



That is, (9,2,7)=k,(2,4,-2)+ k, (3,2,1)
2k, +3k,=9
2 3972 3 972 3 9
4k 42k, =2 4 2 2|~0 -4 -16|~[0 -4 -16
-2 1 7|0 4 16||0o 0o o
2k, +k,=7

which yields; k , =4 and k,=-3/2. Thus, the linear combination of u and v that make
up w is w=(-3/2)u+4v.

Question 10:
Show that if v is a nonzero vector in R", then (1/ II \4 || )v has Euclidean norm 1.

Solution 10: 7

To find the Euclidean norm, we simplir@l-vv” (1/ II v || v II (1 || v ||) is a scalar. By X@CCA’U\A/’
theorem 4.1.4.c, we know that for a scalar &k and a vector v which is in R”, then A

l&vl|=1 k]| [|v]. so, Ja7v v 1= v | V], wirerettH=k-which'equals 1.



Section 4.1 (21 pts)

1. (9 pts)
U=(1,43) V=0,.2,7) W=(2,4,3)
Calculate the following: (3pts Each)

a) 2U 3W
b) [lutv]|
¢) Bu—4w) 2V

Answers
a)2U - 3W
=2(1,4,3) - 3(2,4,3)
=(2,8,6) "(6,12,9)
=2(6) + 8(12) + 6(9)
= 12+96+54= 162
b) [jutv]|
=(|(1,4,3)+(0,2,7)]]
=1(1,6,10)]|
=+17+67+10°
=137
c)(3u-4w) 2V
=(3(1.4,3) - 4(2,4.3)) - 2(0,2,7)
=((3,12,9)—-(8,16,12)) - (0,4,14)
=(-5,-4,-3) - (0,4,14)
=0(-5) + -4(4) + -3(14)
=0-16-42=-58

2. (12 Pts)
Show that the following are True (3pts Each)

a) If|jutv]|> =|ju]|>+|lv||*, then u and v are orthogonal.
b) If uis orthogonal to v and w, then u is orthogonal to v + w.

¢) If{ju-v]|> =0, thenu=v.
d) If ||kul| = |ju||, then £>0.

Answers
a) If |ju+v||? = |ju}|* +||vl|*, then u and v are orthogonal.
(U, +v) +..(u, +v,) =u,2 +...un2 v +.v,°
=u]2 +2uv, +v|2 +...~.i.u,,2 +2u,v, +vn2 =u12 +v,2 o, Y

=2uv, +....2u,v, =0



b) If u is orthogonal to v and w, then u is orthogonal to v + w.

uv, +...u,v, =0 5
W N~ ‘* [

e

uw, +...u,w, =0 N =7
20 G
J €

uy (v + W)+, (v, +w,)=§ 7
=uv, +uw, +.o.u,y, +uw, =@
uv, +....+unv;)4ﬁ4,w, +otu W) = 040 =0
(Sub)uv, +...u,v, =0

(Sub)u,w, +...u,w, =0

0+0=0
By using our premise and Substitution this Validates the statement.

True!

¢) If |lu-v||> =0, thenu=v.

Jau =v)? o, —v,)* =0
This will alwayé“‘O or Positive,
In order to be true, it must be 0 ><'~01~

Thus u, ~v, =0 o\
v~
So u, =v, oxw( R
d) If |{kul} = /lu||, then £=0.
\//(214[2 +....k2un2 /(
=K ) pevw\)r'

5 = D
=kw/(u]“+....u" ) ’ k)("’\\’"/s\(w i{\('\\{\w&\
=k]lull o X
Ture



4.2 Linear Tansformations from R" to R™ )(\,(/
1) T(X1,Xs) = (X1+Xs, 4X:Xs, Xi3-X2) (2 Points each) Y ek V7

Mu\\}b‘/:"
a. (2,3) b. (1,5) c.(0,1) a\\l\-

Solution

a. (2,3) = (2+3, 42)(3), 2°-3) = (4,24,5)

b. (1,5) = (1+5, 4(1)(5), 1°-5) = (6,20,-4)

c. (0,1) = (0+1, 4(0)(1), 0°-1) = (1,0,-1)

2) Find the standard matrix for the linear transformation T defined by the formula.
(2 Points each)

a. T(X),Xz, X3,X4) = (7X; +2X; - X3 + X4, Xz + X3, -X))

b. T(X],Xz, X3) = (2X2 - X3, -X1 + 2X2, 3X1-2X3)

Solution
2 -1 1 0o 2 -1
a0 1 1 0 b.|-1 2 0
-1 0 0 O 3 0 =2

3) (2 Points each) Use matrix multiplication to find the reflection of

a. (-1,2) about the y-axis b. (2,-5,3) about the xy-plane
Solution
L o 1 0 0
a. [0 _J 2 (-1,-2) b.[0 1 0|2 (2,5,-3)
e, e 0 0 -1

ey e I phicehon
}Av\~0\w3n.\—1);%‘ N Ko e YO 0\?\’KLL\
VXY W\ o "\\.Nw Virw o 0\

%vmw),e, fo



4) Find the standard matrix for the stated composition of linear operators on R’.
(3 Points each)

a. A reflection about the xy-plane, followed by a reflection about the xz-plane,
followed by an orthogonal projection on the yz-plane.

b. A rotation of 30° about the x-axis, followed by a rotation of 30° about the z-axis,

. 1
followed by a contraction by a factor of K=

Solution
0 0 0] [o 0 0] [o o o7 77/
al0 1 0ol>lo =1 ol>|l0 -1 o] -
o o M
Ty ol 1 ] [88 1 ol W
4 2 \[Z 8 \/2 V}
1 1 3 1 3 YOS
b.l0 — of = X2 o|=| = X2 o ) N .
4 2 2 § 8 Qisoy” 5 ane?
1 1
- 0 0 = VN
0 0 y 0 0 1 2 ‘Y\‘w)% o5
- L - = - (/‘)"\\/\
\/5 1 i i \/5 \/5 1 U\w\'c V\NNJ
N2 ol o o0 N2 o
g 2 2 16 16 Qo8 (L
L3 glle B J1 |1 3 3 X
g8 8 2 2| |8 16 16 W 5
0o o g L Bl |, 1 B &
i 4l 2 21 | 8 8 |




n
(4.3) RTLTR ae i NI

1. What makes a T:R"—R" linear? (5 points)

A: T:R"—R" is linear if and only if any two matrices in R have the following to be true:
a. T(u+y) =T+T(v)
b. T(cw)=cT(w)

2. Find the inverse operators of the following one-to-one linear operators. (15 points)

ol

w, = 2x, + X, + 3x,
C. W, =X, +2x;, + X5

W,y = X,

Answers for Question 2
Find the inverse of the matrices T

1 0
a. the inverse of this matrix is the matrix again- { }

—_—
o

R1-R3-> R

o O
o —
_— D
o O -

o = O
o



R2e>R3 O 1 O 0 O 1

0

1 0 0 01

0

-1

0 0

-1

-1

-1

00 -1

2R3-RI1

R1-3R3

-R3

112R1




5.1 (9pts)

List 3 of the 10 axioms of Vector Space (3pts Each)

If w and v are objects in V, thenu +visin V.

utv=v-+u

ut(vtw)=(u+v)+w

There is an Object 0 in V, called a zero vector for V, such that 0 +u=u+0=u
For each u in V, there is an object —u in V, called a negative of u, such that
u+(-u)=(C-u)+u=0.

6. If kisany scalar and u is any object in V, then ku isin V.

7. k(utv) = kutkv

8. (k+ m)u=ku+ mu

9

1

SR =

. k(mu) = (km)u
0. lu=u



5.2 Subspaces

1) Determine whether the solution space of the system Ax=0 is a line through the
origin, a plane through the origin, or the origin only. Ifit is a plane, find an
equation for it. Ifit is a line, find parametric equations forit. (2 peink ench)

-1 1
a3 -1 0
2 -4 -5
Solution
a.
-1 1 1 x
A=13 -1 0 | X2
(2 -4 -5] X
-1 1 1 Xx1]
A= 0 2 31 X2
0 -2 -3] X3
-1 1 1x1]
A=10 1 E X21=0
2
0 0 0] X5
Line
X3=
3
X2+7X3—0
3
X2=-7t
3
-X1-§t+t=0
X1=—lt

1 -6 1 -1 1
e he
b. |1 4 c.l2 -1 4
310 6 | 3 1 11
b.
=0 . L
1 2 -6x:
A=1 4 4 | Xx2|=0
. 3 10 6 || X3
B 1 2 -6X:]

Origin Only



3 1 11| Xs
1 -1 1[Xxu

2) Express the following as linear combinations of u = (3,2,5), v = (1,4,9), and
w = (3,1,4). (3 points each)

a.(6,2,5) b. (2,3,5) \&} \,\ O\(v e

Solution /’X(U\V\ S %o\vwex %m\fﬁb

N

~3136‘100E ’3132’1001
4 3
a.2412—>010—73 b.12 4 1 3|=>|0 1 0 0
-1 -5
5 9 4 5 00 1 — 59 45 001 —=
- - 2 - - 3

14(3,2,5) — Ya(1,4,9) — 12(3,1,4) = (6,2,5)  (2,3.5) =73(3,2,5) + 0(1,4,9) — 55(3,1,4)
3) Determine whether the given vectors span R>. (2 points each)

a. Vi=(2,-1,3) V»,=(4,1,2) V3 =(8,-1,8)

b. V1=(6,2,1) V2=(3,4,2) V3=(9,2,6)

c. Vi=(1,1,1) V2=(3,2,5) V3=(6,2,4)

d. Vl = (3’291) V2 = (0,090) V3 = (1,253)



Solution

a. -1 1

(2 4 8]

-1

st S

det=16-12—-16-24+32+4=0 - no span

o

X
det=144+6+36-36 - 36 - 24 =90 - spans

0

det=8+6+30—12—10—12=10& spans

det=0+0+0-0-0-0=0 -> no span

\



(5.3)

1. Determine whether the following sets are linearly independent or dependant and show
why. (10pts.)

a. (0,1,0,1), (2,3,1,0), (3,2,1,4) in R*.

b. (1,2), (5.3), (4,8) in R%.

c.(1.2.3), (2,5.7), (3,4,2), in R°.

d. ]21:2—X+2X2, Bz=4+x-3x2, 23:1+X—X2 in P.

e. (0.1,1.1,3), (4,2,3,4,4), (1,1,3,2,1), (6,5,7.4,2), (0,3,3,3,9) in R°.

Answers:

a. Lin. Independence is shown by demonstrating that any one vector cannot be expressed
as a linear multiple of any combination of the rest.

(0,1,0,1)=¢4(2,3,1,0)+c2(3.2,1,4)

2 30 2 3 0 2 3 0
321 0 -5 2 0 -5 2 i
L1 07lo 21 o 210 0 -2 at this point we cannot get a definite answer
0 4\1 1 0 4 1 0 0 13
\

{
for (\:2 and therefore it is not a linear multiple and the set is linearly independent.
t7

p 2 7
b. r>n which means that it will always be dependant. — ¥ W
¢ (123)=ei2,5,7)+e:(3,4.2) 7yt
1230 12 3 12 3 b, EF 0~

e
2 5 4/-510 1 -2]1-> 1|0 1 -2|c,remains undefined, so the set is
37 2 01 -7 0 0 -5

independent. i
e :
2 2 2. bVCS )((( V5t >
d. pr72-x+2x°, pa=4+x-3x7, p3=1+x-x" in P. W\«\—(»/(/ 7 O‘ N
2-x+2x =  (4+x-3x)tep(14x-x) P et VY
2 4 1] [2 4 1] [2 41 ‘“"40%71)4¥u

-1 1 1|—-10 6 3 |> |0 6 3|onceagain c;is undetermined, so the set
2 -3 -1 0 -7 -2 0 0 9
is independent.

e. (0,1,1,1,3) and (0,3,3,3.,9) %ﬁgécalar multiples of each other which makes the set
dependant.

2. Come up with 3 functions that are linearly independent and show that they are linearly
independent as a set of vectors in C%(-, ). (10 points)

Answer:
fi=x fry=e" f3=2x°
Calculate the Wronskian to determine independence or dependence.



x e' 2x°

W(x)=|1 e" 4dx|=(4xe" +0+2x’e" - 0-4x’e" - 4e") # 0forallvalues
0 ¢ 4 )g\w \/,)(‘bo vt

of x. _- ‘ﬁ‘/-v\\’\ '

Therefore this set of vectors are linearly independent in C*(-0,).



Section 5.4

1. If S is any set of vectors in a vector space, V, what conditions on S allow that set to be a basis
for V? (2 points)

The two conditions are that S is linearly independent and that S spans ' |

2. Find the coordinate vector of w relative to the basis S = {uy,u,}: (4 points total)
a. u] = (23 -1) s uZ = (-4’ 3)9 W = (194)
b' u] - (_49 7)7 u2 = (2’0)9 w = (09-3)

a.w=(1.6) - SN0~ e .
b w=(-3/2,-6/7 . v
Ws ( ) %\\A?YLVV\ ‘790‘('

3. Determine g’r\e"basis and the dimension for the\%ollowing homogeneous system: (3 points)
x+y+z=0

3x+2y-2z2=0

4x+3y-z=0

6x +5y+z=0

J¥ e

the augmented matrix set up and is reduced to RRE form.

— —\

11 110 1 1 10] 1 1 10

3 2 - 2 O reduces O 1 5 0 reduces 0 1 5 O
—> —_—

4 3 —1|0 01 50 0 0 00

6 5 10 0 1 50] 0 0 00]

The basis is given by assigning a parameter and solving for the unknowns.
x=4

y =5t
z=1 "&
the basis i§(4,-5,1;5therefore the dimension is 1. Ae S Ll

—— é’() b\\)\ WO
4. a. Determine a basis given that: (2 points)— L g
u=(3,-1,2.1), u, = (1,1,0,-1), u; = (4,0,2,0) Ve ‘/\w

AW

Put the vectors into an expanded or coefficient form and set up the augmented matrix,adding a
row of zeros to complete it, then solve the system



1 1 0 —10 1 1 0 -10 1
3 - 1 2 1 O reduces O 4 - 2 - 4 O reduces O
R —

4 0 2 010 0 4 -2 -40 0
_O 0 0 0)0] _O 0 O 010] L0
which leaves us with the solution:

X=—t—s X\e
y="%1+s S cgg\\\ é““\"x (/7(/\(
Z =1 LA WS(XC\{
W= v@b\(\w‘)’cv TR \“»
or a basis of 0\ _ )(\/(’ pOAN
(-1.%,1,0), (-1, 1,0 1) 7(/(;\“&6 —b\\»“'
¢ N U~
b. Determine dim[span{u,,u,,u;}] (1 point) - /Y\"\'\D VD \< A o
2, given the basis has 2 vectors. &K\/"M W
><\’\\57.

L&\L\N Qv ‘/\c) N Ko

1 0 -1
2 -1 -2
0O 0 O
0O 0 O

oS O © O



5.5 (10pts)
1. Express the product Ax as a linear combo of the column vectors of A.(3pts)

8§ -1 7 2] 1
3 5 8 1 -2
A= X=
1 0 4 3 5
2 -2 8 10 0
Answer
8 -1 7 2
3 5 8 1
1 -2 +5 +0
1 0 4
2 -2 8 10

2. Determine if B is in Column space of A. If so, express B as a linear Combination of A
(3pts)

1 0 2 3
A=|1 1 2|B=|2 | of&ﬁ
2 3 2 4 \W&\(.w\ SN
Answer _ otV et 7
1 02 31 (1 0 2 3 1 0 3 1 02 3
1 1 2 2(~0 1 0 0 1 -1{~{0 1 0 -1
2 3 2 4 0 3 -2 -2 0 0 -2 1 0 0 1 -1/2
L 0 ¢) ~1/2
B is Column Space
1 0 2
41| -1]1|-17212
2 3 2

3. Find a basis for the nullspace of A
1 -1 3

A=|5 -4 -4
7 -6 2



Answer

1 -1 3 0 1 -1 3 0 1 -1 3 0 1 0 =16 O
5 -4 -4 0|{~/0 1 -19 0|~|0 1 -19 O|~|0 1 =19 O
7 -6 2 0 0 1 -19 0 0o 0 0 O 00 0 O
x, =16t
x, =191
Xy =

16 7

\/7 SN
(19 or v =(1619]) 1\, B T
]



Section 5.6
1. Find the rank of the following matrices(4 points):

5 5 =2 5 -2 0 3010

A |6 B |6 3 cl|e 3 0O D0 0 1 0
0 0 1 0 1 O 9 0 3 0

Solution

rank(4) = 1 Vv o5 PR

rank(B) = 2 \(\,(,}s{}\'“ '

rank(C) = 2

rank(D) = 2

2. Find the nullity of the matrices in 1 (4 points):

Solution

nullity(4) = 0

nullity(B) = 0 /)

nullity(C) = 1 } e .

nullity(D) = 2 0\\/}\(,\ )

OV
3. Give the conditions that would make the following system of equations consistent (4 points):
Xty=a

2x+y=b

4x +3y =c¢

-x +5y=d

3x-2y=¢e

Solution:

1 1lal (11 a ] [1 1 a |
2 1 (b 0 l2a-b 0 12a-b
4 3lc|=|0 lda+c|=>|0 lda+c|=
-1 35 0 6a+d 0 1 =<
3 -2le] [0 S3a+e| |0 1 %
(1 0 —a+b |

0 1 2a-5b

0 O—-2a-b+c

0 0 lepe

0 o e |




in order for the gstem to be consist?nt, the last three rows in the augmented matrix must be
equivalent.% WX L ;

—2a-b+c=0

1/6(1la—b+d)=0
1/5(7a~b+e)=0

solving and using parameters gives:

10 0 % =20

13 13
01 0 2 =50
0 0 1 2 -
000 0 00
000 0 00

a=1/13(-30s + 301)
b =1/13(-42s + 55t)

¢ =1/13(-102s + 115t)
d=s

e=1

4. Prove that rank(A) = rank(A") (4 points):
solution:

rank(A) = dim(rqw space (A)) = dim(column space(A”) = rank (A")




1. Solve the following system for x; x x3. (epts)
(1,-1,4)e(x1x2x3) =10

(6,4,0) e (x1x2%3)=2
4,-5-De(xix2x3)=7
X1-X2+ 4x3=10

Solution: First, we need to convert the system into a more useable form: 6x1+ 4x2 =2
5x1-5x2-x3)=7
1 -1 4110
then, augment the matrixto| 6 4 0 | 2 |, then row reduce to echelon from.
4 =5 -117
1 -1 4|10 1 -1 4 10 1 -1 4 10
3 2 0(1|~|0 5 —-12|-29|~{0 1 -80|-161
4 -5 -1|7 0 -1 -17|-33 0 0 -97|-194
1 -1 4 10 1 -1 0] 2 1 0 01
~/0 1 -80}|-161{~|0 1 O|-1|~j0 1 0O}-1
0 0 1 2 0 0 1] 2 0 0 1]2

This yields x;=1, x,=-1, and x3=2.

2. Calculate the standard matrix for the following compositions of linear operations of R’.
a) A rotation of 30° about the x-axis, followed by a rotation of 30° about the z-axis, followed
by a contraction of k=-‘z( gets)
b) A reflection about the xy-plane, followed by a reflection about the xz-plane, followed by
an orthogonal projection on the yz-plane. (5 ¢%s)
c) A rotation of 270° about the x-axis, , followed by a rotation of 90° about the y-axis,
followed by a rotation of 180° about the z-axis. ( S ¢¥>)

Solution: To find the standard matrix, use “Composition of Three Transformations.”
Remember [T3 e T; o T} = [T1][T2][ T3]

1 0 0 cos30 —-sin30 O
a) Ti=|0 cos30 —sin30| T:=|sin30 cos30 0 T3=y2
0 sin30 cos30 0 0 1

Because T3 is a scalar, we can multiply that through last. 7, x 7 yields:
(Remember cos30 = x/§/2 ,and sin30=1/2



AA
cos30 —smn30 01 0 0 2 4 4

sin30 cos30 O0}0 cos30 -sin30= 12 % \/5% , and contracting by k = %2
0 0 1|0 sin30 cos30 1/ 3
o)

a7
results in % % \/‘%
Y Yo

10 0 1 0 0 00 0
b) Ti={0 1 0 T.={0 -1 0| Ts={0 1 0
00 -1 00 1 00 1
000t o oft 0 0] [0 0 0] \\u\(
(TT-T:]=|0 1 olo -1 ofo 1 ol|=l0 -1 0 R
(_5& t g\\re/
00 100 0 10 0 -1| [0 0 -1 W (e
1 0 0 0 0 1 -100‘/6v@9 ce
-
) Ti={0 0 1 T:=|0 1 0 T5=|0 1 0 5 v VN&
0 -1 0 100 0 0 1 K M
J O\/\(/ \,\/\l
1000 o 11 0 0] o 1 o o
[TT(T=| 0 1 of o0 1 ofo 1 o0]={0 0 -1
0 0 1|-1 0 ofo 0 —-1] |0 -1 0

4 0 1 -1 0 2
3. Which of the following are linear combinations of 4 = B= C= ?
-2 -2 2 3 1 4

25 S o
(5 ¢%s) (5¢)  (S¢¥s)

Solution: To find the linear combinations, we must"transpose A, Band Cinto

P06l yoeeboes i wne fnl) She,
-pf+256=8 " [ 0
p for a. Then we can form an augmented matrix. Byladding parts b and c,
-20+2+06=-1
-2a+3B+46=-8
we can solve all three simultaneously.



4 1 0]6]|6]|-1 1 -1 -y2)y2(3/2-72] [1 -1 -1y2]1/2]3/2|-7/2
0 -1 2(-8/0/5] 0o 1 -2/8]0]|-5] 10 2180 -5
2 2 1103|774 1 o |e6|6]| -1} |0 g |-10| 22| 1
2 3 4|-8{8|1] [-2 3 4 |-8]8]1 0 3 1-7151 -6
-1 -y2 | Y2 |32 ]-7/2] [1 -1 -y2|y2|3/2|-7/2
01 -2/8]0|-5/1o1 -2|8|o0o] -5
00 221-66|221361| [0 0o 1 |-3|1 |1811
0 0 -5]15] 5| 1 00 01]0]o0] 1

—_— ] =

}
.This shows thalt aand b are

1
. o 2
You could stop here, or finish reducing it to ]

o O -

(= ]

- o O
%

-3
" 0 0 0100
consistent, but not ¢. Thus a and b are linear combinations of A, B and C.

-0 O O

4. Which of the following sets of vectors in P, are linearly dependent?
a) 2-x+4x’3+6x+2x*2+10x—4x? (5¢%s)
b) 6-x’1+x+4x> (5 pYs)
) 14x243x l-x+x 1 +dx+11x2 (S P%)
d) 1434357, x+4x7,5+6x+3x%,7+2x— x> (5p¥s)

u
Solution: If a"}lonempty set of vectors has only one trivial answer, then it is linearly independent.
To find which are linearly dependant, we need to transform these into augmented matrices and
row reduce. - ANNLvR QoS XAy e W (e (mw“, 1‘:‘—)(\9\«’\ AL
2 3 2 1 /2 -1 1 00

a)l-1 0 10{~|0 1 18/13|~|0 1 O|= Not linearly dependant.

4 2 -4 0 0 1 0 01
6 1] [-1 -4
b)l 0 1|~| 0 1 |= Linearly dependant. (More rows then columns Theorem 5.3.3)
-1 4 0 1
1 -1 1 1 13 11/3] {1 0 3
)2 -1 4 |~|0 1 2 |~|0 1 2|= Linearly dependant.
|3 2 11 0 0 0 0 0 O
1 0 5 7 1 13 2 2/3 1 0 0 -14/3
dHi3 1 6 2|~(0 1 -1 -1/3|~{0 1 0 2 |= leinearly dependant.
34310140 0 1t 7/31 (001 73



5.Letu=(3,12,4,7,5) and v = (1,9,3,2,6). Find the following:
ajucv.
b) [|ul|
c) d(u,v)

Solution: This problems are from 4.1 on Euclidean n-Space. L

AU Vv=3x1+12x9+4x3+7x2+5x6=3+108+12+14+30=167 (Z¢'s)

b) llull = (ux v) = V32 +122 + 4> + 7% + 5> = /O + 144 +16 + 49 + 25 = /243 =9./3 (3 ¢¥s)

Q) duv) = [[u=v = JB-1)> +(12-9)* +(4-3)* +(7-2)> + (5-6)’ (5 o¥s)
=22 432 412452+ —12 =4+ 9+1+25+1 =+/40 =24/10

6. Do f}, f;, f3 form a linearly independent set of vectors in CZ(-OO, c0)? (\ 5?’5)

f1=1+X2
f2=3-X
f3=2

Solution: We can use the Wronskian to show that this set is lineaf%ependant.
1+x* 3-x 2
Wlfl f2 f3‘ =1 2x -1 0|= 2x-1x2=-430somewhere so it does form a linearly
2 0 0

independent set of vectors.

7. Letx=(1,3,8),y=(2,4,1),and z= (0, 4, 7).

a. Show that the set S = {x, y, z} is a basis for R®. (5¢rs)

b. Find the coordinate vector of v = (3, 11, 7) with respect to S. ('5 Pr>) .

c. Find the vector w in R® whose coordinate vector with respect to the basis S is (5' wts)
(wW)s=(1,-2, 4).

Solution: /7 n

. . W
a. If Sisabasis for R?, then the vectors can be represented as a homogenous system.
c,x+tc,y+c,z=0 which can be represented as

01(1)37 8)+C2(25 4’ 1)+c3(07 4, 7)=(O, 07 O)

1 20
which can be encoded as |3 4 4| =A. Ifdet A # 0 then the set S must be linearly
g8 1 7

_ oy Y
independent and it must span R, and thus it would be a basis for R>.

det A=28+64+0-0-42—-4=46 =0, thus S is a basis for R®.



b. c, + 2¢c, =3
3c,+4c, +4c, =11
8¢, +¢c,+7c,=17

1t 2 031t 2 ol 31ttt 2 o} 3|t 2 0] 3

4011(~l0 =2 4| 2 |~|0 30 -60|-30|~|0 30 —60|-30|~

1 7171 1o =15 7|=17] |0 =30 14 |-34| 10 0 —46|—64
2> 0 3 |1 20] 3 ||1o0o0]712

01 =2| =1 |~lo 1 0 4%3 ~l0 1 0 4%3 . Thus the coordinate

32

0 1 (327, 00 1(3%,] |00 2
vector is (— 1%3 , 4%3 , 3%3)

c. w=1x-2y+4z
w=1(1,3,8)-2(2,4,1)+4(0,4,7)
w=(1,3,8)-(4,8,2)+(0, 16, 28)
w=(-3, 11, 34)

)
—

8. . Determine whether the following set is a vector space under the given operations:
The set of all pairs of real numbers (x, y) with the operations
(x, y) + (x, y) = (xx, yy") and k(x, y) = (kx, ky).
Show how each axiom holds or fails. (o p¥s)

Solution
Letu=(x,y), v=(x,y"), w=(x", y"), and k be any scalar

1. u+v=(x,y) +(x’, y) = (xx’, yy) which is in V Holds
2. utv=(xy)+(x,y)=xx,yy) = (x%,¥y) =, y) + (x, y)=v+u Holds
3wt (viw)=(x,y) + (XX, YY) = (xxX, yy'y") = (xx, yy) + (X7, y) =
(u+v)+w Holds
4. Ou=0(x,y)=(0x,0y)=(0,0)=0. 0+u=(0,0)+(x,y)=(0x, 0y) =
0,0=u — XesiowvoX axin- Y, Ve & = YN  Fails
5. Because Axiom 4 fails, then there is no zero vector. Thus Axiom 5 fails as well.

Fails

6. ku =k(x, y) = (kx, ky) whichisin V Holds

7. k(utv) =k(xx’, yy") = (kxx’, kyy") &k’ xx', k* yy) = (kx, ky) + (kx’, ky’) = ku + kv
Fails

8. (k+m)u=(k + m)x,y) = (kx + mx, ky + my) # (kmx?, kmy?’)=

(kx, ky) + (mx, my) = ku + mu Fails
9. k(mu) = k(m(x, y)) = k(mx, my) = (kmx, kmy) = (km)(x, y) = (km)u Holds
10. lu=1x,y)=(X,y)=u Holds

It is not a vector space because Axioms ﬂ{ 5, 7, and 8 fail for the set.
{




9. Using Theorem 5.2.1 which states:

If W is a set of one or more vectors from vector space V, then W is a subspace of V if
and only if the following conditions hold.

(a) If u and v are vectors in W, thenu + visin W.

(b) If k is any scalar and u is any vector in W, then ku is in W.

Determine which of the following are subspaces, and show why they are or aren’t
subspaces of:

(a) R’ for all vectors of the form (a, 0, 0) (5p}s)

(b) R® for all vectors of the form (a, 1, 1) (s o) _
(c) P; for all polynomials of the form ap + ajx + a2x + ag,x for whichag +a;+a;+a;=0 (S@:)
(d) Ps for all polynomials of the form ap + a;x + azx + a3x for which ay, a;, a,, and a3 are
integers (5 ¢Vy) _

(e) M,; for all n x n matrices A such that tr(A) =0 (s vts )

Solution:
(a) Yes, vectors in the form of (a,0,0) are a subspace in R.

Using part (a) of Theorem 5.2.1: (a,0,0) + (a,0,0) = (22,0,0) which is still in the form
of (a,0,0)

Using part (b) of Theorem 5.2.1: k(a,0,0) = (ka,0,0) which is still in the form of (a,0,0)

Therefore both parts of Theorem 5.2.1 pass and all vectors of the form (a,0,0) are a
subspace.

(b) No, vectors in the form of (a,1,1) are not a subspace in R.

Using part (a) of Theorem 5.2.1: (a,1,1) + (a,1,1) = (2a,2,2) which is not in the form
of (a,1,1)

Using part (b) of Theorem 5.2.1: k(a,1,1) = (ka,k,k) which is not in the form of (a,1,1)
(If k=1, then it is in the correct form, but all other cases fail)

Therefore both parts of Theorem 5.2.1 fail and all vectors of the form (a,1,1) are not a
subspace.

¢) Yes, polynomials in the form of ag + a;x + azx2 + 213x3 for which ag+a; +a, ta;=0
polyn
are a subspace in Ps.

Usmgpart(a)ofTheorem521 ao+alx+a2x +a3x +a0+a1x+a2x +a3x ap
+ao+(a1+a1)x+(a2+a2)x +(a3+a3)x which is still in the form of ag + a;x +
arx +a3x3 where ag + a; +a; + a3 =0.

Lé A,V\ x s\ )"\’\\3 Ye}f



Using part (b) of Theorem 5.2.1: k(ap + a1x + apx? + aye’) = kag + kax + kazx + kazx®

which is still in the form of ag + a;x + ax’ + ayx° where ag + atatay= 4_
é—wéu\ 5\'\9143(\"0 \/)f’

Therefore both parts of Theorem 5.2.1 pass and all vectors of the form ap + a;x + axx’

+ ayx° for whichag+a, +a, +a;=0are a subspace in Ps.

(d) No, polynomials in the form of ag + a;x + azx2 + a3x3 for which ay, a;, a;, and a3 are
integers are not a subspace in Pj.

Using part (a) of Theorem 5.2.1: ag+ajx + a2x2 + a3)c3 +agta i x+ a’2x2 + a’3x3 = 2y
+ag+(a)+a’)x+ (ay+a’x)x* +(az +a’s)x’ which is still in the form of ag + ajx +
a2x2 + ayc3 where ag +a; +a, + a3 =0.

Using part (b) of Theorem 5.2.1: k(ap + a1x + a2x + a3x = kao +kax + kazx + ka3x
which is not in the form of ag + ajx + ax’ + ax 3 wher ag+a, +a;+a3=01ifkisn’t
an integer.

° 7
Therefore one parts of Theorem 5.2.1 fails and the other passes. Therefore all vectors

of the form ag + ax + ax* + ax° for which ao, a1, 4y, and a3 are integers are not a
subspace in P;.

(e) Yes, Matrices in the form where all # x n matrices A such that tr(A) =0 are a
subspace in Mp;.

Using part (a) of Theorem 5.2.1: Ajy + Ayp + ...+ A+ Ay + Ay + ...+ Ay =2(A11 +
Ap+ ...+ Am) =2(0)= O which is still in the form of tr(A) = 0. .

Nu‘(‘ 6\,\,%\(,\,—&\.}(_ Yo use S Vel ¥ %—L\\Le (
Using part (b) of Theorem 5.2.1: k(4;; + A2y + ... + Apn) = k(0) = 0 which is still of
the form of tr(A) = 0.

Therefore both parts of Theorem 5.2.1 pass and all matrices of the form of n x n
matrices A such that tr(A) = 0 are a subspace in M»,.

10. State Whether the set spans:
(@) R® for vi = (2,2,2) v2 =(0,0,3) vs = (0,1,1) (5 p¥s)
(b) R’ for vi = (2,-1,2) v2 = (4,1,2) v3 = (8,-1,8) (5 ¢*s)
(c) Py forallp, =1 —x+2x%, p=3+x, p3=5 -x+4x2, p4=-2—2x+2x2 (5@*5)

Solution:
2 2 2 2 2 2
(a) Setup the matrix to take the determinant: |0 0 3|(~{0 1 1
01 1 0 0 3

T3ake the determinant: 2 x 1 x 3 =6 #0 .. It is linearly independent and in the span of
R



2 -1 3
(b) (b)USetup the matrix to take the determinant: |4 1 2
8 -1 8
2 -1 312 -1
© 14 1 2|4 1 |=>-(24-4-32)+(16-16-12)=12+(-12)=0
8§ -1 8|8 -1 >
.. With the det(A) = 0, we know that it is linearly dependent and ‘notGéilfé span #f R’



Exam Key #2

1. Given vectors ¥ and v whereu = (—1,3,6,4) and v = (2,4,6,8), find Ily + 2"2 .

’b
W&
2. Find the standard matrix for a vector dilated by a factor of 3, followed by an orthogonal
projection on the yz-plane, and then rotated 0 degrees about the y-axis.

3. Use elementary matrices to find the standard matrix for 7°R> = R*, when T-R> > R’
reflects a vector across the xy-plane, contracts that vector by a factor of 1/3, and then projects
that vector orthogonally onto the yz-plane.

4. Determine whether the following is a vector space: the set of all triples of real numbers
(x,y,z)where (x,y,z)"+"(x',y",z")y=(x-2",y-y",z-x")and k(x,y,2) = (x,y,2).

Justify your answer.

5. Determine whether the following are linear combinations of v, = (1,2,3), v, =(2,5,1), and

v; = (0,0,3) and express each as a linear combination if one exists.
a) (6,5,8)
b) (3,2,12)

6.1f v, =(1,-3,-2), v, =(-2,7,4), and v, = (3,-8,-6), 3(\’*}(
a) Is this set of vectors linearly dependent? w\/‘wy w7 1
b) Define the solution space for {2 1sV5,Y 3} i T AN
c) What type of space is this? < A N /

7. Are these sets of vectors linearly dependent (solve by inspection)?

2) {(1.1,0),(0,0,0)}
b) {(1.0.1),(0,1,0)}
¢ {(1,0.1).(0,1,0),(4,4,4)}
d) {(1,1,1),(2,2,3)}

8. Let f,(x)=x"and f,(x)=sin’(x).
a) What is a Wronskian (no, a type of sausage is incorrect)?
b) Find the Wronskian of these functions.
¢) What does this tell you about the set?



9. Determine the dimension of and a basis for the solution space of the systems:

a) —3x, +6x, —21x, =0.
2x, +2x, - 5x, =0
X, =3x, +x;4+5x, =0

b .
)—2x1+x2+7x3—2x4 =0

10. By inspection, find bases for the row and column spaces of the following matrices.

1 =215 0
01 02 2
D0 0 1 4 3
0 0 01 0
1 -7 0 3]
0 1 1 0
o 0 1 2
0 0 0 1
12 -4
NUREE
00 1
00 0]




Solution to 1 (S points):

u+v=(17,12,12) = fu+1 = y(1)? +(7)> +(12)* + (12)* = /338 >

Y
wesrivms V'
Solution to 2 (10 points): Y %o\w\\m wopr ko &\,\ [(‘_\AJ{\,.cw\""v‘
o\ vt 0 s v_\,._,A’

cos() 0 sm(@)||0 O O 0 1 sin(6) 0 0 3sin(6) o
" v
o 1 o |fo1ol3=[o01 o [3=j03 o |77,
[Yad

0 0 1

—sin(f) 0 cos(6H) 0 0 cos(6) 0 0 3cos(0)

Solution to 3 (10 peints):

e, = (1,0,0) - (1,0,0) - (1/3,0,0) — (0,0,0) 0 0 0
e, = (0,1,0) - (0,1,0) > (0,1/3,0) > (0,1/3,0) =0 13 0
e, = (0,0,) > (0,0,-1) > (0,0, 1/3) > (0,0,-1/3) |0 0 —1/3

Solution to 4 (10 points):

It is not a vector space.
It fails axiom 2: (x,y,z)+ (x',y',z") = (xz’,yy’,zx"), but

(x",y",2) +(x,3,2) = (x'2,y'y,2'x) .
It fails axiom 3: [(x,y,z) + (x',y',z')]+ (x",y",z") = (xz'z",yy'y",zx'x"), but
(x,y,z)+[(x’,y’,z’)+(x",y",z")]= (.XZ'.X'",y_)/'y",ZX' u)'
Solution to S (10 poeints each):
6
a) kv +k,v, +k3v; =(658), 50 [Y_l Y, Z3]'[k]= 5|
8
1 2 0 1 2 0]6 1 20 1 0
2 5 05(~(0 1 0[j-7(~]0 1 0[-71|~]|0 0-71,
0 0 3 0 1

3 1 38 0 -5 31-10
s0 20v, +(=7)y, +(~15)v; = (6,58).



b) kv, +k,v, +k3v; =(32,12), 50 [Kl Y> 23][!‘2 = :
12

1 2 0|3 1 2 0|3 1t 20371 [t oo 11
2 5 0/2|~[0 1 o-4{~|0 1 0|-4|~|0 1 0| -4
3 1 3)12] |0 =5 3|3 0 0 3-17] (0 0 1]-17/3
so 11v, +(=4)v, +(=17/3)v, = (32,12) .

>

Solution to 6 (10 points part a, S points each b and ¢):

1 -2 3|1k 0
{ \
a) iixpress these vectorsas Ak =0:(-3 7 -8k, |=]0].
-2 4 -6| |k 0

1 -2 3 1 -2 3

k,—2k,+3k, =0
-3 7 -=8|~{0 1 1}, whichis code for .

k,+k,=0
-2 4 -6 0 0 O
k, = -5t
So, set a parameter k, =¢. Thus, k, = —f ,so(=5t)v, +(—t)v, +(t)v, =0 for
ky=t

all f in the real numbers and {Z 1-Y2,V3 } is linearly dependent.

1 -2 3
b) The solution space of the system 4k =0ford={—-3 7 —81is
-2 4 -6

k=(=5-11).

c) This subspace is a line with the equation f(x,y,z)=-5x—-y+z.

H,\(, Lo WA e

cas fovan ,
AT ek

A
/e (75
\/)\—-SYO()%”\ »Q'k-w‘(/h‘/v&

L T/wu-



Solution to 7 (5 points each):

a) Yes; any set that contains the zero vector is linearly dependent.
b) No; neither vector is a scalar multiple of the other.

c)Yes; 4v, +4v, =v,.

Solution to 8 (10 points a and b, 5 points ¢):

WO mvx\—(;(/em

a) A Wronskian is a function of a set of # — 1 times differentiable functions that can prove
H(x) o [0

linear independence of the set. It’s written W (x) =

f7x) s SN )
by W)=~ S, $in(x) cos(x) — 2x5in? (x) # 0 tenmesclenc”
2x 2sin(x)cos(x) ‘

¢) The system is linearly independent.

Solution to 9 (10 points each):

a) To find a basis for the solution space of the system, first find the solutions:
1 -2 771 -2 77710 23 x, =-2/3t
-3 6 -21|~[0 6 -19|~|0 1 -19/6| s0 x, =19/6¢ .

2 2 -5 0 O 0 0 0 0 Xy =1
—2/3t -2/3
Thus, the solution vector is | 19/6¢ |=1-| 19/6 |. Since the vector is linearly
t 1

independent, this is the basis and the solution space is one-dimensional.

b) To find a basis for the solution space of the system, first find the solutions:

1 -3 1 571 =315] 710 -22/5 15
-2 1 7 -2] |0 -5 9 8] [0 1 -9/5 -85

x, =22/55-1/5¢ [22/5s] [-1/5¢]  [22/5] [-15]
=9/55+8/5¢t 9/5 8/5t 9/5 8/5

sox2 /S / . Then /S + / =g- / +1- / ,
X;=8§ Ls 0r 1 0

Xy =1 i Os 1 L 1t ] B 0 ] | 1 i




\ W
solution vectors. Since the vectors are linearly independent (not scalar
multiples of each other), this is the basis and the solution space is two-dimensional.

v
so these are the

Solution to 10 (5 points each):

r=[1 -2 1 5 0]
r,=[0 10 2 2]

a) The vectors form a basis for the row space, and the vectors
ry = [O 01 4 3]

ry=[0 0 0 1 0]

1 [~ 2] 1 5]
0 1 0 2
c, = 0 ,Cy = 0 ,C3 = 1 ,Cq = 4 form a basis for the column space.
0] | 0 ] 1 0] 1
ro=[1 =7 0 3]
r,=[0 1 1 0] .
b) The vectors - form a basis for the row space, and the vectors
ry=[0 0 1 2]
ry=[0 0 0 1]
1 -7 0 3
0 1 1 0 _
¢, = 0 ,Cy = 0 ,C3 = i ,Cq = ) form a basis for the column space.
0] | 0 | 10 | 1]
r,= [1 2 - 4]
c¢) The vectors ¥, = [0 1 5] form a basis for the row space, and the vectors
ry = [O 0 1]
1 2] [— 4]
0 1 5
¢ = 0 ,Cy = 0 ,C3 = form a basis for the column space.
0] 0] 0]




Wi be ] )
1. a) Define the Cauchy-Schwarz inequality. (5 pts.)

b) Verify that the Cauchy-Schwarz inequality holds for
u=(2,3,-1), v=(0,2,5) (5 pts.)

¢) Determine whether the following vectors are orthogonal
u=(4,-1,2), v=(3,2,1) (5 pts.)

Solution: a) The Cauchy-Schwarz inequality is defined to be |u -v| < ”u]Hlv”

b) Plugging the values of the vectors into the Cauchy-Schwarz inequality yields
[2(0) +3(2) — 1(5)| < /2% +3% + (-1)2/0* +22 + 5

| < V14429

or

c) Since two vectors are orthogonal when their dot product equals zero,

@®G) + (D)@ + @) =1220 ,

Therefore u and v are not orthogonal.

2. Determine if (3, 5, 11), (7, 8, 22), and (4, -1, 7) is a linearly independent set of vectors.
(15 pts.)

Solution: By definition, the set of vectors is linearly independent iff
k,(3,5,11) + k,(7,8,22) + k,(4,-1,7) =0 has only the trivial solution. This equation can be

3k, +7k, +4k, =0
rewritten as 5k, +8k, —k, =0 by distributing the k’s.
11k, + 22k, + 7k, =0

So
3 7 47k7 [o
5 8 —1fk,|=]|0
11 22 7|k | |0

Reducing the coefficient matrix, we obtain



1 0 2
011
0 00

So k, =t k, =—t k; = -2t and this system of equations has more than just the trivial
solution so the set is not linearly independent.

3. Show that the transformation from R" to R™ by multiplication of a # x n matrix A is one to

one, where
51 4
A=[0 1 O0{(15pts)
0 0 2

Solution: We show that 7, is one to one by determining the invertibility of matrix A. Since

invertibility and the existence of a determinant are equivalent statements, we find the
determinant of A.

501 4
detA=10 1 0=10=0
0 0 2

which shows that A is invertible, and therefore the transformation from R" to R™ is one to one.

4. Find the dimension and the basis of the solution space of the system of equations. (15 pts.)
4x +14y+10z=0
x+ty+z=0
2x+7y+52=0

Solution: Any set of vectors that is linearly independent and spans the solution space is a basis
for the solution space.

The augmented matrix to the system of equations is

4 14 10] 0
11 1|0
2 7 5| o0

Reduce the matrix to reduced row-echelon form.



0 2/5
3/5

o O =

Which is code for z =t, y = -3/5t and x= -2/5t.
S

{

X -2/5¢ -2/5
The solution vectors can be written | y |=| —3/5¢ |=1¢| -3/5
z t 1

Which shows the vector v = (-2/5,-3/5,1) spans the solution space, and because

there is only one vector in the set it is independent by necessity. The solution space is

therefore one dimensional. NI
nless s o .

5. Determine whether the given vectors span R’
X= (23173) s Y= (3’_250) » L= (—275:1) (15 ptS)

Solution: For the vectors to span R’, there must be some vector b where

£
b=k x+ k,y+ k,z %&\A\é\/‘c
or /\\/\T\ (W,,k‘w\
2k +k, +3k, =b, . I S
\

3k, — 2k, + 0k, = b, %(2_4 '
-2k +5k, +k, =b,

Since the coefficient matrix A of the system has to be consjstent for the system to span R,, we
take the determinant OEA\V/MJ (e» Aave oY VIR TN A% x

2 1 3 NNV o
detd=]3 -2 0=(2)(-2)(1)+ (1)(0)-2) + B)B3)(5) — (HB)1) — (2)O0)(5) — 3)(-2)(-2)
-2 5 1
=26#0

Therefore, the vectors do span R .

6. Determine if the set of all vectors of the form (a,b,c) with addition being defined as
(a,b,c)H(x,y,z) = (a+x,0,c+2), and scalar multiplication as usual, is a vector space. (15 pts.)

Solution: This is a vector space if it comply’s with all axioms defining a vector space on p.222
of the textbook.



a) (a,b,c)+(x,y,z) = (at+x,0,c+z), which is of the form (a,b,c)
/7

Z
b) (a,b,c)+(x,y,z) = (atx,0,c+z), (X,y,2)*+(a,b,c) = (x+a,0,c+z) =(atx,0,c+z).

¢) (ab,cIH(x.y,2)H(ge.0) = (ab,c)H(x+g,0,z+) = (a+(x+g),0,cH(zH)) = (@+x)+g,0,(c+2)H) =
(@+x,0,c+z)H(g,e,0) = ((a,b,o)HX.y.2))Hg.e.f).
d) 0+(a,b,)=(a+b+e)t0# (a5,0) — Wk M is/shondt e Tl o Y

g 7 Vel guahe

There is no additive identity for this space so it is not a vector space.

7. Show that the vectors a=(2,1,0), b=(1,1,3), and ¢=(4,2,3) make up a basis forR,. (15 pts.)

Solution: A set of\vectors is defined as a basis when it is linearly independent and‘gpans the
vector space it is in. The conditions can be checked by seeing if the coefficient matrix A of the
systems

2k, +k, +0k, = b, _ w\/\y) 5(\,«,

k,+k, +3k, =b,

4k, + 2k, +3k, = b,
has a non-zero determinant. Since

210
detd=|1 1 3/=3%0
4 2 3

the vectors are a basis for R, .

8. Show that the composition of two linear transformations is not always commutative. (15 pts.)

Solution: note: There are many solutions to this problem. This is just one of them.

Let 7, : R* — R’ be the orthogonal projection onto the x-axis.
Let 7, : R* — R be the rotation through the angle 6.

, . |1 0 , . |cos@ —sin@
So the standard matrix for 7, is 0 ol and the standard matrix for 7, is

sin@ cosd@
[1 0] cos® —sin@| [cos® -—sing
T, oT, Z[Tlsz]z :|[ :l

10 O] siné cosf | 0 0

[cos® —sin@][1 0] [cos@® 0O 2
T,oT =T |T |= = f
S [ ZI 1] | sinf  cosd }[0 0| [sin€ O:' :F



9. Use the Wronskian of f|, f,and f; to determine if the system is linearly independent, where
f, =x, f, =sinx, fecosx (15 pts.)

Solution: The Wronskian of the set is
~ 7
x sinx co's X _ V"\""D \
W(x)=|1 cosx -—sinx|=-x
o 0 -sinx -cosx
Since -x could beVzero in the interval (—oo, ), the system is s®# linearly independent.

10. Prove the uniqueness of basis representation. (15 7 £5

Solution: Let § = {v,,v,,...,v,} be a basis for vector space V. By definition of a basis, S must
span V' . So for every vector veV, v=cyv, +c,v, +..+¢,v,. Suppose that there is more than
one way to express vas a linear combination of {v,,v,,...,v,}. Then there would be another
equation such that v=kv, +k,v, +...+k,v,.

So

v—v=0=cv +c,v, +..+c,v, - kv, +k,v, +.. +kv Y QQQ)
\D

= (C] _k1)V1 +(C2 _kz)vz +"'+(cn _kn)vn — \\\b

Because S is a basis it is also linearly independent. So
(¢, =k, +(c, —ky)v, +..+(c, =k, v,=0=>(c, - k) =(c, —ky)=...=(c, —k,) =0

Therefore ¢, =k, ¢, =k,, ..., c, =k

ne



Problem 1 (22 points total)
a) 8 points total
1. 2 points
ii. 2 points
iii. 2 points
iv. 2 points
b) 6 points total
i. 3 points
ii. 3 points
¢) 8 points total
1. 4 points
ii. 4 points

Problem 2 (15 points total)
a) 5 points
b) 5 points
c) S points

Problem 3 (16 points total)
(if final answer is wrong, partial points can be awarded for correct steps in
either of the 3 possible solutions. Either solution is fine.)

Problem 4 (10 points total)
(1 point per Axiom — Answers can be given in any order)

Problem 5 (20 points total)
a) 5 points
b) 5 points
c) S points
d) 5 points

Problem 6 (16 points total)
a) 8points
b) 8points

Problem 7 (16 points total)
a) 8 points
b) 8 points

Problem 8 (15 points total)
a) 5 points
b) 5 points
c) 5 points

Problem 9 (10 points total)

Problem 10 (10 points total)



Problem 1

The following are vectors in Euclidean-n space. Perform the requested operations on

these vectors.

u= (4:_15_3a1) V= (5’3)"2,0) and W= ('25 7> 15 '4) "

a) Use addition or scalar multiplication to evaluate the result of the operations
performed.
. w—v
ii. 2u+3v
iii. 4(3v+2w)
v. 2(5ut+w)-(v-w)
b) Find the dot product
1. vew
. ue4v
c¢) Find the following
1. Norm ofu
ii. Distance between u and w

Solution 1

a) Use addition or scalar multiplication to evaluate the result of the operations

performed.

i.
1.

111.

iv.

w—v=(271,4)-(53,-2,0)=(-2-5,7-3,1-(-2),-4-0) = (-7,4,3,-4)
2u +3v=2(4,-1,-3,1) + 3(5,3,-2,0) = (8,-2,-6,2) + (15,9,-6,0)
=(23,7,-12,2)

4(3v+2w) This problem can be solved two main ways. Either to
distribute the “4” first and creating 12v+8w and then evaluating
or you can evaluate the inside first and then distribute the “4”.
Our solution will show the latter.

4(3v+2w) =4(3(5,3,-2,0) + 2(-2, 7, 1,-4) )

=4((15,9,-6,0) + (-2, 7, 1, -4) ) = 4(13,16,-5,-4) = (52,64,-20,-16)
2(5u+w)-(v-w) There are a number of ways to solve this one
using techniques in this solution key. We will use a new method
utilizing the commuticative and associative properties of vectors.
2(5u+w)-(v-w) = 10u+2w-v+w = 10u-v+3w , now this becomes
just standard scalar multiplication and vector addition.

10u-v+3w = 10(4,-1,-3,1)-(5,3,-2,0)+3(-2, 7, 1, -4)
—(40,-10,-30,10)-(5,3,-2,0)+(-6,21,3,-12) = (29,8,-25,-2)

b) Find the dot product

1.

11.

vew = (Viowt+ vaewat+ viewst vaewy) = (5,3,-2,0) « (-2, 7, 1, -4)
= 5024 307+ 201+ 0e-4 =-10 + 21 + -2 + 0 = 9, notice that the
answer 1s a scalar value.

u * 4v There are couple ways to do this cross. One 1s multiply the
“4” into the vector and then take the dot product of the two. We
will show that we can leave the “4” at the left because it is a
scalar and multiply it later.
ucdv=4uev=4(u-v)=4((4,-1,-3,1)(5,3,-2,0) ) =
=4(20+-3+6+0) = 4(23) =92



c) Find the following

1.

1.

Norm of u
Yu? +up? +u g’ = V4 (1) (3 + 1
=V16+1+9+1=V27=313

Distance between u and w

\/ (W1—ll1)2 + (Wz—uz)2 + (W3—113)2 + (W4—L14)2
=N(-2-4) %+ (741) 2 + (143) 2 + (-4-1) 2

=(-6)% + (8) %+ (4) 2 + (5) 2 =V36+64+16+25 =141



Problem 3
a) Use matrix multiplication to find the reflection of (1,2) about the y-axis.
Solution:

The standard matrix for reflecting a vector about the y-axis is

-1 0
[T]=
0 1

Now we multiply the standard matrix [T] by the vector (1, 2).

V¥ Xr‘w\wQ - s
ol T

1 12
. . \now

Therefore the reflection of (1,2) about the y-axis is (-1, 2). \
b) Use matrix multiplication to find the image of the vector (-2, 1, 2) if it is rotated 30° about the x-axis.

Solution:

The standard matrix for rotating a vector about the x-axis is

1 0 0
[T]=|0 cos6 — sind
0 sin®  cosd

Now, we multiply the standard matrix [T] by the vector being rotated, which is in this case (-2, 1, 2).

S
1 0 0 -2 \/>
3 -2
[W]=10 cos® — sinb 1 |= 2
0 sin0 cos9 2 1+2\/§
L 2 J

Therefore the image of (-2, 1 ,2) rotated 30° about the x-axis is (-2,

J3 =2 1+2\E)
T

2



¢) Find the standard matrix, [T], for a rotation of 60° about the x-axis in R?, followed by a reflection
about the line y = x.

Solution:

/3 1
cos60° —sin60°|| 0 1 2 2

[T] ‘ =
sin60°  cos60° 1 0 \/E

1 V3
| 2 2




- [)] ) ) el - ]
| ()= () - 2(7) [ﬂ

w - (LS



(n) k(o) + )

()= 1ol 0 (4) ) k(o) + 16 ()
;)= wrly) + 1) Kirlt ks
1) kl[jw[j/
-

)= o)+ 5] 12

G- (e - Bl G-



Problem 4
6. List 10 Vector Space Axioms.

Solution 4

6.
1) If u and v are objects in V, thenu + visin V.

2Q)utv=v+u
NHut(vtwy=u+v)+w

4) There is an object Q in V, called a zero vector for V, such that 0 + u =u + 0 = u for
alluin V.

5) For each u in V, there is an object —u in V, called a negative of u, such that u + (-u)
=(-w+u=0,

6) If k is any scalar and u is any object inV, thenkuisin V.
7) k(u + v) =ku + kv

8) (k + m)u =ku + mu

9) k(mu) = (km)(u)

10) lu=u



Problem 5

The linear operator T : R3->R3 is defined by the equations
M’] :23(1 +XZ_X3

W2=4X] ”‘3X2 +.X3

Mf’j) =2 XZ - X3

a) Find the standard matrix [T]

b) Show that this linear operator T is one to one (Hint: Maybe by an equivelent statement)

¢) Givenx = (1,2,3), meaning that x, = 1, x, =2 and x; = 3,

X Wy
use the standard matrix [T] to transformx=| X, [tow = | W,
X3 w3
Wi
d) Show that [T'] | W, | returns x

W3

Solution 5

a) Standard matrix is formed from the coefficients of x;, x, and x,. The equations can be rewritten in
matrix form.

2 1 -1
T]=]4 —3 1
0o 2 -1

b) If we can show that the matrix is invertible, then that, by equivelent statement, means that T is one to
one.
Using methods from chapter one, We find the inverse of [T] to be

D | —

[T = Thus [T] is one to one

I
O T S

P

w2



d) [Tw=x
1

2
—2
—4

1
2

1 3
2 5

1

X, 5
X, |=| 4
X3 0




Problem 6

Theorem 4.3.3 in the book states that
If T: R"—R" is a linear transformation, and e, e, ...e, are the standard basis vectors for R, then the

standard matrix for T is

[7] = [TeITe,)l...[TTe,)]

a) Use this theorem to find the standard matrix for the T: R*—>R? that
First reflects a vector about the line y = x

Second reflects that vector about the x-axis and

Finally, projects the vector onto the y-axis.

b) Using the standard matrix, take the vector v = (1,2) through the full transformation.
Solution 6

We will take this problem into a few parts. But first, a brief explanation. e, and e, are the standard basis

1 0
vectors for R% Thus e= { } and e,= { }
0 1

When we are using this theorem, we need to ask, "What does T do to the vector?" An easy way to see
this is to transform the standard basis vectors with T. Then, as per Theorem 4.3.3, these transformed
standard basis vectors will combine to form the standard matrix in the form of the equation above.

We will first find the standard matrices for each operation that we are performing. We will call the
operations
T, = Reflects a vector about the line y = x

T,= Reflects that vector about the x-axis
T; = Projects the vector onto the y-axis.

[T]] = [T](e1)|T](ez)]
First we must determine what 7, does to e,. To reflect a vector about the line x =y will transform x

1 0
values into y values and y values into x values of the resulting vector. Thus T'(e,) =7, ([ } } { } You
0 1

can visually see this on a x,y graph. A vector (1,0) reflected about y = x would indeed be (0,1). Tt

0 1
follows that T'(e,) = T, } .

1 0
0 1
So the form [T] = [T (e))|T(e,)] =

[T5] = [T(e,)|T,(e,)] All values of y will transform to -y. so

1 1
Tye)=T. 2( l:O} } li O} (meaning a vector lying on the x-axis reflected about the x-axis is just that

vector)



e[

1 0
So the form [T,] = [T,(e))|T,(e,)] = {0 :l

Finally [T;] = [T )|T5(e,)] The vector transforms into its y component.

1) o]
Tye) =T, (meaning a vector lying on the x-axis projected onto the y-axis is just the 0

vector)

o) ol
Tie,) = T{ ]! (meaning the y component projected onto the y axis is just the y component)

0 0
So the form [75] = [Ty(e))|T5(e,)] = |:O | }

We have all of the Transformations, we must multiply them in the right order to get the standard matrix
T

Thinking about it 7(x) = [T]x. We must multiply the x vector by the first operation first so [T,] will be
closest to x (meaning farthest to the right close to x) followed by [7}], then [T}]

0 o1t o [[o 1 0 0
So [T] = [TL]I751T,] = =
0 1Jlo —1i1 o -1 0

0 0|1 0

b) Tx)=[T]x = { H } = { } This is graphically and intuitively what we would expect.
—1 0 J[2

Shown another way below.

0 0|1 o0 |fo 1|1
[T = [TIT)[T ) x = =
01 J{o =11 o j[2
2 0

bl S VLA



Problem 7:

In each part of this problem, a set of objects is given, together with the

operations of addition and scalar multiplication. Determine which sets are vector spaces under the given
operations. For those that are not vector spaces, list all axioms that fail to hold.

a)The set of all pairs of real numbers (x, y) with the operations

X y)+&,y)=x+x, y+y') and k (x, y) = (2kx, 2ky)

Solution:
kfn (x, yj): k(2mx, 2my) = (2¢2mx, 2+2my) = (4mx, 4my)

lc@gﬁi%: 2\(2kmx, 2kmy) Axiom 9 fails.

1 (x,y) = (2%, 2y) Axiom 10 fails.

Therefore, this is not a vector space.

b)The set of all triples of real numbers (X, y, z,) with the operations

xvy2)+x,y,z)= (x+x,y+y,z+2') and k (x,y, z) = (kx ,ky ,kz)

Solution:
This is a vector space under the given operations. Axioms 1 and 6 are satisfied.

¢)The set of all 2 x 2 matrices of the form
{ a a+ b:|
at+b b

with standard matrix addition and scalar multiplication.

Solution:
{ a a+b} { a' a'+b'} |: a-+a' (ata')+ (b+b")
+ =
at+b b a'+b' b (at+a')+ (bt+5h'") b+d

[ a a+b} { ka ka+kb}
k =
a+b b ka+kb kb

This is a vector space under the given operations. Axioms 1 and 6 are satisfied.



Problem 8
8. Determine whether the set of vectors S = {V, V,, V3} is linearly dependent or

independent. \
W
a. ,whereV,=(2,-1,0,3),V,=(1,2,5,-1),V3=(7,-1,5,8) €

b. ,where Vi=(0,0,a,a),V,=(b,b,0,0),Vs=(c,c,0,d) <a, b, c are not zeros>
c. ,where Vi=(0,3,1,-1),V,=(6,0,5,1),V3=(4,-7,1,3)
Solution 8

8. a. According to the theorem 5.3.3,

PR
/

Let S = {vi, v,, ..., v:} beasetofvectorsinR". It > rf, then S is linearly
dependent.

P \/v\’“/g“ g® éW\A
The set of vectors is linearly dependent. "Zj‘)v A

b. kivi + kovy + kavz=0 ,) \/w)\( VY
NP I v

. . . . Y
ki*a = 0. Since A not zero, k; is zero. When kj; is zero, we know , k,*b is zero. b is !

not zero thus k, is zero. Therefore, ki*d is zero, and d becomes zero
[4

C.6b+4C=0 oo, b=032)c -l X Ve~
3a—T7c=0 . a=(7/3)*c .
a+5b+c=0 c\“)‘w) ’
-a+b+3c=0

There are more solutions than a=b=c=0 therefore, the set of vectors is linearly
Dependent.



Problem 9
9.

IES={vi, vy, ..., vi} and §* = {wy, w,,
in a vector space V, then

Wk } are two sets of vectors

Span{vi, va, .., v} =Span{w| W, . Wi }

If and only if each vector in S is a linear combination of those in S* and
each vector in S’ is a linear combination of those in S.

Use the theorem above to show that vi=(1,6,4) v,=(2, 4,-1) v3=(2, 4, -1), and
w1 = (1, -2, -5), wa = (0, 8, 9) span the same subspace of R> .

AUy
Solution 9 Vi X W’H Y
_ R

9.a+2b+2c=1,0 (a,b,c)=(-1,b, 1-b), (2, b, -1-b)
6a+4b+4c=-2,8
4da-b-—<=-5,9
a=1,2,4
-2a+8b=6,4, 4 (a,b)=(1,1), (2, 1), (3/2, 19/9)

5a+9b=4,-1, -1

Each vector in the first set of vectors is a linear combination of those in the second, and
each vector in the second set of vectors is a linear combination of those in the first.
Therefore, these two sets of vectors span the same subspace of R*



Problem 10: The Wronski Problem

Show whether the following set of vectors in F(-c0, c0) is linearly dependent or linearly independent.

fi=n
f, = sin(x)
f; = cos(x)
f=c'

Solution 10

X

T sin (x) cos(x) ¢
cos (x) -sin (x) ¢
0 cos(x) -—sin(x) &
W) = =T det| —sin(x) -cos(x) ¢ |=
0 -—sin (x) -cos(x) ¢
—cos (x) sin (x) e*
|0 -cos(x) sin(x) e ]
expansion on column 1
cos (x) -—sin (x) ¢
— m det| _sin(x) —cos(x) & |= m 2¢° (~cos?(x)- sin(x))
0 0 2¢”
add 1 times row 1 to 3 expansion on row 3
= w2 (1) = -2me
s M l’({/ WH“W
det W(x) = -2me* =+ 0 therefore linearly independent,

b olwn e



1) Answer the following questions (3 points each):

a) What is the rank of a matrix?
b) What is the nullity of a matrix?
) How are the rank and nullity related to the columns of a matrix?
Solution;
a) The rank is the common dimension of the row space and column
space of a matrix.
b) The nullity is the dimension of the nullspace of a matrix.
) The nullity and the rank added together equal the number of
columns in a matrix (rank + nullity = n).
2) For matrix A, find bases for the row and column spaces (20 points):
1 2 4 4
A 0 1 13 5 )
= 4 6 3
1 2 3 4
Solution:

“R1” denotes “Row 1” / Obtain the row-echelon form.

- o O O Ll \S B R

S = O O

[\

(NS I

4 4

13 ) (R1) - (R4), (R2) — 2 times (R4)

w
&~ o0 W

) Swap (R3) and (R4)

o
A O W

) Swap (R3) and (R1)

w
S A W



3 4
13 5
1 3

00 0 O
Basis for Row Space (the rows with a leading one):

Rl=(1 2 3 4) /j/x 'k MAM‘( s
R2=(0 1 13 5) logagty — AIC THMPOL
R3I=(0 0 1 3) wo/C> A¥77 (4 bk

Basis for Column Space (the original columns corresponding to the

) Row-Echelon form

SO
S = N

columns in the row-echelon form with a leading one): (Nawmn,
1 2 4
0 1 13
C1=(2) C2=(4) C3_—_(6)
1 2 3

3) Determine the rank and nullity of matrix B (20 points):

12 3 9
B 01 9 27
_(2618 o)

4 8 12 36

Solution:

“R1” denotes “Row 1” / Obtain the reduced row-echelon form.

39
9 27
18 O )
12 36

(R3) — 2 times (R1), (R4) — 4 times (R1)

S A
oo N = N

3 9
9 27

12 —18 ) (R3) — 2 times (R2)

[ R e R e R
S N = N

) (R3) times (-1/6)

S O =
S O = N
|
(@)
|
~J
N



4)

5)

123 9

019 27 _ |
o 01 12’ (R1) - 3 times (R3), (R2) — 9 times (R3)
000 0

12 0 -27

010 -81 '

(() 01 1° (R1) - 2 times (R2)

000 0

100 135

010 -81

(001 1 Reduced Row-Echelon Form
000 0

Doing these operations is the same as solving the equation Bx =0

The rank is the number of leading variables (3) and the nullity is the
number of parameters (1) in the general solution.

Rank =3

Nullity = 1

What conditions need to hold for a set of vectors J = {v1, v2, .. ..y} to be a basis in a
vector space V (8 points)?

Solution:

By definition, if V is a vector space and J = {v1, v2, ... vn} is a set of
vectors in V, it follows that J is a basis for V if two conditions are

1) J is linearly independent
2) J spans V
a. What is the definition of the Euclidean Length of Norm?
(10 pts) 7
b. Letv=(1,-3,0,2), andu=(2,0,1,1). Find 2v +u@
Solution: | 7
Al
) Vl| t= (VIZ4V2 4+ v o N7
b) 2v+u/ v =(2v+u )/ v =[[22+(-6P+02+42)
2+

2+0+ 12+ 12 1 (124 (32+ 02+ 22)M 5] =2.65
Wk Al L o do e



6) Find the standard matrix for the stated composition of Linear operators on R3.
(15 pts)
A rotation 30° about the y-axis, followed by a rotation 60° about the z-axis, followed by a
dilation with factor k = 2.

Solution:

(y-axis)
[cos30° 0 sin30°] [V(3)/2 0 172 ]
[ O 1 0 I1=10 1 0 ]
[-sin 30° 0 cos 30°] [-12 0 Y3)/2)

(z-axis)

[cos60° -sin60° O] [1/2 32 0]
[sin 60° cos60° O0]=[V(3)/2 12 0]
[ O 0 11 [0 0 1]

Take the product of the two matrices to get:
[V3)4 -3/4 172 ]

[V3)Y2 112 0 1] S
[-1/4 V34 Y(3)2] VoA

Then multiply the matrix by the dilation factor k = 2.
[200]
{020]
[002]

The final answer is:

(V32 -3 1]
[ V3 1 0]
[ -12 V372 V3]

7 Determine the dimension of and a basis for the solution space of the system:
(8 pts)
w-3x+4y+z=0
2w+y-32=0
2w-6x+8y+2z=0

Solution: l/\f\/\)/k 2 ‘7@\/\‘/’\/“5 e €5 y

w=3x-4y-5z
x =T7/6y + 5/6z
y=s

]
W

]
w
o

o p—
SR Ry
Ho
00— I
Nd-)v—-\
SO

L e R e
l

oo vy P

SN

<

4
ot
e bt bt

z=t

(wl  [-1/2s- 5/2t] [-1/2] [-5/2]



[X] = [7/6s +5/6t]
[y] [ s ]
[z] [t ]

716 5/6

0
1

= S

fr— Y p—

[
[ 1
[ O

These two vectors are the basis, and the dimension is 2.

8) Determine whether or not the following set is a vector space and list the axioms that fail
if any exist (2 points per axiom, 10 for correctly stating if it's a vector space):
The set S of all triples of real numbers (x,y,z) with the operations
u +v=(u ,u 5 u )+(v,v,y,v)=(u +v,,u ,+v,,u ,+v,) and
ku =k (u \u yu )=(ku | ku , ku ;)

Solution:
Letu ,v,we€S,k €R
Loow +v=(u u ,u )+, v,,v)=(u +v,,u ,+v,,u ;+v,)ES
o u +v=(u u Hu )+ (v, vy, vy)=(u (+v,u ,4vs,u 5+y)
#(vitu 5, vtu 5, vytu )=(v, v, va)+Hu u ,,u )=v+u
Fails!

(V+W) (u LU L u 3)+((V1,v2,"3)+(W1,W2,W3))

u u u )+ +Hw, vatw, vitw))

u (V2+W3) 2+(V3+W1)»u 3+(V1+W2))

u +v2+w3 2 Hvstwiu v +w,)

(u +V2)+W3( 2+v3)+w1’(u 3+v,)+w2)

u tvou ,+vu 3+V1)+(W1,W2,W3)

(u u o u 3)+(V1,V2,V3))+(W1,W2,Ws)

u +v)+w

II=

Il

(
(
(
(
(
(
(

Supposed beSsuch that b+u=u+b=u
u+b=(u; u, u3)+(b, by b;)
=(u,+b, u,+b; u;+b;)
=(b1+u2’b2+u3’b3+u1)
=(u1'u2, u,)
=u,+b,=b,+u,=u,
=b,=u,+b,—u, b,=b,+u,—u,;=0
=b,=u,—u, b,=u,—u,;=0
=u,=u,, a restriction on u
= our assumption was false
Fails!
5. Failure implied by 4 (zero vector does not exist)
Fails!
6. ku=k(ul,uzvu3)7é(kul,k2u2,k3u3). ku, k*u, K’u,eR= kues



k( u+v)—k((ul,u2,u3)+(vl,v2,V3))=k(ul+v2,u2+v3,u3+vl)
f( (u,+v,),k (u2+V3) k3(“3+vl))

=(ku, +kv,, kK’ u,+k’v,, K’ u+k’v,)

#(ku, +k’v,, K u,+ kv, Ku,+k v,
=(ku,, k’u,, K’ u,)+(k v,k v,, K’ v,)
=k(u,,ku,,ku,)+k(v,,v,,v,)

=ku+kv
Fails!

(kD u=(k+1)(u;, u,, u)A((k+1)u,, (k+1)u, (k+1)u,)
#(ku, +1%u,, kK u,+ 1P uy kP uy+1u,)
=(ku,, k’*u,,k’uy)+(lu,,1%u,, 1’ u;)=ku+1u

Fails!

g k(lu)=k(1(ul,uz,us))=k(lu1’12uz’13ua)?{(k(lul)skz(lzuz)’kz(lzus))
=(Klu, KT u,, K ug) =((kl) ;. (k1) u,, (K1 u,)

(kl)(ul u, u,)=(kl)u

10. 1u=1(u;,uy,uy)=(1u, 1*u, 1u;)=(u,,u,,u,)

Not a vector space: fails axioms 2, 4, 5, 7, and 8

9) Determine whether or not the following is a subspace of Ms;. If it is not, explain why.

(15 points)
The set S containing all 3x3 matrices A such that det(A)=0.
Solution: AOW’“Q\L‘
Check closure of addition and scalar multiplication: Ny

LetA,B €5,k €R (O

s
Addition: AN
det(A+B )#det(A)+det(B ). les

Scalar Multiplication:

det(kA)=k *det(A)=k *(0)=0
Not a subspace. Fails closure over addition.

10)  Determine whether or not the following vectors form a basis for IR’ . If not, explain
why. (15 points)
(1,3,5), (2,4,6), (3,5,7)

Check linear independence or spanning (Both are true if the determinant of the
coefficient matrix is nonzero).
Linear Independence:



k (13,5)+k ,(24,6)+k 5(3,57)

=(k 3k 3k )+(2k 4k ,6k ,)+(3k ,5k ; Tk ;)
(k \+2k ,+3k ,3k \+4k ,+5k ,5k ,+6k ,+7k ,)
1 23

'>3 4 5]=0=not a basis
5 6 7



1. Find the standard matrix of the orthogonal projection on the xz-plane followed by
a rotation about the z axis through an angle of 90° and followed by a dilation of k=3.

cosd —sinf 0 3cosfd —3sind O
cos@ 0}(-3=3-1 0 0 Ol=| O 0 0
i 0 1 0 0 1 0 0 1
Now place 90° into & to get the final standard matrix
0 -3 0
0 0 0 (NO\“‘WVS MY
0 0 1

2. Which of the following are linear combinations of u=(0,8.,4), v=(-1,9,8)

a) (1,-1,-4)

b) (25.0,1) .

¢) 3,-11,-16) Cow D Lo Ove AN, XX

Solution:

AN
Y

First we must mak€ a system of linear equétions forabandc.

a) Ok() — k1 = b) Ok() — k] =25 C) Oko - kl =3
8ko + 9k =-1 8ko+9k; =0 8k + 9k; =-11
4k, + 8k, = -4 4ko + 8k =1 4ko + 8k; =-16

We then convert them to matrices and solve.
0 -1 1 1 2 -1 1 2 -1 1 2 -1 1 0
g 9 —1]=|0 -1 1|=l0 -1 1|=]0 -1 1|0 1

[
—_—

4 8 4 § 9 -1 0o -7 17 0 0 O 00 O
Thus kg =1 and k; =-1 and so it is a linear combination
We then convert them to matrices and solve.
-199
_ 1 1 1 i1 0 —
b 0 -1 25 12 b 12 Y 1 2 A 7
8 9 0O[={0 -1 25|=]0 -1 25|=|(0 -1 25 |=]0 -1 =25

4 8 1 8 9 0 0 -7 -2 0 0 -177 0 0 -177

Thus 0 does not equal -177 and so it is NOT a linear combination

We then convert them to matrices and solve.

0 -1 3 1 2 -4 1 2 -4 1 2 -4 10 2
lg 9 —i11|=l0 -1 3 |=0 -1 -3|=lo -1 3|=|0 1 -3
4 8 —16| (8 9 —11| o -7 21 0 -1 3 00 0

Thus ko =2 and k; = -3 and so it is a linear combination



1
W ) .
So a and ¢ are linear combinations of u and v.

o
ST w0

v

3. Determine the dimension and basis of the'following system of equations:
2X1+ 2% -2X3 +4x4 =0
6x7-2x3+3x4=0
X1 —2X2— x31t2x4=0
2x1+H4x, +2%3 —4x4 =0

Solution:

First we must determine the solution of the system of equations, so first place it into
matrix form.

2 2 -2 4 0 1 1 -1 20
R3*2+ R4
0 6 -2 3 0 0 6 -2 30
R1/2 = R3*¥*24+ R2 >
1 -2 -1 2 0 0 -3 1 00
R1*-1/2+R3
-2 4 2 -40 00 0 00
_ 3 B 2 7]
1 1 -120 10 -2 20 10 -9 00
0 0 0 30R2<—>R3:>0—3 1 00R2/3:>o 1 —13 0 0
0 -3 1 0 O0|R3/3+R1 0 0 0 3 0{R3/3 0 0 0 1 0
0 0 0 00 0 0 0 00 00 0 0 0

We then solve for x and get

1 | A
Y2l A Sl=s /3 WWhich is the basis (% , y ,I,O)and since we only have one basis it is R'.

i

X3 s 1
| X4 | 0 | | 0]
4. The following set of objects is not a vector space under the given operations of

addition and scalar multiplication. Lists all axioms that do not hold for this set.

The set of all pairs of real numbers (x, y) with the operations
(o p)+ ()= b+ 34+ and klx, y) = (kx. k)

Solution:

Q| -

1
Ly

Q=

Axiom 3 does not hold because (a,b)+((c,d)+ (e, 1/))= [

-
4+ | -

~ |

N~— S

o
Q {=

Ly
a

~| =
+
[
+ | —
S A
Ne—

and (@) (c.d)+ (e f)=[é+ L

o e



Axiom 4 does not hold because the only object that could be added to any (a,b) to give
(a,b) would be (c0,%0) which is not in the set because o is not a real number.

Axiom 7 does not hold because k((a.p)+(c,d))= (£ +£,£ + X)

but ka,b)+k(c.d)=(L+L,5+%)
Axiom 8 does not hold because (k+mXa,b) = ((k + m)a,(k + m)b)
but k(a,b)+m(a,b)= (L +-L,L+L)

Axioms 1, 2, 5, 6,9, and 10 hold.

5. Let Ax=b be the linear system
1 2 6|x 4
2 8 4|x,|[=(7
3 9 15{x, 9

Show that b is in the column space of A and express b as a linear combination of the
column vectors of A.

Solution:
First, solve the system by Gaussian elimination:

12 6(4] 1 0 0]12
01 -2|2|~j0o 1 0]
00 1|2 1]oo 1|2

4
— — =1 — -3
x, =12,x, =3, %, =

Since the system is consistent, b is in the column space of A. From the solution obtained,
it follows that

1 2 6
b=12{2 |- 7 8 |- 3 4
4 4
3 9 15
S
6. Use the Wronskian to show that the following set of vectors are linearly

independent:
1,2x, x* e



Solution:

1 2x x* €& (1 2x  x* e ]
453 0 2 4x° e*
W(x)= 0 2 x e . .
0 0 12x2 e* 0 0 12x 62

0 0 24x e 0 0 0 (1_;)6):

detW(x)=1(2)(12x3)(1-2/x))e*

Let x=1, then detW(x)= -65.2, which is a nonzero value, thus there exist a value
of x that causes the set to only have trivial solutions for all values of x, and therefore this

set is linearly independent.

7. Find the rank and nullity of matrix A:
2 1 7]
Al 7l 2 -1
0 5 5
3 -1 8]
Solution:
2 1 7] [1 -2 1] [1 -2 1
-1 2 -1] |2 17 0 55
0o 5 5| |3 -18 lo 5 5|
3 -1 8/ {0 55/ [0 55
1 -2 1] 1 -2 1] [1 -2 1 1 0 3
0 5 5[0 55/ |0 11} (011
o 55/ /0 55/ o oo ooo
0 5 5/]0 55/ {0 00| (000

two leading variable rank(A)=_2

x1+3x3 =0 X1 = -3x3 Parameters: x;=-3s
Xy+x3=0 X7 = - X3 Xo= -S
X3= S
X —3s -3
x |=| =5 [=s| -1
X, s 1

since there are

because there is only one vector here that forms the basis, the

nullity(A)=1

Dimension Theorem for Matrices: rank(a) + nullity(A) =n(number of columns)

2+1=3



8. Find the Euclidean inner product: uev

u=(2,4,1,0,8) v=(-5,7,0,-6,3)

Solution:

uev = (2)(-5) + (4)(7) + (1)(0) + (0)(-6) + (8)(3)
=-10+28+0+0+24=42

9. Use matrix multiplication to find the image of the vector (3,11) when it is rotated
through an angle of © = 225°

Solution:
(cos 225°)(3) — (sin 225°)(11)
(sin 225°)(3) + (cos 225°)(11)
(-3 - (-HHan
()3 + (=)D
42
~742
10. Determine whether multiplication by A is a one-to-one linear transformation
VO
2 -2 =) \ © L e
—_ N ~ vy -~ o - -~ o
A=14 0 a4y 6 - O o
6 -8 ks
Solution: \‘\\(\(\ Q
)
2 =2 2x, -—-2x, . ~
X AVAY. X .
4 04 "|=|4 0 X X W
[xz] o NSag o \o‘”x
6 -8 6x, -8x, X0

R? > R® Linear Transformation, one-to-one (more equations than unknowns)



L. Consider the vectors u = (1,2,3),v = (1, Q. U) and w = (7. 4. 7). Evaluatc:

(a) u

WHWH

() flut wi

() w1 [huf®
(¢) —2u | 3w.
Solution

Ju-v=1x[12«xQ | 3xU.

(b) vl = Vv v =12 | 02| 2.

() ot wil = [[(1,2,3) 1 (7.4 7)] = (8,6, 10)[| = V64 136 1 100 = 102,
)

)

(1

)

() Wi a2 = V7 272 VIE 223 = 114 1 14— 128
(¢) =20 1 3w = =2(1,2,3) | 3(7,4.7) = (=2, —4,—6) | (21,12,21) = (19.8, 15).

. Cousider two vectors u and v such that u-v = 0 and ||u | v|| = 4. Find |Jull* | ||v]*
Solution As u-v =0, they arc orthogonal. Then we know that

a1 v = |lu | v|]* =4 = 16.

3. Find the cigenvalues and their corresponding cigenvectors of an orthogonal projection
on the yz-plane, which has standard matrix

000
010
0 0 1

A0 0
det f O A=1 0 =0=XAA-1)=0=X=0o0rl
0 0 A1

To find the cigenvectors corresponding to A = 0, solve the equation

0—0 0 0 xX 0
0 0—1 0 | =10
0 0 0—1 €y 0
to obtain the result
2 t
€Ly = ()
X 0



To find the cigenvectors corresponding to A = 1, solve the system

1 -0 0 0 2 0
0 -1 0 ry | =10
0 () 1 —1 €y ()
to obtain the result
Yy U
Xo - 5
€Ty t

) ) X i a b ) . .
4. Clonsider the set S of matrices of the form { | } . with addition defined as
co0

a b | a b ad DY
¢ d dl | e dd

and the usual scalar multiplication. Show whether this set qualifies as a vector space
by testing cach of the 10 axioms. [Fd. Yes, this question is cruel and mumsnal. 1 didn't
write it.]

Solution
a b | a V| ad bV c s
¢ d dod T e dd e

a b a b | aad b
¢ d | d el dd

a b ‘ a b | |\ da Vb | ad O )
o cod| | de dd ] ed dd

(3)
a b a b a’ b la b | aa’ U Ladd” DY
¢ d } o d ! A d Tl e d A dd” L edd ddd )
a b | a b | a” W ad bl li a0 add” b
oo A d A el dd LA el ddd |
(4) ) o
a b | 1 1 } _ { a b
¢ od 1 1| | e d|-° "W
i . i i . A% o
(5) R RPN e
a b | (J—l ,l) 11
ed ]2 S L]

A - o, L
N

9 \0 N \[\wﬁ N\(\\rb

\(DV‘\%\‘\,@"}



a b ka kb !
h { I (/} - [ ke /;:([} €5

P a b | a o aa” OO || kad” ROU

h o d ¢ d o ed dd | ked kdd |
il b I a bl ka kb | ka' kb | Faa k200 y faa kbl
e d ! o d T ke kd ko kd | kel RRdd ke kdd
Therefore this axiom fails.

" / | Ja )
) a b | (ki ma (k1 m)b |
(ke 1 m) { ¢ d} N { (k1 m)e (k1 m)d } ’

. a b | kma®  kmb?
n ¢ d || ke kmd? |

Thus this axiom also fails.

(9)
I a b _ ma mb B kma  kinb |
L Ul me md || kme kmd |
a b kma kb
(Kin) { ¢ d } - { kme kmd } '
(10)

K bl _Jla 16| | a b
o d| | le Md| e d|”
As axioms 7 and 8 fail, this set is not a vector space.

5. (a) Let W be the set of all matrices of the form ;I) ()A } such that b = «a | ¢. For

the usual definitions of “ 17 and *7, and real scalars, show that W™ is or is not a
subspace of Ay,.

(b) If W is the set of all matrices of the form { 8 ()‘ } such that b=« | ¢ > 0, and
with nsual “1 7 and =7 and real scalars, is W a subspace of My,?

Solution

(a) For 11" to be a subspace of Myy, we mmst show that axioms 1 and 6 hold, i.c.,
that W is closed under addition and multiplication.

C'onstder u = [ “ l)} = { “oa : (l and v = { d (). } = { ddif } Then

0 0 0 f 0 f
e oalc d dyfir datd (atd) (el f)
”'V*L) ¢ }'{0 f }_{ 0 ot }



0.

()

(b)

()

This is in the correct form, so u,v € W = u | v € W, and 1" is closed over

addition.
e ate] | ka klare)| | ka kal ke
fu =k { 0 ¢ } a { 0 ke 10 ke i

which is also of the correct form, so W is also closed over scalar nltiplication,
Thus, W is a subspace of My,

If we consider the same u and v as in the solution to (a), it is clear that u | v is
of the correct form, so that W is closed under addition.

However, it & < 0 then ko + ke <0, so that ku ¢ W and W7 is not closed over
multiplication: thus, W is not a subspace of Ma,.

§ ) &
Determine whether the matrices m = { S i } n= { 00 }, p= { ( i }, and

1 1
q= { 9 } span My,.

o142 102 L =10
Do the matrices r = {0 2},8 {3 3}’5{1 1},(111(1 11—{ 9 0}

span Afy,7

Solution

: a : o :
An arbitrary veetor { can be expressed as a linear combination of the
(

)
d

above matries il they span Moyy:

2 1 00 0 2 1o a b
/“[() 1} '/"2"“_’{1 1} '/“"““’“’{2 2} | Raan 1}“{« {/}'

This can be represented by the angmented matrix

2 0 0 1ja
L 0 2 11b
01 2 2|¢
1 1 2 1|d

and the system will only be consistent if the left side of the partition has a nou-
zero determinant. Cofactor expansion along the first row provides a‘ny(‘[li(‘ivm
way to calculate this determinant:

f 8 3 i 0 2 1 o 2

det 0 o | =2det [ 1T 2 21 -010—=det | O 1 2 | =242—(—-2) =6
vz 1 2 1 12
L1 21

As this determinant is not equal to 0, the system is consistent and the matrices
span Aly,.



(b) The matrices r, s, t, and u do span Myy: Each one can be expressed as a linear
combination of m, n, p, and q, and vice versa, so the spans of the two sets of
h S
vectors are the same,

r = 2m :>1n:§r: s=nitp >n=s—p=s—2t
tzép = p = 2t; u=q—m :>q:m|u*§r|u
7. Use the Wronskian to determine whether fi = 4, f, = —da fy = 227 are lincarly

independent.

Solution Set up the matrix

4 —da 2*
W=10 -4 4a
0 0 4

and take it’s determinant by multiplying entries along the main diagonal, as it is
upper-triangular. Then det W= (4)(=4)(4) = —64 # 0. Beedde the determinant of
the Wronskian is not zero, we know that fi, fo, and fs are lincarly independent.

8. In cach of the following, select the set which is not a basis of R" for some integer n.
-7,-2)}

"
—4,6).(7. 1.2)}; sl Tions

9. (a) By inspection, determine whether the vector b = (13,2,5.0) (in colmm vector
form) is in the colunm space of

4 2 3 5

-1 3 -5 4

A= 2 6 3 1
0 2 0

and say whether Ax = b is consistent.

(b) Consider the matrix

1 4 1 =
2 6 1 -1
b= 025 =7
1 2 1 =7

Are all the bases vectors e, ey, 5, and e, in the row space of 137 Hint: determi-
nants are your friends.

Solution
(2) As b is cqual to two times the first colume plus the fourth columm. it is in the

colunn space of A, Further, because b is in the cohunn space of A, Ax = b is
consistent.

i |



(b) Asdet B3 # 0, B's row reduced form is the identity matrix. However, as elenentary
row operations do not change the row space of a matrix, the row space of 13 is
the same as that of 1, which clearly contains e, e,, e, and e,.

10. Given the matrix

L2 7
o282
! 00 1 4

2 2 11 4

(a) Find the rank and nallity of A, and show that their smn is equal to the nunber
of cohnnns in A;

(b) Determine whether the row vectors of A form a basis for 2%
Solution

() To determine the rank and nullity of A, we first row-reduce:

L2 7 1 1 2 7 1 1 2 7 1 12 7 1
4 2 3 12 1 N 0 -1t -2 -1 N 01 2 1 N 0 1 2 1
’ 00 1 4 0 0 1 4 001 4 00 1 4
2 2 11 4 0 -2 -3 2 00 1 4 00 00

As the reduced form has 3 leading ones and one parameter, the rank is 3 and and
the nullity is 1. 3 | 1 =4, as expected.

(b) As the row-reduced form of A contains a row of zeros, it is clear that a linear
combination of the rows of A exists which is equal to 0, without every coellicient
being 0. Thus, the rows of A are lincarly dependent, and so they do not form a
basis for 4.

6



Question 1 (10 points total, 4 points for part a, 3 points for each part of b)
a. Find values for & such that u and v are orthogonal whenu =(2, 5, 7) and v = (3, k, 2).
b. Verify that the Cauchy-Schwarz inequality holds for the following vector pairs:
i. u=(2,54andv=(1,3,2)
ii. u=(1,4)andv=(3,2)

SOLUTION
1.a. When u and v are orthogonal, their dot product will equal zero. Therefore,
u'v=(2,57" 03,k 2)=2)*3)+ O)*k) + (N*(2)=6+5k + 14 =20 + 5k

which equals zero, so

0=20+ 5k
20 = -5k
k=-4

1. b. The Cauchy-Schwarz inequality states: fu"v| < llall I vl
L lu vli=@Q)*1)+(G)*3) + (4)*Q2)=2+15+8=25

Nullllvil= (V22 +52 +42)* (Y12 +3% +27)=
(V4+25+16)*(N1+9+4) = (/45)* (4/14) = V630 = 25.0998

Therefore, lu" vl < llull 1l vIl and the Cauchy-Schwarz inequality holds.

i luvIl=(1)*3)+@)*2)=3+8=11
Nullllvil= V12 +42)* (/32 +22) =
(V1+16)* (9 +4) = (V17)* (W13) = /221 =14.866

Therefore, lu-v | < llull Il v Il and the Cauchy-Schwarz inequality holds.

Question 2 (15 points)
Given the following system of linear equations

wi = 3%y +5%; -X3

Wy = -7X2 +3X3
W3 = -X; -7X; +4x3
Wy = 2X1 +5X3

a) What is the proper notation for the transformation? (i.e. T:R” > R?)
b) What is the standard matrix for the transformation?



¢) Using two different methods what is T(-1,5,3)?
d) Given the vector [— 3 2] show the resulting vector after performing the following
operations.\ Inalﬁe%e proper standard matrices that correlate with the operations
1. Reflection about the line x=y
2. Reflection about the y-axis
3. Rotation through an angle n/2 C.C,wy,

SOLUTION
a) TR >R*
3 5 -1
0 -7 3
b)
-1 -7 4
2 0 5

c) Through substitution
1LYyw; =3x1+5x; -x3  =3(-1)+5(5)-1(3)=19
Wy = -Tx2 +3x3 =-7(5) +3(3)=-26
w3 =-X; -7xy +4x;3 =-1(-1) -7(5) +4(3) =-22
w4 = 2X4 +5x3 =2(-1)+5(3)=13

19
-26
-22
13
2.) Through matrix multiplication
3 5 -1 19
0 -7 3 "5 _|-26
-1 -7 4 e 22
2 0O 5 13

d)




Question 3 (5 points total)
Indicate whether the following statements are true or false. Justify your answer by giving a
logical argument or a counter example (5 pomts total)

a. The rotation operator Ta: R? - R?is one to one.

b. The orthogonal projection onto the xy-plane T4: R*—- R’is sometlmes one to one.
7

SOLUTION '
a. True. We know by theorem that for TA:R* > R’ to b@ then the standard matrix A,

where A is an 2 x 2 matrix and T:R? - R? is multiplication by A, then for T to be@/
ﬁ/then A must be invertible. The standard matrix for a rotation in R? is:
cos(@) —sin(0)
- sin(@) cos(8)

This matrix is invertible because det(A) #0:

os(@) —sin(6)
det(lics:ln(g) COS(Q) :U = 0052(0) + Sin2(0) ~ 1 0

Therefore, TA:R2 - RZ?is one to one.

b. False. For To:R> = R® to be one to one, then the standard matrix A, where A isannxn
matrix and Tx: R*—» R’is multiplication by A, then for Tx to be one to one, then A must be

invertible. The standard matrix for an orthogonal projection onto the xy-plane in R’ is:
1 00

A= |0 1 O
0 00

The matrix is not invertible because det(A) = 0:
1 00
det{ [0 1 O =(1)(1)(0)=0
0 0O
Therefore, TA:R3 - R?is never one to one.

Question 4 (5 points each, 10 points total)

Determine whether the linear operator T: R? - RZdefined by the equations is one to one; if so,
find the standard matrix for the inverse operator, and find T (w, wa, w3). (5 points each, 10
points total)

a. w, = 2x, + Tx, + 4x
w, = x — 4x, + 5x
w, = 3x, - 2x, + llx,



3x, — 10x, + 25x,
x, - 4x, + 10x

=2
=
I

&S
I

2x, + Ox, + 5x,

=
I

SOLUTION

a.
w, o= 2x, + Tx, + 4x, w, 2 7 4|x

w, = x — 4x, + 5x ~ |w,|=|1 -4 5|x

w, = 3x, - 2x, + llx, w, 3 =2 11} x

2 7 4

The standard matrix (A) for this transformationis: |1 -4 5
3 -2 11

If det(A) #0, then A is invertible and T is one to one.
2 7 4 1 -4 5] 1 -4 5
det| |1 -4 5 = (=Ddet||2 7 4 = (=l)detf|O0 10 -4
3 -2 11 3 -2 11} 0 15 -6
1 -4 5 1 -4 5
= (=Ddet{|0 5 -2 = (=Ddet| |0 5 =2|| =C-DMGN0)=0
0 15 -6 0 O 0

Because det(A) = 0, A is not invertible and T is not one to one.

3x, - 10x, + 25x, w] [3 -10 25T x,

x - 4x, + 10x; = |w,|= -4 10| x,

o
=
I

=
l

2x, + Ox, + 5x, w,

=
I

X3

1
2
{ -10 25”
The standard matrix (A) for this transformation is:
3 -10 25 1 -4 (1 -4 10
det{[1 -4 10}| = (-Ddet||3 -10 25 = (=Ddet||O0 2 -5
2 0 5 2 0 5 0 8 -15
1 -4 10
= (=Ddet{{0 2 -5 =(-D(D(R2)S5)=-10 #0
0 0 5

Because det(A) =-6 #0, A is invertible and T is one to one.



3 =10 25

1 00 1 -4 10/0 1 0 1 -4 10]0 1 0
1 -4 10{0 1 O ~ |3 -10 25(1 0 0| ~ |0 2 -5|1 -3 0
2 0 5100 01 2 0 510 01 0 8 -15/0 -2 1
1 -4 100 1 0] 1 -4 10| 0 1 0
~ 10 2 =511 =30 ~ |0 2 =5/ 1 =3 0 ~
0 0 5 |-4 10 1 0 0 1 |-4/5 2 1/5
1 -4 0] 8 -19 -2] 1 0 0| 14 -33 -4
0 2 0| -3 7 1| ~ 020 -3 7 1| ~
0 —4/5 2 1/5] 0 0 1]|-4/5 2 1/5
1 0 0| 14 -33 -4 [ 14 -33 -4
01 0/-32 7/2 12| ~ [ala] o [A"] = [=32 72 12
0 0 1|-4/5 2 1/5 -4/5 2 V5
y Nz 14 -33 -4]w
T wwew)= (A = 13 72 Y2 | w,
W, —4/5 2 1[5 w,

= (14w — 33w, -4ws, -312wy + 712w, + 1/2ws, -4/5w; + 2w, 1/5w3)

Question 5 (10 points)

Show your reasoning behind whether or not the following may be considered to be a vector

space. /“j—kuv:)“ l/\\«}%{('b\uwg,.’

If this cannot be considered to be a vector space, list the axioms which do not hold.

SOLUTION
The set of all pairs of real numbers V=(x,y) with the operation
x+y=0, is a vector space because all of the axioms hold.

I define the vectors u=(x,y) v=(a,b) w=(c,d) as three arbitrary pairs of real numbers, elements of
V.



Axiom 1 holds, since u+v is a pair of real numbers.
ut+v=(x+a,y+b)

Axiom 2 holds, since u+v=v-+u.
vtu=(atx,bty)=[(atx),(b+y)]=[(xta),(ytb)]=u+v.

Axiom 3 holds, since u+(v+w)=(u+v)+w.

(UHV)yFw={(x+a),(y+b)+(c,d)=[(x+a)tc,(y+b)+d]=[x+(atc),y +H(b+d)]=(x,y) +[(a+c),(b+d)]
=u+(v+w).

Axiom 4 holds because 0+u is equal to u. W’

+u= =(0+x,0+y)= - V\’M
O+u (0,0)+(X>Y) (O X:O y) (X:Y) M\\’K\%
Axiom 5 holds, since u+(-u)=(x-x,y-y)=(0,0)
Axiom 6 holds since kun=k(x,y)=(kx,ky)=[(kx),(ky)], which is an element of V.
Axiom 7 holds, since k(u+v)= [(kx+ka),(ky+kb)]=(kx+ka),(ky+kb)=(kx, ky)+(ka,kb)=k(x,y)+k(a,b)=ku-+kv.

Axiom 8 holds, since (k+m)u= [(kx+mx),(ky+my)]=(kx,ky)+(mx,my)
=k(x,y)+m(x,y)=ku+mu.

Axiom 9 holds, since
k(mu)=k[m(x,y)]=k(mx,my)=[k(mx),k(my)]=[ (km)x,(km)y]=km(x,y)=(km)u.

Axiom 10 holds, since 1lu=1(x,y)=(1x,1y)=(x,y)=u.

Question 6 (10 points)

How can (2,3,1) be expressed as a linear combination of (1,2,1) and (1,1,0)?

SOLUTION

The matrix (2,3,1) can be expressed as a linear combination of (1,2,1) and (1,1,0) if there exists

scalars {a,b}such that (2,3,1)=a(1,2,1)+b(1,1,0). We find that this gives the following system of
linear equations:

a + b = 2
2a + b =
a = 1

The augmented matrix for this system of equations is represented as follows:



1 1 2 1 1 2 1 1 2 1 -1 0 1 01
21 3|-»{0 -1 -1{>|0 -1 -1|->|(0 -1 -1{—=>|0 1 1
1 01 0 -1 -1 0 0 O 0 0 O 0 00

Thus, by Gauss-Jordan elimination, we have found that when the scalars {a,b} are a=1 and b=1,
(2,3,1) can be express as a linear combination as follows:

(2,3,1) =1(1,2,1) + 1(1,1,0).

Question 7 (10 points)
Are the vectors v=(2,6,3), w=(4,2,1), and z=(3,3,1) linearly independent?
SOLUTION

The vectors v=(2,6,3), w=(4,2,1), and z=(3,3,1) are linearly independent if there-exists the scalars,
Hertestetsuehthat kv + kow + k3z=0 implies that k;=k,=k;=0.

This equation yields the following system of equations:

2k + 4k, +3k; =0
6k1 +2k2 +3k3 =0
3k1 + 1k2+ lk3 =0

The augmented matrix for this system of equations is represented as follows:
2 430 2 4 3 0 2 4 3 0 2 4 00

1 000
6 23 0/—»|0 -10 -6 0|—>|0 -10 -6 O0|—>|0 =10 O O|—>|0 1 O O
3110 0 -10 -7 0 0 0 -120 0 0 10 0010

Solving by Gauss-Jordanian elimination we find that there exist only the scalars {k;,ks,ks}

such that k;v + k,w + kyz = 0 implies that k;=k,=k;=0.

Question 8 (10 points)
Let vi =(1,3,2), v =(5,18,13), and v3 = (4,2,4). (10 points)
a. Show that the set S = {vy, v,, v3} is a basis for R’
b. Find coordinate vector of v = (6,-5,1) with respect to S.



SOLUTION
a. To show that the set S spans R® and is linearly dependent, we will consider the equation:
0=cyvi+cavat cav3
or
(0,0,0) =¢(1,3,2) + c2(5,18,13) + c3(4,2,4)
or
(0,0,0) = (161 + 502 + 4C3, 301 + 1802 + 2C3, 201 + 13C2 + 403)
or equating corresponding components,

¢ + 5, + 4, =0
3¢, + 18, + 2¢; = 0
2¢, + 13¢, + 4c, = 0

To show that S spans R? and is linearly independent, (by theorem) we can look at the
determinate of the matrix of coefficients:

1 5 4 15 4 1 5 4
det|[3 18 2|| = det{|0 3 —10|| = det/|0 3 —10|| =(1)3)6)=18
2 13 4 03 -4 00 6

Since the determinant is not equal to zero, the vectors are linearly independent and they span
R’ because an inverse can be determined.

b. We need to find scalars ¢y, ¢, ¢3 such that
V=C1Vi+Cavat Civs
or considering the components,
(6,-5,1) =c1(1,3,2) + c2(5,18,13) + ¢3(4,2,4)

Which can be considered by equating corresponding components and creating a matrix from
the coefficients as:

1 5 4 6 1 5 4 6 1 5 4 6
3182 -5 7 |0 3 -10 -23 0 3 -10 -23
213 4 1 0 3 -4 -11 00 6 12
15 4 6 1 50 -2 1 50 -2
0 3 -10 =23| ~ |0 3 0 -3 ~ |01 0 -1
0 0 1 2 001 2 001 2
0 0 3
010—1~2;3i1
0 01 2 c3=2

Therefore (v)s = (3, -1, 2).



Question 9 (10 points)

1
) . -2
Given the matrix A =

-1

5

) -9

a

12

27

SOLUTION

15
-5

4 -2 n )(\4_
- i; 51 ,which of the following arécolumn spacef) of AT
-2 17
-4 11 4
8 o -3 9 -12
-5 5 6
19 -22 -17

\V\
a) Not #'column space, it cannot be written as a linear combination of any of the
columns in A because the first two terms are identical to two of the terms in a column
of A, but the last two terms are different. - W/ & %oa\ gp\o\ N p\)(\f N,

AW Y
b) Column space WoX S \ew’ <
1 5 4 -2|(|lw| |—4
-2 -9 -11 5||x| | 8
3 15 13 |y -5
-1 -5 -2 17}|z 19
By Gaussian elimination
1 5 4 -2|-4][1 5 4 -2|-4
-2 -9 -11 5 8/ [0 1 -3 1] O
3 15 13 1|-5{ 10 O 1 7| 7
-1 -5 -2 17119 |0 0 O 1 1
z=1 z=1
y+7z="7 y=0
x-3y+z=0 x=-1
w +5x +4y -2z = -4 w=3
\‘,\\\J. ()YK

Not gcolumn spacébecause the column vector cannot be written as a linear
combination of any of the columns in A.

~how 20w UngoT!



d) Column space

1 5 4 =2][w 4
-2 -9 -11 5||x| |-12

315 13 1|yl | 6
1 =5 =2 17| z| |-17

By Gaussian elimination

1 5 4 -2 4 15 4 -2 4 1 5 4 -2 4
-2 -9 =11 5|-12] |0 1 -3 1f -8 [0 1 -3 1|-8
3 15 13 1 6| [0 O 1 7] -6 10 0 1 7}1-6
-1 -5 -2 17|-17| |0 0 2 15|-13] ([0 0 O 1] -1
z=-1 z=-1
y+7z=-8 y=1
x-3y+z=-6 x=0
w +5x +4y -2z = -1 wW=-

Question 10 (10 points)
a. What are the fundamental matrix spaces associated with a given matrix A? (4 points)

b. Define rank and nullity for the-selemn-androw-spaces-efa matrix. (3 points)
c. If rank(A) + nullity (A) =n what can be said about the dimensions of A? (3 points)

SOLUTION

a. The fundamental matrix spaces of A are the 1) the row space of A, 2) the column space
of A, 3) the nullspace of A, and 4) the nullspace of AT. The row space and column space
of A" are not fundamental because they are equivalent to the column space and row space
of A respectively.

b. Rank is the common dimension of the row space and column space in a given matrix A.
Nullity is the dimension of the nullspace in a given matrix A.

c. Matrix A will have n number of columns. Nothing can be said about the number of rows
that A has.



5 Ffs‘

10 p’rs

1. Show that if v is a nonzero vector in R?, then (1/|jv|[)v has Euclidean norm 1.

Solution:

lIvll= V*V#Vtherefore P
e Y
*v

2.Find the standard matrix for the linear operator T: R*—R’ given by
w, = 3x; + 5x, - x,
w, = 4x;, - X, + X,
wy = 3x, + 2x, - X,

and then calculate T(-1,2,4) by directly substituting in the equations and also by matrix
multiplication.

Solution:
3 5 -1
The standard matrixis: |4 -1 1
3 2 -1
T(-1,2,4) solving directly we insert the values into the equations:
w, =3-1)+52)-4 w =3
w,=4(-1)-2+4 w, = ~2

w, = 3(-1)+2(2)- 4 w, = -3

Solving using matrix multiplication we get:



10 pts

3.Show that the range of the linear operator defined by the equations

W= X = 2X, + X,
w, = 5x, - x, + 3x,
wy = 4x, 4+ x, +2x,4

is not all of R2.

Solution:
Writing the equations in matrix form we get:

w, 1 -2 1] |x W)(
wy|=|5 -1 3}||x, \N)ﬁ RS M NV % 2aed
w, 4 1 2| |x )(\,\\b ()(LJ

1 -2 1 1 - s

wheredet=1|5 -1 3 5 -1=-2-24+5+20-3+4=0
4 1 2 4 1

Since the determinant is equal to zero the range is not all of R’.

\(
Wk A

e



S pts

20 pts

4. Let v =(2, -1, 2). Find all k such that |kv|| = 6.

Solution:
kv = (2k, -k, 2k).
llkvl] = ((2k)* + (-k)* + 2k))"™
6 = (4k? + k2 + 4k
6 = (k)N
6 =43k
2=k
5. What is the standard matrix used to perform the stated compositions on R*?

a. rotation of 90° followed by reflection about the line y = x
b. orthogonal projection onto y axis, followed by contraction k = %2
c. reflection about the x axis, followed by dilation k = 3

Solution:

a. The standard matrix for rotation of 90°is [ cos 90 -sin 90] whichis[0-1]
sin 90 cos 90 10

The standard matrix for reflection about the liney=x1s: [0 1]
1

To compose functions, multiply the standard matrices in reverse order:

[01]*[0-1]=1[10] Sothe standard matrixis [1 0]
10 10 -1

1
0 0-1

b. The standard matrix for orthogonal projection onto y axisis [0 0]
01

The standard matrix for contractionk='21s[ %2 0]
0 %

To compose functions, multiply the standard matrices in reverse order:

[Y20] * [0 0] =10 0] So the standard matrix is [0 0 ]
0 % 01 0% 0%

c. The standard matrix for reflection about the x axisis[ 1 O]
0-1

The standard matrix for dilationk =3 is[3 0]
03

To compose functions, multiply the standard matrices in reverse order:



[30]*[10]=]
3

3 0] So the standard matrixis [3 0]
0-1 0 -3

3
0 0-3

6. Show whether or not the set of all positive integers with the operations x +y = xy

15 pts and kx = x"k is a vector space.

Solution:
To check whether or not a set is a vector space, we need to check closure on
addition and on scalar multiplication.

Check addition: x + y = xy. x and y are both positive integers. The multiplication
of two positive integers will always yield a positive integer. So addition holds.

Check multiplication: kx = x”k for all real k. Ifk is not an integer, then x"k not
necessarily an integer. For example, if k = %2 and x = 3, x"k 1s not an integer. So
closure does not hold on scalar multiplication, so it is not a vector space.

7. Which of the following can be expressed as linear combinations of the vectors

25 pts u=(1,-1,2) and v = (2,0,1) If so, what is the linear combination?

a. (-1,3,-5)
b. (3,2,4)
c. 0,-1,3/2)
Solution:
a. (-1,3,-5)=0a(1,-1,2) + B(2,0,1)
This can be written with respect to each slot:

a+2p=-1
-a+0B=3
20+B=-5

Placing this information into an augmented matrix, we solve for o and f3:

\S

-1 1
2] ~[0
3 0

W

12 -
[ -10 3] ~[
21 -

WD o =
S o
W N

o= N
O - O

-1 1
1] ~[0
0 0

O =

Thus from this last matrix we have a = -3 and § = 1. Thus the vector can be
expressed in the linear combination (-1,3,5) = -3a + B

b. (37274) = a(l,-l,2) + B(ZDO’I)
This can be written with respect to each slot:

a+2p=3
-a+0B=2
20+ P =4

Placing this information into an augmented matrix, we solve for a and B:



30 pts

123 123 123
[-102]~[02 5]~ 01 5/2]From here we see that p = 5/2 and p =2/3.
214 0-3-2 01273

Because there are two conflicting values for B, the matrix is inconsistent. Hence
this matrix ¢an not be expressed as a linear combination of u and v.
WX p\*k‘\(wy Mu'\-oé, Ny Qo ,

c. (0,-1,3/2) = a(1,-1,2) + B(2,0,1)
This can be written with respect to each slot:

a+2B=0
-o+ 0B =-1
20+ B =3/2

Placing this information into an augmented matrix, we solve for a and f:

120 120 01
[[(101]~[02-1]~[01-1/2]
2132 0-332 000

Thus from the last matrix we have o =1 and 3 = -1/2. Thus the vector can
be expressed in the linear combination (0,-1,3/2) = u — v/2.

8. Determine if the following set of objects, together with the given operations of
addition and scalar multiplication, is a vector space:

The set of all pairs of real numbers of the form (1, x) with the operations
A, x)+0,x)Y=(0,x+x")y and k(1,x)=(1, kx)

Solution:

By the definition of a vector space, we need to determine if the given set and
operations comply with the “ten axioms.”



Letu=(1,x), v=(1,x"), andw=(1,x"):

1. If uand v are objectsin 7/, thenu + visin V.

u+v=(l,x+x") or,rewritten: u+v=(1, (x+x").
Which is of the form (1, x), and is a pair of real numbers, thereforeu + visinV.

2.u+v=v+u

u+v=_0,x+x)=(1,x"+x)=v+u
S.ut+(v+w)=(u+v)+w

u+(v+w)=1,x)+0,x"+x") =1, x+(x"+x"))
=1,x+xY+x")=(u+v)+w
4. Thereis an object 0in ¥, called a zero vector for ¥, such thatu+0=0+u=u foralluinV.

Let 0= (1, 0). First off, this is of the form of (1, x), and is a pair of real numbers,
soitisin V.

u+0=(1,x+0)=(1,0+x)=0+u

=(1,x)=u

5. For each uin ¥, there is an object —uin ¥V, called a negative of u, such that

u+(-u)=(-u)+u=0.

Let —u = (1, — x). Once again, this is of the form (1, x), and is a pair of real
numbers, soitisin V.
u+(—u)=(1,x+x)=(1, x+x)=(-u)+u
=(1,0)=0
6. If kis any scalar u is any object in ¥, then kuisin V.
ku=(1, kx) or, rewritten: ku = (1, (kx)).
Which is of the form (1, x), and is a pair of real numbers, thereforeu + visin V.




15 pts

7. k(u+v)=ku+kv
ku+v)=k(l,x+x)=(Q1, k(x+x))
=(1, (kx) + (kx")) = ku + kv

8. (k+m)u=ku+mu
k+mu=(»1,k+m)x)=(1, kx + mx)
= ku + mu

9. k(mu) = (km)(u)
k(mu) =k(1,mx)=_1, k(mx)) =(1, (km)x)
= (km)(u)

10. lu=u
lu=(1,1'u)=0,u)=u

All of the axioms hold, so this is a vector space.

9. Is the following a subspace of M, 7
All nx nmatrices A such that tr(4) =0

Solution:
By Theorem 5.2.1 (and what we learned in class), all we need to check is:
(a) If uand v are vectorsin W, thenu + visin 7.

(b) If k is any scalar and u is any vector in W, then kuisin W.
Where W is a set of one or more vectors from a vector space V. Iff these conditions
are met, then ¥ is a subspace of V.

(a) A+A =(A+4"). r(A+ A)=tr(4A)+tr(A4") (proof omitted)
By premise, tr(4)=0 and tr(4')=0 = tr(4A)+tr(4)=0+0=0.
Therefore, tr(A+ A)=tr(A)+tr(4')=0 = A+ A'isinW

(b) tr(kd)=k-tr(A) (proof omitted)
Once again by premise, tr(A4)=0.
Therefore, tr(kA) =k -tr(A)=k-0=0 = kdisin W

All of the conditions are met, so this is a subspace of M, .



15 pts

10.  Express the following as a linear combination of p, =2+ x +4x’,p, =1—x+3x’,

and p, =3 +2x+5x7:
6+11x+6x°

Solution:

By the definition of a linear combination, we are trying to solve the equation:
r =kp, +k,p, + kp, fork , k,,and k.

(6+11x+6x*) =k 2+ x+4x7) + k,(1-x +3x") + k; (3 + 2x + 5x°

By grouping and dividing out (iké terms;¥his can be expressed as a system of equations:

kl (2) + kz D+ k3 (3) =

2 1

k) +k(D)+k@Q) =111 -1

kl @+ k2(3) + k3(5) =6

Now we solve the augmented matrix:

2 1 3]6; (1 -1 2|11

1 -1 2({11}~(2 1 3|6|~|0

4 3 516 4 3 5|6

1 -1 2 | 11 1 -1
~10 1 —3|-%i~10 1

0 7 -3|-38 0 O
Using back substitution we get:
k,=4,k,=-5,andk; =1.

So, 6+11x+6x” =4p, —5p, +p;.

2

4 3
I -1

3
4 3

3|6
2111
516

2 |11

-1|{-16|~|0 3

51 6

A

YA
\/)w'o

11

bk

S

K9
170%\)7‘



343 Exam #2

u, Vi
u v ) . .

1.Ifu=| 2|andv=| | are(nx 1) vectors in R" and 4 is an (n x n) matrix, Show that
un vﬂ

the following statements are always true or give a counter example.
u-v=Yllu+tv|?-Yillu-v|’

b lu+viP=jul+|v|’

c) Auv=u -A'v

o\w\v‘&‘ ‘(_%W\\( !

Solution:

a)u-v-—’g(u+v2(u+v)- Va(u-v)(u-v) By the definition of Exponents
=i [lulf+2@-v)+ [ ulP1- %[ ul?-2@-v)+[u|?] By multiplication
=Va[2(a-v)]-Y%[-2(u-Vv)] Grouping like terms
=u-v By distribution and addition
b) FALSE
2 _ 2 2 2 2
Jutv ] =full"+2@-v)+ja|” #[u|"+]v]|

If the two vectors are not orthogonal then 2(u - v) does not equal zero and the statement is
false.

c) Letw=Au
W V=W vitwyva+ ...+ wyy, By the definition of the Euclidean inner product
Wev=v'w By the definition of the transpose and matrix multiplication
=v'(4u) Substitution
=v'Au Associative Law for Matrix Multiplication
=(4"v)"u Theorem 1.4.9

=u-A'v From the second step



2. For the system of equations given,
3x, —4x, +x; =w,
2x, =7x, —4x; = w,
X, +5x, = 8x; = w,
a) Write the system in Dot Product Form (a column matrix with each entry being
the dot product of two vectors, equal to another column matrix of constants)

b) Write the standard matrix, 4, for this system that encodes this linear
transformation T:R*— R’

¢) By matrix multiplication, calculate the image of the point (x;, x2, x3) =(1,2,3)

Solution:
(3,—4.1) - (x,,%,,%5) W,
a) | (2,-7,74) - (%1, %, %3) | = | W,
(1,5,-8) - (x;,x,,x3) Wi

3 -4 1
b) A=|2 -7 -4.
1 5 8
3 -4 1 |1 3-8+3 -2

c)|2 =7 —-4.|2|={2-14-21|=|-33
1 5 8 |3 1+10+24 35
The image of the point is (-2,-33,35)



3. For the followingu=(0, 3,-2, 1), v=(4,-3,-2,3),w=(2,1, -1, -4)
a) Find the Euclidean Distance between u and v.

b) Find the Euclidean inner product while completing the following equation:

(W VW _\oX an cqw\)ﬂw\.

¢) The linear transformation T:R*5R? is defined by:

X =2q+r+3s +4t
y=4q+2r-2t
z=2q+4r-3s—t

. . . OX .
Find the image of the vector found in part b using a standard matrix ,azné/thls
transformation.

Solution:

(a) The Euclidean distance is easily be found by taking the following steps:
duv)=u-v]=0-4)2+B+3)> +(-2—(-2))>+(1-3)> =16 +36 + 0+ 4 = /56
a0 XN \/\er&”)‘

(b) The Euclidean inner product is calculated in the following manner:

(w-vIw=Glusv | =4 u-v|)w

= (%\/(0+4)2 +(3-3)2+(2-2)7 +(1+3)2 =1 J(0-4)? + (3+3)> +(2—-(-2)> +(1-3)")w
=[L(56) - L (48)]w = (14 -12)w = 2w = (4,2,- 2,8)

(c) Provided with the answer from part b, the requested linear transformation is
accomplished by creating a standard matrix and multiplying, as such:

4
x| [21 3 4] 8+2-6+327 [36
yl=l4 2 0 -2 =16+4+0-16|=| 4
z

2 4 -3 -1 " 8§+8+6-8 14

4. Calculate for the vector, V, in R where
2

V=1
3

a) its rotation about the x-axis through an angle of 7/2
b) then the orthogonal projection of the resulting vector on the xz-plane
Solution:



1 0 o 2 2
b)|0 0 0[-3|=|0
00 1

5. Is the set of vectors S = {vy, v, v3} linearly independent if v; = (8, 6, -2),
v>=(5,3,2),and v; = (4, 3, 2)?

Solution:
Upon observation it can be seen that v; is a scalar multiple of vi. This means that v; can

be expressed as a linear combination of the other vectors and by theorem 5.3.1 set S is
linearly dependent.

6. a) Show that vectors v; = (6, 2, -6, 3), v2=(5, 4, -10, 1), and v3 = (7, 0, -2, 5) form
a linearly dependent set in R*.
b) Express each vector as a linear combination of the other two.

Solution:

(a) In order for the set of vectors to be linearly dependent there must be a nontrivial
solution for the equation k;v; + kv, + k3vy = 0.

kv + kovy + k3V3 =0

ki (6,2,-6,3)+ k> (5,4,-10, 1)+ k3 (7,0,-2,5)=(0,0,0,0) =

(6k; + 5k; + 7ks, 2k; + 4k, + 0k, -6k, — 10k, — 2k3, 3k; + 1k, + 5k3)=(0,0,0,0) <
6k; + 5k, + 7k3=0

2k; + 4k, + 0k3=0

-61(] — 101(2 - 2k3 =0

3k] + lkz + 5k3: 0

Performing elementary row operations on the matrix of coefficients we see



6 5 7 2 4 o}y 1 2 O |1 2 0} {1 2 0
2 4 0 3 1 5 3 1 5|10 -5 5 0 1 -1

-6 —-10 -2 6 5 7 6 5 7 0 -7 17 0 -7 17
3 1 5 -6 -10 -2 -6 —-10 -2 0 2 -2 0 2 -2

[ -
S O =N

which is code for k| + 2k, = 0 and k; — k3 = 0, choosing k3 = 1 we set k,= 1 and k; = -2.
=S

-2vy+ v+ v3= 0 is nontrivial solution. = The vectors are linearly dependent.
(b) Performing manipulations on -2v; + v, + v3= 0 we obtain
vi=12vy+1/2v3
V2= 2 V|—V3
V3= 2 Vi— V3
7. What does the Wronskian tell us about the following sets of vectors.

(a) sinx, cosx

(b)1,x-3,2x"+4
(€)x,3x+2,9x—5

Solution:

(a)
sinX  COSsX .

W(x) = det { . } = -sin2x — cos2x = -1 # 0, for some value of x.
COSX -sinx

=> The set is linearly independent.

(b)
1 x-3 2x*+4

W(x)=det|0 | 4x (= (1)(1)4) =4 #0, for some value of x.
0 0 4

= The set is linearly independent.

()



x 3x+2 9x-5
W(x)=det| 1 3 9 [=0, for all values of x.
0 0 0

= The set could be linearly independent or linearly dependent.

8. Determine which sets are vector spaces under the given operations. Specify which
axioms do not hold if it is not a vector space.

a) The set of all pairs of real numbers (x, y) with the operations
() + 0, Y)=@*x7,y*y’) and k(x,y)=(x+k y+k)

l/ . Q&@Sgr\b W
Solution: (V\“\ Q\U )

a) To show that thigpair of real number is a vector space, we must pro ¢ the ten axioms.
. Letu=(2,3)andv=(4,5) then
(2,3)+(4,5)=(2*%4,3*5)=(8, 15)
which is a pair of real numbers. Passes.
2. Let u and v have the same values as stated in axiom 1. So
2,3)+4,57=4,5+2,3)
(2*4, 3*5) 7= (4*2, 5*3)
(8,15)=(8, 15)

b) The set of all 2 x 2 matrices of the form
0 a

and passes.
3. Let u and v have the same values as stated in axiom 1 and let w =£6, 7). So
(2,3)+ (4,5 +(6,7)?7=((4.5)+(2,3)) + (6, 7)
(2,3) +(4%6, 5*7) 7= (4*2, 5*3) + (6, 7)
(2,3)+(4,35 7=(8,15+(6,7)
(2*24, 3*35) 7= (8*6, 15*7)
(48, 105) = (48, 105)
and passes.
4. Let 0 (the zero vector) = (1, 1), and letu=(2, 3
1, DH+2,3))7=2,3)+ (1, 1)?=(2,3)

(1*2, 1*¥3) 2= (2*1, 3*1) 7= (2, 3)
2,3)=(2,3)=(2,3) > V\K mw“ﬁ/
and passes. X\,\"\p 2 W
3. Let u have the same value as in axiom 4. \L \)\1{:7 |
2,3+ (-23)7=(1,1) (N )&\\5 .
(2,3) + (2-1,3-1) 2= (1,1) ‘ 1,&
(2,3)+(1,2) 2=(1,1) A



)
J
2,6)# (L) / alp e A
so axiom 35 fails.

6. Let u have the same value as in axiom 4 and let £ =2 th¢n
2(2,3)=(2+2,3+2)=(4,5)
which is a pair of real numbers. Passes. 0N
7. Let u and v have the values from axiom 1 and k£ = 2. Then W2 ‘47? LAV Q\é’
2(2,3)+(4,5) 2=2(2,3) +2(4,5) (o> N
28, 15) 7= (4, 5) + (6, 7)/ L W
(10, 17) # (24, 35)
the conditions do not hold, so axiom 7 fails.
8. Let u and & have the same values from axiom 7 and let n/ = 3. Then
2+3)2,3)7=2(2,3) +3(2,3)
512,3)7=(4,5)+(5,6)
(7, 8) # (20, 30)

e

so axiom 8 fails.
9. Let b and k£ and m have the same values from axiom §. Then
2(3(2, 3)) 2= (2*3)(2.,3)
2(5, 6) 7= 6(2,3)
(7,12) £ (8,9)
so axiom 9 fails.
10. Let u have the same value from axiom 1. Then
12,3)7=(2, 3)
G, H#@2,3)

so axiom 10 fails.

Therefore (a) is not a vector space, as axioms 5, 7-10 failed.

0
b) To show that {
a

0 b 0 ¢
1. Letu= andv = then
b 0 c 0
0 b N 0 ¢ _ 0 b+c
b 0| |c 0| lb+e 0 |

b + ¢ = b + ¢ which matches our 2x2 matrix description, so it passes.

al . .
] 1S a vector space, we must prove the 10 vector space axioms.

2. Let u and v have the same values as stated in axiom 1. So

0 b 0 ¢ 0 ¢ 0 b
+ ?7= +
R R
0 b+c o_ 0 c+b
b+c 0 | |c+b 0

0 b+c_ 0 b+c
b+c 0 | |pb+c 0O



and passes.

3. Let u and v have the same values as stated in axiom 1 and let w = L’ 0}. So
0 b 0 ¢ 0 d 0 b 0 ¢ N 0 d
b 0 - c 0 d 0 b O c 0 d 0
0 b 0 c+d 0 b+c 0 d
+ ?= +
b 0 c+d 0 b+c 0 d 0
0 b+c+d B 0 b+c+d
b+c+d 0 | |b+c+d 0

0 0 .
4. Let 0 (the zero vector) = [O O} , and let u have the same value from axiom 1

3o S
b o ls o s o)

5. Let u have the same value as in axiom 1, so

0 b 0 b 0 b 0 b 0 0
b ol ol - o o
0 0 0 0 00
L JZB JZL J

and passes.

6. Let u have the same value as in axiom 1 and let £ = n then
‘ 0 b 0 kb
[b 0} - [kb 0 }

kb = kb which matches our 2x2 matrix description, so it passes.

7. Let u and v have the values from axiom 1 and £ = »n. Then

o e s
b O c 0 b 0 c 0
k[ 0 b+c:'? {o kb} [0 kc}
b+c kb O ke O
0 k(b+c) 0  kb+ke
k(b+c) kb+kc 0

0 k(b +c)| k(b+c)
k(b+c) k(b +c) 0

and passes.

then

and passes.



8. Let u and k have the same values from axiom 7 and let m = 0. Then

(no)[o b]? = n[o b} + ol:o b:|
b 0 b 0 b 0
{ 0 (n+o)b]?=[0 nb}r[o ob}
(n+o0)b 0 nb 0 ob 0
0 nb + ob 0 nb + ob
[nb+ob 0 }:[nb+ob 0 }
and passes.

9. Let b and &k and m have the same values from axiom 8. Then

R
b 0 b 0]
[0 ob} B ﬂ 0 nob_j
lob 0 nob 0 |

[0 nob_ 0 nob]
nob 0 | |nob 0

=

S

and passes.
10. Let u have the same value from axiom 1. Then

1O by | 0 1*b| |0 b
b o] [1*p 0| | 0
and passes.

Therefore (b) is a vector space, as all the axioms pass.

9. Determine which of the following are subspaces of R>.
a) All vectors of the form (g, 0, a).
b) All vectors of the form (g, b, ¢), where c=a/b.

Solution:
a) To show that (a) is a subspace of R?, we must prove the 2 conditions of Theorem 5.2.1.
1. Letu=(b, 0,b)and v={(d 0, d), then
(b,0,b)+(d 0,d)=(b+d, Bb+d
which matches the description (g, 0, a), as b+ d = b + d. Passes.
2. Letu= (b, 0, b) and k = n, then
n(b, 0, b) = (nb, 0, nb)
which matches the description (a, 0, a), as nb = nb. Passes.
Therefore (a) is a subspace of R? as both conditions hold.
b) To show that (b) is a subspace of R?, we must prove the 2 conditions of Theorem 5.2.1.
1. Letu=(a b, a/b)and v = (¢, d, ¢/d), then
(a, b, a/b) + (¢, d, ¢/d) = (atc, b+d, a/b + ¢/d)
which doesn’t match the description (a, b, ¢) where c=a/b, as a/b + c/d #
(a+c)/( b+d). Fails.



2. Letu=(a, b, a/b) and k = n, then
n(a, b, a/b) = (na, nb, na/b)
which doesn’t match the description (a, b, ¢) where ¢ =a/ b, as na/b # (na/nb =
a/b). Fails.
Therefore (b) is not a subspace of R? as both conditions don’t hold.

10. Determine whether the given vectors span R’:
ayvi=(1,2,3),v2=(0, 2, 3),v3=(0, 0, 3).
byvi=(2,1,1),v2=(4, 1, 3),v3=(7,-1, 8).

Solution:

a) The vectors here can be expressed as an augmented matrix:
1 00 1 00 1 00 1 00

2 2 0|~|{0 2 0]|~|0 2 0|~10 1 O
3 3 3 0 3 3 0 0 3 0 0 1
\

The determinant of this final matrix is 1, and the systelﬁ‘ has only the trivial solutions and
is linearly independent. Thus for any arbitrary vector (a, b, ¢), there are values of &;, &
and k; that can be multiplied to the vectors in (a) to span R>.

b) The vectors here can be expressed as an augmented matrix:
2 4 7 0 2 9 1 1 -1
1 1 -1|~[1 1 —-1{~{0 2 9
1 3 8 0 2 9 0 0 0

The determinant of this final matrix is 0 and the solution has infinitely many solutions
and is linearly dependent. Thus for any arbitrary vector (a, b, ¢), there are no values for
k;, k2 and k3 that can be multiplied to the vectors in (a) to span R*. So it does not span R*.



1. (24 Points)
a)8
b) 8
c)8

2. (12 Points)
a)3
b) 4
)

3. (14 Points)
a)4
b) 4
c)6

4. (14 Points)
a)7

b) 7

5. (8 Points)

Total = 146 Points

POINT VALUE OF PROBLEMS

6. (12 Points)
a)7
b) 5

7.(12 Points)
a)4
b) 4
c)4

8. (24 Points)
a) 12
b) 12

9. (14 Points)
a)7
b) 7

10. (12 Points)
a)6
b) 6



1) Find two vectors in R’ such that the norm of their sum is greater than the sum of their
norms.

Solution:
By the triangle ipequality, this is impossible. In other words, no side of a triangle (in
two dimensions by and in n dimensions by analogy) is longer than the sum of

the other sides, and is only equal in the limiting case in which one of the angles of the
triangle is 180 degrees.

2) Find the standard matrix for the following linear operators in R*:

a) A rotation of 90° about the z-axis, followed by a rotation of 90° about the y-axis,
followed by a rotation of 90° about the x-axis.
b) A reflection about the yz-plane, followed by a dilation of V5.
Solution:
a) The linear transformation 7 can be expressed as the composition 7' = 7, o T, o 7; where

cos(90) -sin(90) 0 cos(90) 0 sin(90) 1 0 0
[1; ]= sin©0) cos90) of [r,]=| o 1 0 [1,]=10 cos(90) -sin(90)
0 0 1 -sin(90) 0 cos(90) 0 sin(90) cos(90)
From Eqn 22, pg. 193: [T} o T, o T, |= [T, 7, IT; ] so: e SYeQ
UV\&/ Vo ¥ ‘)b\ﬂow
1 0 0 cos(90) 0 sin(90)][cos(90) -sin(90) 01V 0~ 0 1
[T ]= 0 cos(90) -sin(90) 0 1 0 sin(90) cos(90) Of=|0 -1 0
0 sin(90) cos(90) {|-sin(90) 0 cos(90)|| © 0 1 (1 0o o

b) From above:

1, )
-1 00 2
110 1 o []={o L ofand
2
0 01 1
0 0 —
L 2.J
Lo oo LR
2 10 0 2
[Tonl]=[TzITl]=0%0 0 1 0|=|0 —;-0
1110 0 1 1
0 0 — 0O 0 —
2) 2]




3) If the linear operator T : R* — R* defined by the following equations is one-to-one,
find the standard matrix for the inverse operator, and find T~ (w,, W,, W, ).

w, =X, +4x, - 3x, W, =X — X, + X,
a) w, = -x; +3x, +3x, b) w, = -2x, +2x, + 2x,
Wy = ~x; ~4x, - 3x, w, =3x, - 3x, +3x,
Solution: U \’wbl\
1 4 -3 \oe?
a) Standard matrix for T: [T ]= -1 3 3| and det[T ]ae 0 so the matrix is
-1 -4 -3
invertible and by Theorem 4.3.1 the standard matrix for
!
S
14 7 2
Ié“l]= [T]1 = l —1— 0 |, thus:
7 7
-1 =t
| 6
L | N 5 I S
m] |47 2] |18 W T ,
- 1 1 1 4
[TIW2='.'/' E3 0 W2=7W1'\'7W2'\0W3 and
W, -1 =1{|¥s -1 -1
G 0 % | .—6“W1 X Ow, & ?W3J

1 4 1 1 1 1 1
7 2

-1
T (wl,wz,w3)= (—IZW1 -—Ww, ——w3,—7-w1 +——w2,—-6—w1 -—Ww,

1 -1 1 \'f\ K
b) Following the same logic as above: T : [T]= -2 2 2land det[T ]= 0 so this
3 -3 3

matrix is not invertible or one-to-one and no standard matrix for 7/ exists.

4) Show that the range of the linear operator defined by the following equations is not all
of R’ , and find a vector that is not in the range.



w, =x, —2x, +8x,
W, =2x, — X, +2x,

w; =6x; —3x, +1x,
Solution:

By theorem 4.3.1, if 4 is an n x n matrix and T, : R" — R" is a multiplication by 4,

then the following statements are equivalent:
a) A is invertible

b) The range of 7 is R"
c) T4i -to-one
) T4 is one l uk L
\JK
1 -2 8 J
So4=12 -1 2|and det[A]= 0 thus 4 is not invertible and the range of 4 is not
6 -3 1

w1 WY’

all of R". A vector outside the range could bg: (-6, 3, -1). 0\/
Wiy e

Preom=y
y

5) What two axioms of a vector space must be shown,to r%v t W is a subspace of V,
. . W\,
and show using these axioms whethe; ia,!: i;, ) and (a, %, c), ¢where c =a + 1§ are
subspaces of R? with normal vector addition and scalar multiplication.

Solution: For the first part of this question axioms in question are 1 and 6, which are the
axioms implying closure under addition (u and v are vectors in W, then u + v are in W
for “+” the addition of the space V) and closure under scalar multiplication (k is any
scalar, then k*u is in W as well for “*” the multiplication of the space V).

a.) According to axiom 1, if (a,0,b) + (x,0,y) is an element of W then W is closed
under addition and that part of the theorem defining subspaces is satisfied, Since
(a+x,0+0,b+y)is the sum of these two vectors under R¥’s vector addition and
it is still of the form (a,0,b) (trivially because of R’s closure under addition) this
follows naturally. To demonstrate axiom 6, given any scalar k, when multiplied to
the system with normal scalar multiplication, yielding (ka, 0, kb), we find that the
product vector is still of the form (a,0,b) and so this part of the theorem is likewise
satisfied. Since both axioms 1 and 6 are satisfied for this space, by theorem 5.2.1
the vectors of the form (a,0,b) together with real scalars, real vector addition, and
real scalar multiplication form a subspace of R>.

Once again we choose an arbitrary vector identical in form to add to our posited one,

(%, y, x+1), giving us after vector addition a vector that looks like (a + x, b +y,

a+x+2), which is not of the form (a, b, a+1) and therefore addition is not closed,



therefore by 5.2.1 vectors of this form (with real scalars, multiplication, addition) do

not form a subspace of R°.

6) Determine whether the vectors vi =(1,2,4), v2=(5,6,-1), v3=(3,2, 1)
form a linearly dependent or independent set.

Solution
Write the vectors in a vector equation:
kivi +kva + ksvi=0 = ki(1,2,4) + k(5, 6, -1) + k3(3, 2, 1) =(0, 0, 0)
Equating corresponding components gives:
ki +5ky+3k3=0
2ky + 6ky + 2k3 =0
ki -+ k=0

This can be expressed in matrix form to solve for the coefficients ki, k», and k;

1 530 0 % ¥% 0 oo O @
2 6 2 0|whichreducestotheaugmentedmatrix [0 1 % 0| ~| OV © Q@
4110 00 1 0 OJd 1\ O

— K =y =0 ;K\ W\OVM,
So k3 = 0 and by substitution k, = 0 and so k; = 0 after considering the original UH” P!
equations, which necessarily implies that the vectors form a linearly independent set. S0 mhs

. . . . . wnovown ")'
7) Determine the dimension of and a basis for the solution space of the system
X1 -3x+x3=0
2x1—6x2+2x3=0
3x1 =9+ 3x3=0
Solution
The general solution which can be determined from a reduced row echelon form
matrix (or by inspection since the second two equations are multiples of the first)
is
X1—=3x+x3=0

which can also be written in the form



Xy = 3x2 — X3
3x2=x1+Xx3
X3 = BX2 -~ X1

which can also be written

X, -5 -1 3
x|=| t |=s]0][+1]1
X3 s 1 0

The basesm (-1, 0, 1) and (3, 1, 0) and the dimension is 2 since there are two

basis vectors s and t.

8) Find a basis for the space spanned by the vectors
a1=(1,3,2,4,2), a=(0,1,3,2,1),
a = (0’ '47 25 '43 0)> a = (03 09 29 19 2)-

Solution: We begin by putting these vectors into an augmented matrix and reduce to
row-echelon form, like so,

1 3 2 4 2 13 4 2 1 32 4 2
0 1 3 2 1 — 01 3 21 . 013 2 1
0 -4 2 -4 0 00 2 1 2 0 01 1/2 1
0 0 2 1 2 0 0 14 4 4 007 2 2
1 32 4 2 1 0 -7 -2 -1 1 0 0 3/2 6
. 013 2 1 - 01 3 2 1 — 010 1/2 =2
0 01 1/2 1 00 1 1/2 1 0 01 1/2 1
007 2 2 0 0 0 3/2 -5 0 00 1 10/3

Sowe
Thereforethe vectors that form a basis for the row space are
b; =(1,0,0,3/2,6), b=(0,1,0, 1/2,-2), b3 =(0,0, 1, 1/2, 1), by = (0, 0, 0,1, 10/3).

9) Given the augmented matrix with m rows and n columns corresponding to an

overdetermined linear system with no redundant equations, what must be the relationship

between m and n? \ &7 1£ s a MM, b \ A X S\ \d\é'
Solution: """5 \\A’N{ (> ome v @ Oher wan g

The number of rows m of thls matrix must be greater than or equal to the number "
of columns n of the matrix, since only if this is true are there more independent equations
than unknowns, or in other words more constraints than possible degrees of freedom.



lements of R? always define a vector space? What can be
ay to change its status as a vector space?

10) Does the set o

added, changed or
Solution:

The operations “+” and “*” must also be de
the reals, in order to satisfy the definition of a scalar, so\these elements alone are not a
vector space. Some possible changes are@liminating the zero vectdp, making “+”or “*”
pathologically not-closed, or using rationals, irrationals, infegers, naturals, complex
numbers, surreal numbers, or ﬂyin?iguanas as the scalars, all of which changes would

d along with a scalar set, probably

destroy R”’s chances of being a vecfor space.

s Cre\e

v



Problem 1

Here is a vector in R4 (-3,2,6,8), find the Euclidean Norm

Answer
J(_3)2+22+62+82 =y /113
Problem 2

Find the standard matrix for the stated composition of linear operators on R3

A projection onto the yz-plane, followed by a rotation of 45 degrees counter-clockwise about
the positive z-axis, followed by a reflection about the xy-plane.

Answer
2 2
£—_‘/_0 ~2
100 2 2 000 070
01 0 010 =3
V2 V2 J2
00 -1 2 2 001 070
0 0 1 0o o0 -1
Problem 3

Determine whether the linear operator T: R3 y R3 defined by the equations is one-to-one; if so,

find the standard matrix for the inverse operator.
W, =1 4x1+2x2+|x3

W, =9 1xl+1x2+6x3

Wy - 3x1+2x2+6x3
Answer
! erv\/v\

421 /\)Vs

A=l116 |A| =-1 That implies that the transformation is one-to-one
\J\’S (/!('\M‘/\‘
6 10 -11

ATl=l a2 21 23

1 2 -2



Problem 4

Determine whether the following statement is true or false. Justify your answer by giving a
logical argument or a counter example.

All vector spaces have an infinite number of vectors

Answer

False!

The zero vector space has only one vector .

Problem 5

Use known theorems to determine which of the following are subspaces of R3f not a subspace
of R3then specify which of the axioms it violates.

(A)  all vectors of the form (a,b,a+b)
(B) all vectors of the form (a,b,0)
(C) all vectors of the form (a,b,1)

Answer

(A) and (B) are subspaces of R3 (C) violates axiom 1 because the set is not closed
with respect to addition.

{v—-$ ’
Problem 6 Qc()\a\
Which of the following sets of vectors in P, are linearly dependent?
(A) 3+2x+6 =1y, (B ©
2 1+x2=w, 4 - 3x+5x2 =u,
14+2x =1 vy
2 , 2
1+2X+2x2=|v3 24 2x+x" =1w, 1+3x+2x =wu,
3 +2x +4x2=w, 2+ x+3x2=su
’ ( CVV\/)@A :
Answer ( &- LADU\[\/\

o
The set of vectors {v,,v,,v;} is linearly dependent =" \4)\6
e
The set of vectors {w,,w,,w,} is linearly independent/

The set of vectors {u,,u,,us} is linearly dependent



Problem 7

For the linearly dependent sets of vectors in problem 6 express one vector as a linear
combination of the other two.

\ A
nswer \‘/)< > ()S(MJ H
A //
3u3—2u =1U

2 1 v1—2v2=|v3

Problem 8

Find the coordinate vector of v relative to the basis S = {v,,v,,v;}

v:=(4,8,2)
v, =1(4,0,0)
\12=|(2,1,0)
vy =1(6,4,2)
Answer \&OVX
136 4 G —4+3 =12 yi=1 ol ™ COOJ
V'l o~
01 48| 1> 2b+3=1-1 o:=3 S e
0022 3y=13 Bi= -2 J \O\\
Wi ihe
AE e
A
\j\\/\
Problem 9

A matrix in row-echelon form is given& inspection, find bases for the row and column
spaces of A

1 =500
01 00
0 0 0O

Answer

r=(1 =50 0)

Lo = (01 0 0)
&:z(l 0 0)
Sg = (-5 1 0)

M



Problem 10

In each part, use thelaformation in the tabledto find the dimension of the row space, column
space, and null space of A. \ 7
‘ 7
(A) Ais4x4 WA ave YOW Ngf‘“‘“}f’\’ :
(B) Ais3x5
Answer

kh 241y 2 ©

(A) The largest possible value of the rank of A is 4, nullity is 0 Of O ow

(B) The largest possible value of the rank of A is 3, nullity is 2
0% k2% J

g2 V\/wt\t\“)z. 2

Qvu\awv\l Arw\/f\tﬁvwwS A%
U\CV"”\(J\'C ()5( \fv()J/



Question 1:
Show that the linear operator T: R?-> R* defined by the equations

wi = 2x; + 3x;
wy = -X; +5x;
is one-to-one, and find T (w1, wa).

Solution:
wh| | 23 x1
w2 -1 5 x2

) . 23 1 5-3
Standard matrix for T is [T] = L sl [T"]1=1/13 s

Because [T] is invertible it is one-to-one.

[T'l] wl | | 5/13wl -3/13w2
w2 1/13wl+ 2/13w2

5/13 -3/13
1/13  2/13|

T! (W1, wa) =(5/13w-3/13w, , 1/13 w) +2/13 w )

Question 2:

a. Find the standard matrix for the linear operator 7" : R3 — R3 given by

wp =2x%; +4x; + 6X3
wy = 3x; + 5x; + 11x3
w3 =2X; +2x; + 11x3

then calculate T(3,-2,4) by (b.) directly substituting in the equations and (c.) by matrix
multiplication.

Solution:
2 4 6

a. The standard matrix for the linear operatoris|3 5 11}].
2 2 11

b. By substituting 3 for x;, -2 for x,, and 4 for x3 we get ~ w; =2(3) +4(-2) +6(4) =
22
wa =3(3) +5(-2) + 11(4) = 43
w3 = 2(3) +2(-2) + 11(4) = 46

2 4 63 2(3)+4(-2)+6(4) | [22
¢. Using matrix multiplication we have |3 5 11||-2|=|3(3)+5(-2)+11(4) |=| 43
2 2 11]| 4 | [2Q3)+2(-2)+11(4)| |46



Question 3:

a) Use matrix multiplication to find the image of (2, -1) when it is rotated
through an angle of 60°.

b)Use matrix multiplication to find the image of (3, 1, 0) when it is rotated 45°
about the x-axis.

Solution:

cos@ —sind

a) We take the given vector and multiply it with the vector [ } using the

sind cosé
appropriate angle, as follows:

cos(60) —sin(60) [| 2
sin(60) cos(60) || -1

G
|2 2 { 2}
V31 |-l
L2 2
2+ NG}
- 2
23 -1
L 2
So the rotated vector is now( 2 +2\/§ , 2€ -1 J .
1 0 0
b) We multiply the given vector with | 0 cos@ —sin& | using 45° as the angle:
0 sinf@ cosf

1 0 0 3
0 cos(45) —sin(45) |1
0 sin(45) cos(45) |0
3
=| cos(45)
sin(45)
3
=(2/2].
V2/2
So the rotated vector is (3,/2, / 2,72 / 2).



Question 4:

1 1 2
A=|2 4 -3
3 6 -5 7
a) Find the Inverse of A and$ reduced row-echelon form of Al

b) What does this tell you about whether T, is one-to-one?
¢) What does this tell you about what solutions Ax=0 has?

Solution:
a) We can solve both parts of a using an augmented matrix. The row-reduction using
elementary row operations is as follows:

11 201 0 0] [t 1 2]1 0wo0] [t 1 2|1 0 0
2 4 =30 1 0|~0 2 -7-2 1 O|~|0 1 -7/2-1 1/2 0|~
36 =50 0 1| [0 3 -11-3 0 1| [0 O -1/2{0 -3/2 1
11 211 0 0 1 1 01 -6 12] [1 0 02 -17 19
0 1 -7/2~1 12 0 |~|0 1 0-1 11 -7{~|0 1 O-1 11 -7
00 1|0 3 -2{ |00 1o 3 -2/ |00 10 3 -2

b) By Theorem 4.3 we know that if the matrix has an inverse or its row-echelon form is I,
then Ty is one-to-one. Therefore since we showed that it has an inverse and that its row-
echelon form is I, Ty is one-to-one.

¢) By the same theorem we know that Ax=0 has only the trivial solution.

Question 5:

Express the following as linear combinations of u = (2,1,-3), v =(4,3,-1), and
w =(8,5,-11).

a. (0,0,0) b. (2,2,6) c¢. (-6,-4,12)
Solution:

Expressing the vectors as a linear combination of u, v, and w, with constants a, b, and ¢ we
have
(0,0,0) = a(2,1,-3) + b(4,3,-1) + ¢(8,5,-11)
(2,2,6) = a(2,1,-3) + b(4,3,-1) + ¢(8,5,-11)
(-6,-4,12) =a(2,1,-3) +b(4,3,-1) + ¢(8,5,-11)

Equating corresponding components give
2a+4b+8c=0 2a+4b+8c=2 2a+4b+8c=-6

a+3b+5¢=0 a+3b+5¢c=2 a+3b+5¢c=-4
3a+-b-11c=0 3a+-b-11c=6 3a+-b-1lc=-12



Because all of these systems of equations have the same coefficient matrix they can solved
simultaneously by augmenting the matrix with the solutions of all three and row reducing

2 4 8lo-6 1 3 5op-4
1 3 5oj2-4 Rl R2 2 4 8 lop-s
~3 -1 -11ol6/12 - -3 -1 —11lole|12
R2=R2-2R1[1 3 50|24
R3=R3+3R1 [0 -2 —20-2 2
BN 0 8 4l012]0
R2=R2/-2 [1 3 5024
R3=R3+4R2|0 1 10j1|-1
BN 0 0 —4ol4 s
1 3 50/2]-4]
Ré=Ra-4 | T
~ 0 0 1ol-1-2]
RI=RI-5R3 [1 3 007]6 ]
R2=R2-R3 |0 1 oo/2]1
N 0 0 1)o-1-2]
1 0 olof1]3
R=R-3R2 | |]
- 0 0 1j0-1-2

So a. a=0,b=0,c=0 and (0,0,0)=0u+ 0v+ 0w
b.a=1,b=2,c¢=-1 and (2,2,6)=u+2v-w

c.a=3,b=1,¢=-2 and (-6,-4,12)=3u+v—-2w

Question 6:
Determine whether the following vectors span the vector space R*:
v=(1,3,2), u=(,1,4),and w= (2,0, -1).

Solution:

To find out whether or not these vectors span R* we need to find out if we can make a
linear combination of them to form any arbitrary vector in the vector space. By theorem
4.3.4 this is consistent for R? if and only if the coefficient matrix has a non-zero
determinant, so we will use the vector a = (al, a2, a3). So we get the following equation:

a=jv+ku+mw, or:



(al,a2,a3)=j(1,3,2) +k(1, 1, 4) + m(2, 0, -1).

So, using this equation we can set up a system of equations as follows:
j+k+2m=al
3j+k =a2
2)+4k-m=a3 [ \
This system will be consistent if the coefficient matrix is consistent. We will write the
matrix and test to see if the determinant # 0.

1 1 2
A=|31 0
2 4-1
det(A) = (I}1)(-1) + 0 + (2)(3)(4) — 0 — (HB)-1) - 2)(1)(2)
=-1+2443-4
=22 # 0, so the given vectors do span R°.
Question 7:

Determine if the vectors in R? are linearly dependent.
a. (1,2,0), (-2,1,-4)
b. (-3,0,2), (1,1,-2), (-2,5,1)
c. (1,5,1),(1,2,3), (5,1,9), (0,1,9)

Solution:

5
1-2 1 -2 SRV &
a.| 2 1|-> | 0 =3 Since there is only the trivial solution,/these vectors are not
03 0 -4 . \
linearly dependent A "\‘/\ LV - N/ \(\/':W\(
/X\m\" \,e/\uv S \ e AN .
3 1]-2 1 1172 LY O Yy
b. 0 1]5 -> 0 1|5 Since there is only the trivial solution, these
2 =211 0 -2|1

vectors are not linearly dependent
c. is linearly dependent by inspection, by theorem 5.3.3 r>n

(amd nOne-of-tht wectors-are sealarmultiples-ofeach-other)y
Question 8:

Determine the dimension of and basis for the solution space of the system

3X1— X2+2X3— 4X4+ X5:0
9X1 — 3X2 + 6X3 — 12X4 + 3X5 =0

Solution:



Because the bottom equation is just a scalar multiple of the first we just need to solve for
one of them

Letx;=r1,X3=58,X4=t,Xxs=u,thenx; =r-2s+4t—-u

Putting this in matrix form we have

r=2s+4t-u] [1 2 4 1
_ —r ——S —t ——u
3 3 3 3 3
r r 0 0 0
p = s | FlolT| o I
t 0 0 t 0
L u ] L 0 ] L 0 ] L 0 ] L u i
1 [_2] 4] (o1
3 3 3 3
1 0 0 0
tlolTs| 1 | Ttol Ty o
0 0 1 0
10 L 0 | 0] 1]
M7_2774] 1]
3 3113 3
1 0 0 0
So a basis for the solution space is < ol*l 1 I’lol’| o
0 0 1 0
0] L O] [O0][ 1]

and the solution space is four-dimensional.

Question 9:
1 4 6 3 2

1
0 6 3 9 6 3
2 23 9 -2 3
-1 1 -3 11/2 3 2

a) Find té%;;,row basis for the row space of A.
b) Find the'basis for the column space of A.

Solution:
First we need to put A in row reduced form. The row-reduction using elementary row
operations is as follows:



4 6 3 2 111 4 6 3 21
o6 3 9 6 3106 3 9 6 3
2 2 3 9 -—213 0o -6 -9 3 -6 1|
-1 1 -3 11/2 3 2] [0 5 2 17/2 5 3
1 4 6 32 1 1 4 6 3 2 1
01 1/2 3/2 1 12 |01 12 3/2 1 1/2
00 -6 12 0 6| /00 1 -2 0 -1
00 -1/2 1 0 1/2] [0 0 -1/2 1 0 1/2
1 4 6 3 2 1
01 1/2 3/2 1 1/2
00 1 -2 0 -1
00 0 0 0 0

X
Now we can find a. From Theorem 5.5.6 we find that the vectors that fefm the row space
of A are:

14 6 3 2 1,0 1 1/2 3/2 1 IB/;J:and[O 01 -2 0 -1].
For b, usine the same theorem we find that t§& véctors that foe the column space of A

are: ) o9
1 4 6 /‘\/\1)\" )(-\/vve_/b
0|1 1/2 (
, , and . - \
0|10 1 AN\ )
0|10 0
Question 10:
Find the rank and nullity of the matrix
211
-1 2 7
A= .
-215
3 36
Solution:
To find first the rank, we need to get A in reduced-row echelon form.
211 -1 2 7 1 -2 -7 1 -2 -7 1 0 -1
_—127 2 11 0 5 15 0o 1 3 0 1 3
-2135 -215 0 -3 -9 0 0 O 0 0 Of
3 36 3 36 0 9 27 0 0 O 0 0 O

So rank(A) = 2 because there are two rows with leading ones.

The nullity is obtained by finding out how many dimensions there are as follows:



x—z=0
y+3z=0

The general solution is:

X=t
y=-3t
z=t

So nuility(A) = 1 because
X 1

yl=t-3].
z 1



1. (11 points) In each part, calculate the Euclidean norm of the vector
(2) (4,7)

(b) 3,-1,9)

(c) (0,1,-2,3)

(d) (5,0,1,1,-3)

Solution

(@) ()2 + (7)"2 ) = \[16+49) =\[65)

(b) A(3)"2 + (-1)"2 + (9)"2) = \(9+1+81) = [91)

(©) M(0)*2 + (1)*2 + (-2)"2 + (3)"2) = (0+1+4+9) = \[14)

(@M(5)"2 +(0)°2 + (1)°2 + (1)"2 +(-3)"2) = (25+0+1+1+9) = [36) = 6

2. (11 points) Determine whether the following vectors are orthogonal
(a)u=(1,2,3),v=(1,2,3)

(b)u=(-2,4,1),v=(4,2,0)

(©) u=(x,y,2), v=(0,0,0)

(du=(9,0,1,5) v=1(0,1,0,1)

Solution

(a) uv=(1)(1) +(2)(2) + (3)(3) = 14 ,not orthogonal

(b) u'v = (-2)(4) + (4)(2) + (1)(0) = 0, orthogonal

(©)uv = (x)(0) + (y)(0) +(z)(0) = 0, orthogonal

(duv = (9)(0) + (0)(1) + (1)(0) + (5)(1) = 5, not orthogonal

3. (17 points) Determine a basis and dimension for the following solution space of the
system.

2(x1) +4(x2)-2(x3)=0
1(x1) +2(x2)-1(x3)=0
3(x1) +6(x2)-3(x3)=0

Solution

First, represent the system of equations through an augmented matrix.
[2 4 -2 0]
1 2 -1 0]
[3 6 -3 0]



by inspection you can determine that row 3 = 3*(row 2), and that row 1 = 2*(row 2)
so the matrix ends up looking like [1 2 -1 0]

this means we have to use parameters. The solution vectors are: (x1)=-2r+s, (x2)=r,
x3)=s

The solution vectors can be written as

[((xD)]  [-2rts] [-2r] [s] [-2] [1]

(x2)]=[r 1= [r]+[0] =t 1]+5s[0]

(x3)] [ s ] (0] [s]I [O] [1]

this shows that the vectors  (v1) =[-2] (v2)= [1]

[ 1] [0]

[ 0] (1]
span the solution space. Because they are also linearly independent, they form the basis
and the solution space is two-dimensional.

4. (13 points) Find the standard Matrix for the linear operator defined by the equations,
and determine whether the operator is one-to-one (hint: use Theorem 4.3.4)

4x1+ 2x+ 3X3+ X4 =W
-X2 +13X3 + 7X4 = W»

7X3 =W3

TX4= Wy

Solution

The standard matrix can be displayed as the following:

[4 2 3 1]
[0-113 7]
[0 0 7 0]
[00 0 7]

Theorem 4.3.4
If A is an n x n matrix, and if T4: R" - R" is a multiplication by A, then the following are
equivalent:

a) A is invertible

b) Ax = 0 has the only trivial solution

c¢) The reduced row echelon form of A is I,.

d) A is expressible as a product of elementary matrices.

€) Ax =b is consistent for every n x 1 matrix b.

f) Ax = b has exactly one solution for every n x 1 matrix b.
g) det(A) =0

h) The range of T is R".

1) Tx is one-to-one.



Since det(A) =-196 #0, therefore the operator is one-to-one

5. (15 points) Determine if the following vectors are linearly dependent or linearly
independent.

Vi =( 17_2"2)3V2=(230,4)’V3=(05 15-1)
Solution

kivi tkava + kv =0
becomes
ki(1,-2,-2)+kx(2,0,4)+k3(0,1,-1)=(0,0,0)
or, equivalently:
(ki + 2k, 2k; + 2k3, -2k +4k2—k3)=(0, 0,0)
Equations corresponding components gives:
ki+ k; 0
-2k;+ + k3=0
-2 k1+ 4k2 - k3= 0
Which can be shown as the augmented matrix:
[110]=[0]
[-201]=[0]
[-24-1]=[0]
Which reduces by Gaussian elimination to
[11 0] [110] [110]
[02 1]~[02 1]1~[01 %]
[06-1] [00-4] [0O01]

Which is code for:
k1+ k2 =0
ky+%k;=0
k3 =0
Which reduces further to:
k, +20)=0=k;
Which reduces further to:
ki +(0)=0=k
Therefore:
k1 = k2 = k3 =0

Therefore the set of vectors {vy, vz, v3 }is linearly independent.



6. (18 points) Find the rank and nullity of the matrix:
[10247]
A= [21213]
[1123-1]
Solution

Calculating the reduced row echelon form of A yields:

[102 4 7] [102 4 7] [10024] [100-=2 4]
[01-2-7 -11] ~[01-2-7-11] ~[010-1-8] ~[010-1 -8]
[010-1 -8] [002 6 3] [0026 3] [001 3 32]

Since there are three nonzero rows, the row and column space are both three dimensional,
so rank(A) =3

A 1in reduced row echelon form is code for:
X ~2x4+ 4x5=0
X2 — X4— 8X5= 0
X3+ 3x4+3/2%x5=0
Solve for leading variables:
X1= 2X4 - 4X5
X2= X4 + 8Xs
X3 = -3X4 — 3/2X5
It follows that the several solution of the system is

X;= 2r— 4s N &
X2= r+ 8 G S
X3 = -3r—3/2s o \OJ@ e/‘x
_ &/ UU ™
X4=7r YJ\D Y 0\‘
Xs=s§ o~ QJS
or equivalently: “ N J\%\p

[ x1] [2] [-4 ] g~
] [1] [8] x©

k% [x3] =7[-3]+ s[-3/2]
[ x4] (1] [ 0]
[ 5] (0] [ 1]

Because the two vectors on the right side of ** form a basis for the solution space,
nullity(A) =2

7. (13 pomts) Flnd matrix A— [1 5 3] rotated 90 degrees about the z axis and then
reflected about the xz plane [214]

\ [001]



Solution

T, = [cosf —sind 0]
[sinf cosf 0]

[0 0 1]
T,=[1 0 0]
[0-1 0]
[00 1]

(T2 hd Tl)A - Tz(TlA) =

T, [cosf —sind O][1 5 3] =
[sind cosf 0][2 1 4]
[0 0 1]001]

T,[0-10][153]=
[1 00][214]
[0 01][00 1]

[1 00][-2-1-4]=
[0-10][1 5 3]
[0 01][0 0 1]

[2 -1 -4]
[-1-5-3]
[0 01]

8. (17 points) Do the polynomials 1+ 2x + 3x%, 4+ 7x +10x%, 3+ 5x + 7x%, 2 + 3x +
4x° span P,? >(
oo+

A\ o~
Solution \ony‘ \A\ \%(QL)»(A’C‘

Rewrite the polynomials in matrix form./ W
[12 3]

[4710]

[35 7]

[2 3 4] which can be reduced as follows

[1 2 3]
[0-1-2]
[0-1-2]~
[0-1-2]



RSN

2
-1-
0
0

— e, —
OO O -

So these polynomials do not span P, because there are only 2 independent
polynomials.

9. (18 points) Find bases for the row and column spaces of
A=[42811]

[216 -2]

[195 §]

Solution

A=[42811]
[216 -2]
[195 8] which can be reduced as follows

[1 95 8§
[0-17-4 -18] ~
[0-34-12 -21]

1 95 8§
[017 4 18] ~
[0 0 -4 15]

19 5 8
[01 4/17 18/17]=R

S

00 1 -15/4] /)(@_U
/.

The basis for the row space is

ri=[1958]

r=[0 1 4/17 18/17]

r;=[0 0 1 -15/4]

The basis for the column space of R is
Cc'y=[1] C';=[9] Cs=[ 5]
(0] [1] [4/17]
[0] (0] [ 1]
The corresponding basis for the column space of A is
Ci=[4] C:=[2] C3=18]
2] [1] [6]
(1] 9] [5]



W

g0
A\
10.(17 points)If T: R2 — R2 is linear, what is T[2] given that T[1] =[3] and T[-2] =[6]?
[2] 2] [2] (11 [5]

Solution

[2] =a[1] +b[-2] =[] —Z]Yii [a] = [1 -2]*-1[2]
(2] (21 (1] [2 1]i9 [b] [2 1] (2]

Also,
T[2] = aeT[1] + beT[-2] =a[3] +b[6] =[3 6] [a]
[2] (2] (11 [21 (51 [2 S][b]

—[3 6][1 =2]-1[2]=(1/S)[3 6][1 2][2]=(1/5)[-9 12][2]=(1/5)[6]
2 5][2 1] [2] 2 5][-21][2] (-8 9][2] (2]

= [6/5]
[2/5]



Exam 2

1. (5 points) Prove the Pythagorean Theorem in R"; If u and v are orthogonal vectors in

R" with the Euclidean inner product then, u||2 + ||v]|2 = ||u + sz .

Solution:
e+ 5= e+ v)- (e +v)
||u+v“2 =u-u+2u-v+v-v
by definition the Euclidean inner product of orthogonal vectors is zero, therefore :

“u-{—v“2 =u-u+v-vz

2 2
ol Jul” + 7 \p) &
AL
LA
2. (20 points) Given that the set S={(2,3,0), (3,2,1), (1,0,1)} is a basis for R Ob
a) Find the coordinate vector of v = (2,2,2) with respect to S.
b) Find a vector v in R? whose coordinate vector with respect to the basis S is (2,2,2).

Solution:
a) V= (25232) = C}(2,3,0)+ 02(37251) + C3(1’031)’ where (V)S = (Cl, C2, C3)'

We can express this as a system of linear equations as:
2=2¢; + 3¢y + 1c;
2:3C1 + 202

2= ].Cz+ 1C3

Expressed as a matrix:

2 3 1¢] [2

3 2 Ofec,|=]2

0 1 1c,| |2

2 3 1 2] [2 3 1 2 2 312
32 0 2{m|0 1 1 2 01 1 2|,
01 1 2| |0 -5/2 =3/2 -1 0 01 4
[2 3 0 -2 2 00 4 1 00 2

01 0 =20 1 0 -2 01 0 -2}
0 0 1 4 001 4 0 01 4

We conclude (v)s = (2, -2, 4).



b) Since (v)s= (¢, ¢z, €3) In v = ¢1(2,3,0)+ ¢2(3,2,1) + ¢3(1,0,1), and since
it is given that (v); = (2,2,2), we can say that:

v=(2)(2,3,0)t (2)(3,2,1) + (2)(1,0,1)
v=(4,6,0) + (6,4,2) + (2,0,2)
v =(12,10,4)

3. (15 points) Find the bases for the row and column spaces of A.

4 12
A=|0 3
4
Solution:
4 12 8 4 12 8 1 3 2
A={0 3 6|0 3 6|0 1 2
4 9 2 0 3 6 0 0O

r=1 3 2] n=[0 1 2]

the first and second columns of the row—reduced form of A contain leading
| (409
ones so the first and second columns of A f% the column 125 of A

4 12
¢, =0] ¢,=|3
4

Therefore, (1,3,2) and (0,1,2) form tﬁ% basis for the row space of A and

4 12
Ojand| 3 |form tﬁé‘basis for the column space of A.
4 9

4. (15 points) Determine whether v, =(2,5,4),v, =(1,-2,-1), and v, =(3,3,3) span the

vector space R*.

. 7
Solution: :
We mus beR’, such thatb =k, v, +k,v, +k3v3,nd

1oky ks # 0. , C\os&\—a ‘\(M\es/w»\*‘

*Continued on the following page.



2k, + k, +3k, = b,
Expressing this as a linear equation we write | 5k, — 2k, +3k; = b,
4k, — k, +3k, = b,

This system of equations is consistent for all entries of b if and only if the
coefficient matrix A,

2 13
A=|5 -2 3
4 -1 3

has a nonzero determinant.

2 13 2 1 3| 21 3
det(A)=|5 -2 3~10 9 9i~10 9 9=0
4 -1 31 0 -3 =3 [0 00

However, det (A) = 0, therefore v,,v,,and v, do not span R’

5. (15 points) Show that the polynomials p, = 2x* —3,p, =x+1,andp, =2x* +3x+6
form a linearly independent set in P, .

Solution:
If p,,p,,andp, forma 11near1y 1ndependent setin P,, then
kD, + K, +h,p, = 0 X, Dk, = k, = 0as-theoniysnlitions
The system of equations can be put in the matrix form and reduced: \/) 3{

PRt e

k(23 —3) + ky(x+ 1)+, (27 +3x+6) =05 5\@&*“6

2 020 [to1 o] to 1 0] (.

0 13 0/~[0130]|~01 3 o~

316 0] {0190l 100-60

1 01 0] [1 0 0 O

013 0[~0100

0010 (0010

Solving the system yields k, = k, = k, = 0, the trivial solution, as the only
solution. Therefore p,,p,,and p, form a linearly independent set in 7.

6. (15 points) Determine whether v, =(2,5,4),v, =(1,-2,-1),and v, =(3,3,3) form a

linearly dependent or linearly independent set in R’. Verify your answer.



Solution:
By definition of linear dependency, if v,,v,,and v, form a linearly
dependent set, then
1k,,k,.k, eRst.k,v, +k,v, + kv, =0fork,,k,,k)=0,0, 0.

To see if there exists such &, ,k,, k)= 0, the system of equations is set up
as the matrix:

2 1 30
A=[5 -2 3 0
4 -1 3 0

Evaluating we find:

2 1 30 2 1 3 0 2130 1 010
5 -2 3 0{~|0 -9 -9 0|~|0 1 1 Of~(0O 1 1 O
4 -1 3 0 0 -3 -3 0 0 0 0O 0 0 00

which is code for:

ki +k,=0 k,=—t
k,+ k, =0, or k, =~t
k3 =t k3 =t <
AV
N . . W0
Substituting this into the equation k,v, +k,v, + k,v, = 0 yields 20 W %.,W
-V, -V, +Vv, =0 / X\r,f/m ()"f \\
To verify our answer, —v, —v, +v, =0~—(2,5,4)-(1,-2,1) +(3,3,3) =0 ~ 0\

(-2-1+3,-5+2+3,-4+1+3)=0

7. (20 points) Find the standard matrix for the stated composition of linear operators on
R*:

a) A reflection about the xy-plane, followed by dilation with factor k = 3/2,
followed by a rotation of € about the x-axis.

b) A rotation about the y-axis of @, followed by a reflection on the yz-plane,
followed by a contraction with factor k = V..

Solution:
a) First we find the standard matrices for these linear transformations.

1 0 0O 3/2 0 0 1 0 0
[T1]=|0 1 O [T2]=| 0 3/2 O | [T3]=|0 cos® —siné
0 0 -1 0 0O 3/2 0 sinf cosd

*Continued on following page.



The standard matrix T is [T} =[T3][T2][T1]; that 1s

1 0 o |I3/2 o olfj1 0 0
[T]= [0 cos® -sin@|| 0 3/2 00 1 0=
0 sind cosf|| 0 0 3/2/0 0 -1
3/2 0 0 1 0 o] [3/2 0 0

0 (3/2)cos@ —-(3/2)sin@{|0 1 0]=|0 (3/2)cosé (3/2)sinf
0 (3/2)sin@ (3/2)cosf ||0 0 -1 0 (3/2)sin@ —(3/2)cosé

b) First we find the standard matrices for these linear transformations.

cos@ O sind -1 0 0 1/74 0 0
[T1]=| O 1 0 [T2}=]0 1 Of [T3]=0 1/4 O
—-sin@ 0 cos@ 0 0 1 0 0 1/4

The standard matrix T is [T]=[T3][T2][T1]; that is

1/4 0 01||-1 0 O|lcos@ O siné
[T]= 10 1/4 010 1 O 0 1 0 |=
0 0 1/4{l0 0 1||-sin@ 0 cos@d

-1/4 0 0 |[cos@ O sin@| |-(1/4)cos@ 0 —(1/4)sinb
0 1/4 0 0 1 0 |= 0 1/4 0
0 0 1/4||-sin® 0 cos@| |-(1/4)siné 0 (1/4)cosb

8. (15 points) Show that the linear operator T: R2 > R2 defined by the equations:

w1 =4x; + 2X»
wy = 5%y + 3%,

is one-to-one , and find T (w1,w2).

Solution:
. . . Im 4 2||lx1
The matrix form of these equations 1s =
W2 5 3|ix:
oo 4 2
So the standard matrix T is [T} = s 3

*Continued on following page.



If we are able to find that [T] is invertible, we will at the same time show
that T is one to one.

4 210 4 2 1 0 4 0 6 -4 {1 0 3/2 -1
5 301 0 -2 5 -4 0 -2 5 -4 0 1 -5/2 2
We see that [T] is invertible, proving it is one to one, and that:
L [372 -1
[T] " =
-5/2 2
3/2 -1
-5/2 4/2

wi w1

o

Thus [T]

JG2wm -w
—(5/2)ws 42w ot

W: W2

From that we conclude that T™' (w1, W2) = (3/2 Wy — W, -5/2 W + 2w).

9. (10 points) Let A = ‘T . Find conditions on c, d, e such that:

(a) rank A=1
(b) rank A =2
Solution:

a) To reach the desired rank the condition ¢ = d = e is needed.
b) To reach the desired rank at least two of ¢, d, and e must be distinct.

W\
10. (20 points) Determine whether the following‘\vector space is valid. If it is not valid,
list which axiom(s) cause it to fail.

The set of all pairs of real numbers where vector addition is defined as x +y = x*y,
and vector multiplication is defined as kx = 2x.

Solution:
By evaluating the axioms, it is found that 7,8,9 and 10 are violated. Hence the
vector space is invalid. (
1
6\wJ.
A\
A’\ Noes V7 . TS ~
X2
% “ A\ 0'3( = (\q,)\ \/\,M
e @ X
. V\l) M ]
O\ \&
L,,\\ I\L‘Q-/ 0 - g("“
Y



1)

A. Determine whether x =

o - <o -
L) = =

SOLUTION:

A. X, ¥, and Z, are linearly dependent if k; X + koY + k3z = 0 does not contain
only the trivial solution. So,

x+0y +z=0 o \\ni‘;? c,\mw\cb»(.,\f“")‘u(s
Ox+ y +z=0 \JX? CTR
x+ y+z=0" So Xo
2x+2y+3z=0
1 0 1 1 0 1
. 1011 010
Where the coefficient matrix is: -
1 1 1 0 01
2 23 0 00

k\= 0, kf 0, k; 0 — NOT linearly dependent

B. X, ¥, and Z, are linearly independent if k;X + k,Y + k3Z = 0 contains only the
trivial solution. So,

X -y-2z=0
-X-Ay -2=0
X- ¥y -dz=0
A -1 -1
Where the coefficient determinant is; det| -1 A -1
-1 -1 4

=AMV -D+(=A-D)-(1+1)
- ’L.- —7.
=2 =34-2 = (¥ (A-2) 0l =™y
= (A -3)-2 -t ﬁ;:

>0 N % A b
So, the values of A that make the vectoryli y independenm
satisfying det(A) # 0 T AE-1,L#2

7 Gomeraorh



2)  Show that (w+v)-(u—v)=(lu|l+||vID(lz]l-|Iv]) or give a counter-example if
the #equality does not hold.

SOLUTION:

(u+v)-(u— v)/

Uu-u+tu-v+u-v+v- V

(-
- =

el =l - 1=
(o )l =[+)

3) [True/False and explain]:
If A is a 7 x 12 matrix, then the linear transformation x — Ax cannot be one-to-
one.

SOLUTION:

True — If there are more columns than rows, there must be some free variables..

\V\ %lv\w\, d\( D“/\ =g,

4) Let L: R> - R® be a linear transformation, where

[ = )] &
([}

SOLUTION:

2 1
Solve the system x[ }+y[ } [O} -gettingx =-4,y=3

i (B I M HE M



Perform the following operations, where:
A={6,1,-3,9} B={3,-2,-5,0pb C={0,0,1,-3}
a) A-B b) 2(A+3B) c) BA-C)-(5B+A)

d) Find the Euclidean inner product of A and B.
e) Find the Euclidean length of A.

Answers:
a) A-B ={3,3,2,9}.
b) 3B ={9,-6,-15,0}.
A +3B = {15,-5,-18,9}.
2 (A +3B) = {30,-10,-36, 18}.
c) 3A ={18,3,-9,27}.
3A-C ={18,3,-10,24}.
5B ={15,-10,-25,0}.
5B+ A ={21,-9,-28,9}.
BA-C)-(5B+A) ={-3,12,18,15}.
d) A*B =6(3) + 1(-2) + (-3)(-5) + 9(0)
=18-2+15+0
=31
e) IA| = J62 +12+ (3 +9
=4/36+1+9 +81
=4/36+14+9 +81
= /127

Consider the vectorsa=(1,2,-1)and b=(2,5,-3). Ise=(4,-11,6)a
linear combination of a and b?

Answer:

Assume ¢ is a linear combination of a and b.
There must be scalars x and y where:
(-4,-11,6)=x(1,2,-)+y(2,5,-3).
Or
(-4,-11,6)=(x+2y,2x +5y,-x—-3y)
Can be put into the augmented matrix:



2 5 -—11
-1 -3 7
1 2 —4]
~ 0 1 =3|Add(-2x row 1)torow 2 and add row 1 to row 3.
|0 -1 3]
12 4]
~ 0 1 —3|Addrow 2 torow 3.
0 0 0]
10 2
~ 0 1 -3}Add(-2x row 2)torow 1.
|0 0 O
x=2andy=-3.

Therefore, ¢ = 2a — 3b, can be made, which qualifies ¢ as a linear combination.

7)  Find the image of the vector (2, 3) when it is rotated through the angle.

A.0=30° B. 8 =60° C.8=90°

Solution

cos30° —sin30°] . [2 w3 - | oL 121 _ [3-372)
A.| | -> =

sin30°  cos30° 3 v, %43 3 1+3/213

cos60° —sin60°] , [2 v w3 ], 2] _ [1-3/203
B. | . > =

sin60°  cos 60° 3 w3 Y 3 V3+(3/2)

C. cos90° —sin90° * 2 5 0 -1 % 2 _ -3
sin90° cos90° 3 1 0 3 2



8)  Express 7 + 17x + 13x? as a linear combination of the following:

P1: 1 +2x?

P2: 5+ 2x W\/
P3:2 +3x +x? Xs W«D()(
/\V\w\"ouqu\’l’)‘\\b
Solution - s AN
i 7 1 5 2 7 1 5 2 7 1 52 7
2 17/=>»10 2 3 17| =)0 2 3 17{=2|0 2 3 17
i 13 0 -10 -3 -1 0 0 12 84 0 01 7
B 0 -7 1 50 -7 1 00 3
20 —-4/=>|01 0 =201 0 -2|=>
K 1 7 0 01 7 0 0 7

3P1 -2P2+7P3=7+17x + 13x?

9)  Use the Wronskian to show that the following sets of vectors are

linearly independent.
A, 2,2x,e* B. sin X, cos x
Solution
2 2x ef
A. Detlo 2 e*| = 4e*
0O 0 e

Since the determinant is not 0 at some point, it is independent.

sinx cosx

B. Det =-gin? X —cos? x = -1

cosx —sinx

Since the determinant is not 0 at some point, it is independent.



10)  Show that the following set of matrices is a basis of M22

3 60 -1 0 -8j1 O
3 -6]-1 0]-12 -4)-1 2|
Solution
Since matrices work just like vectors we can put them into vector form and multiply with

different scalars
a(3,6,3,-6) +b (0,-1,-1,0)+ ¢ (0,-8,-12,-4)+ d (1,0,-1,2)

We get the augmented matrix as shown below
3a+0b+0c+d=0

6a+-1b+-8¢+0d=0
3a+-1b+-12¢+-1d=0
-6a+0b-4¢c+2d=0

We have to show that the vectors are linear independent and that they span r4
We set equations equal to 0 and proof that the determinant is not zero.

30 0 1

6 -1 -8 O
3 L 12 -1 Perform row reduction and you get the following matrix
-6 0 -4 2
30 0 1
01 8 . . . )
0 0 The determinant for the following matrix is the product of the diagonal
0 0 0 -1
entries.
Det =6

Thus it’s a basis



Questions

1. (15 points) Consider Matrix A

-40 16 9

A=l13 -5 - K
5 s /9 e

Determine if the vectors that compose (A™")" form a linearly dependant set.

2. (15 points) Use the Wronskian to verify whether f; = 3x%, f; = sin(x) and f3 = -cos(x) form a
linearly independent set of vectors in C?(-00,00).

3. (15 points) Find the coordinate vector of A relative to the basis of S = {Ay, Az, A3, A4}

2 0 -1 1 11 0 0 00
A= LA, = A, = A, = A, =
-1 3 0 0 0 0 1 -1 0 1

4: (15 points) Find the Euclidean inner product u® v
a) u=(2,5), v=(-4,3)
b) u=(4,8,2), v=(0,1,3)
¢) u=(3,1,4,-5),v=(2,2,-4,-3)
d) u=(-1,1,0,4,3), v=(-2,-2,0,2,-1)

5: (15 points) Find the image of the vector (-2,1,3), if it is rotated
a) 30° about x-axis
b) 45° about y-axis
¢) 90° about z-axis

6. (15 points) Show that the range of these equations:
W = 8x;+5x,+6x3
W, = 2x1+3x%,+X3
W3 = 4x1+6X2+2X3

Is not all of R?, and find a vector that is not in it’s range.

7. (18 points) Given the following ten axioms

1. Ifuand v are objectsin ¥, thenu +visin V.

2, u+tv=v+u

3. ut(v+w)=(u+v)+w

4. There is an object 0 in V, called a zero vector for V, suchthat0 +u =u

5. Foreach u in V, there is an object —u in V, called a negative of u, such that u + (-u) =  (-u)
+u=0

6. Ifkis a scalar and u is any objectin V, then ku isin V.



7. k(u+v)=ku+kv
8. (k+m)u=ku+mu
9. k(mu) = (km)(u)
10. lu=nu

prove whether the following set of vectors is or is not a vector space. Show your work!!
The set of all 3 x 3 matrices of the form

a 00
0 b 0
0 0 ¢
With the standard matrix addition and scalar multiplication.

8. (12 points) Express the vector v =(8, 8, 9) as a linear combination of the vectors (2, 3, 0), (-1, 0,
4),
and (4, -1, 1).

9. (15 points) Find a basis for the nullspace of

3 0 0 2 -2
2 1 1 2 -1
11t 0o 0 -1 -1
0 -2 2 1 -1

A

10. (15 points) What conditions must be satisfied by b,, b,, b;, b,, and b; for the overdetermined linear
system

X =X, =b

x, +2x,=b,

x,-3x,=b,

x,+4x,=b,

x,—5x, = b
to be consistant?



-40 16 9

A4=|13 -5 -3
5 -2 -1
1

A" =2
1

(4" = 0 <

8
vl = (1,2,1),v2 = (2,5,0),v3 = (3,3,8)

%
/::LL’S %ﬁ
%%%

3
8
2 1
5
3

Expressing the coefficients as components of equations,

kK1+2k2+k3=0
2k1+5k2=0
3k1+3k2+8%k3=0

Take the determinant of the augmented matrix, which equals -1 meanings that the system is
independent, and that the only solution set for the above system of equations is the trivial solution.

2. f£,=3%
f, = sin(x)
f3 = -cos(x)

fl(x)=3x2 f,(x)=sinx  f;(x)=-cosx
Fi(x)=6x f2(x)=cosx f3(x)=sinx
f1(x)=6 f2(x)=-sinx f 3(x)=cosx

Setting these up in the Wronskian is as follows

3x> sinx -cosx
W(x)=|6x cosx sinx

6 -sinx cosx

= 3x2(cos x cos x — —sin xsin x) — 6x(sin x cos x — sin x cos x) + 6(sin x sin x — — cos x cos x) Since

cosxcosx + sinxsinx = (cosx)*+(sinx)’ is the identity equal to 1, the above equation simplifies to



3x® +6 = 3(x2 + 2) which never equals 0 at any point, therefore f;, f; and f; form a linearly

gqc d Set. ND\‘

2 0 -1 1 11 0 0 0 0
3- A= ;A1= ,A2= 3A3= 9A4=

-1 3 0 0 0 0 1 -1 01

A= XA 1T XA+ X3A3 XAy

2 0 -1 1 11 0 0 0 0
=X, +x, + X, +X,
-1 3 0 O 0 0 1 -1 01
V) =X, +X,
v, =X, +X,

V3 =X,

V, ==X; +X,

Then converting to augmented matrix form and row reducing

-11 0 02 0 2 0 02 1 1 0 00

1 1 0 00| [1 1 0 QO 01001,\‘“_
0O 0 1 0-1 |0 0 1 0O-1 0 01 0-1

0 0 -1 13 0 0 0 133 0 0 0 113

X1=-1

X2=1

X3=-1

X4=3

(A)s=(-1,1,-1,3)

4.
a) uv=24+5 3=7
b) uv=4 0+8 1+2 3=14
¢) uv=3 2+1 2+-4 4+-5 -3=7
d) uwv=-1_-2+1 -2+0 0+4 2+-1 -3=11

;
1 0 0 -2 =2
a) |0 cos30 -sin30| |1 |= (‘/52——3)
0 sin30 cos30 3 3,J§+1
2




cos45 0 sind5] [-2] [~2/2
b) 0 1 0 1= 1
-sin45 0 cos4S| | 3| [5v2/2
cos90 -sin90 0] [-2 -1
c) [sin90 cos90 O|-| 1 |{=]-2
0 0 1 3 3
6.
The range is not all of R? because A, the coefficient matrix, is not invertible.
8 5 6
2 3 1j-isnotinvertible.

\
4 6 2 S\ ¢

A vector that is not in the range is the (0,0,1) vector becaée it makes the system inconsistent.

7. wWe’ll prove each axiom.

al 0 0] f[a2 0 0] [(al+a2) 0O 0
1.{lo s o|+]0 2 o|=| o (@1+b2) 0
0 0 e |0 0 2] | o 0 (cl+c2)
al 0 0] [a2 0 0] [(@l+a2) 0 0
2.10 #1 o+ |0 B2 o]l=| o (kl+d2) 0 |=
0 0 0 0 c2 0 0 (cl+c2)
(@+al) 0 0 17a2 0 0] [al 0 0]
0 (@2+b) 0 |=l0o 52 o|+|0 b1 0
0 0 (2+c)| [0 0 2| |0 0 «a
al 0 0 a2 0 0] [a3 0 0 al 0 0
3.0 b1 ol+o b2 ol|+|o »3 o)=|0 B o+
0 0 0 0 ¢| |0 0 3 0 0 el
(a2 + a3) 0 0 1 [(al+a2+a3) 0 0
0  B2+b3) 0 |= 0 (b1 + b2 +b3) 0
0 0 (c2 +c3) 0 0 (cl+c2 +c3)
(al + a2) +a3 0 0
0 (b1 +b2) + b3 0 =
0 0 (cl+c2)+c3




(al+a2) 0 0 a3 0 0
0  (Bl+b2) 0 |+|0 B3 0
0 0 (cl+c2)| |0 0 ¢3

[

a 0 0] [ka O O] [ka O O] [(kha) O O
6.k[0 » 0|={0 kb oO|=|0 kb O|=|0 ) O
00c|l [0 0 k| |0 0 ke 0 0 (ko)

al 0 0 a2 0 0 (al+a2) 0 0
7.k(|0 b1 O+ |0 b2 0=k 0 (b1 +52) 0 =
0 0 c 0 0 c2 0 0 (cl+c2)
[k(al + a2) 0 0 (kal + ka2) 0 0
0 k(bl + b2) 0 = 0 (kb1 + kb2) 0 =
0 0 k(cl+c2) 0 (kel + kc2)
kal 0 0 ka2 0 0 al a2 0 0
0 kb1 0|+ | 0 kb2 O |=k|[O0 b1 + k[0 b2 O
| 0 0 kel 0 0 k2 ] c2
a 00 (k+m)a 0 (ka + ma) 0 0
8. (k+m) 0 b 0= 0 (k +m)b 0 (kb + mb) 0
c 0 (k+ m)c 0 (kc + mc
a 0 0 a 0 0
0O kb O(+[0 mb O0}|=kj0 b O|+m|[0 b O
0 kc [ 0 mc 0 0 ¢ 0 0 ¢



a 0 0 ma 0 O kma 0 0 (km)a 0 0

9.k(m|0 b O|)=k|O0 mb O|=|0 kmb O |=] O (km)b 0 | =(km)
0 0 ¢ 0 0 me 0 0 kmc 0 0 (km)c

a 00

0 b 0

0 0 ¢
a 00 la 0 O a 0 0

10.1{0 » 0|=|0 1 0|=|0 b O
0 0 ¢ 0 0 Ic 0 0 ¢

8. We can represent this linear combination as a system of equations.

-1k+4m+2n=§
Ok-lm+3n= 8
4k+1m+0n=9

We can then solve this by row-reducing the augmented matrix.

-1 4 2 8 -1 4 2 8 -1 4 2 8
0 -1 3 8 ~{0 -1 3 8|~|0 -1 3 8
4 1 09 0 17 8 41 0 0 59 177

This represents the equations

-1k+4m+2n=8

-1m+3n=8

59n=177

Solving for n and the back substituting gives us

n=3, m=1, and k=2
So we can represent v by the linear combination of

8,8,9)=2(-1,0,4)+(4,-1,1)+3(2,3,0)

9. ,

The nullspace of A is the solution space of the system (all set equal to 0
3x,-2x,-2x5=0

“2x, + X, + X3 -2x,-x5=0

X —XxX,—x5=0

“2x,=2x;+x,-x5=0

The matrix of this system (in augmented matrix form) reduces as follows



(3 0 0 -2 -2
2 1 1 -2 - 111 -3 |
0 0 -1 -1 01 1 L 15—2—(R3)//am1
2 2
0 2 2 1 -l
’ 000 1 1 —2%R3+R4
1 1 1 -4 -3 000 0 0
o g R RUIand
R2 <R3 1 11 -4 -
2Ll 2 ek 011013
10 0 -1 - LRssre
000 1 12
11 1 -4 3 000 0 O
0 -2 -2 1 -1|-2R1+R3 ]
0 -1 -1 5 |-R1+ R4 100 -4 4
011 0 1
0 -1 -13 -R2+RI
000 1 1
111 -4 =3 000 0 O
11 }
O LT =2 S |-2R2)iand
] P 10000
000 5 5 * 01101
R2+ R4 R3+RI1
000 2 2! 000l
2 72 00000
10000 x =0
0 1 1 0 1]which has the solutions: x, + x5 + x5 =0
00011 X, +%x,=0
00000
x=0
x, =0 roos X, =—S—1
I 3 . .
SO, X, = —Xx; — x5 and substituting we write solutions for all x as x; = s
X =1
5
X, =—Xs X, =~t

Xs=t

And to find the basis for matrix A we write the vectors

x,| |-s—¢t| |[-s| |-t -1 -1
xl= s |=|s|[+]|0]|=s1]+10
X, -t 0| |-t 0 -1

0 0]
-1 -1
v =1 v,=|0
0 -1
-0- .1.




10.

Written as a augmented matrix and reduced by Guass-Jordan elimination gives

I -1 p So to be consistant the following must apply:
2 b b, +6b, + b, =0

1 3 b _14b, ~15b, +b, =0

1 4 b, 13, +12b, + by = 0

1 -5 b,

1 -1 b, ] or, on solving these equations:

0 3 b+b, b, =-7b, - 6b,

0 -2 b+b b, =14b, +15b,

0 5 b+b, b, = -13b, —12b,

0 -4 b +b]

1 0 4b+3b, b=s

0 1 3b, + 3b, by =t

0 O 7b+6b,+b, by =-Ts-6t

0 0 -14b —15b,+b, by =14s+15t “
0 0 13b,+126,+b, by =-13s-12t \"'“

ax Y

b,(f"ﬁ



1. Given u=(4,6,2), v=(5,3,4), and w=(1,7,3), evaluate the following operations:
a) utv+w
b)uev
c) (utv)ew
d) (ut+v) e (v-w)

Solution

a) (4,6,2)+(5,3,4)+(1,7,3)=(10,16,9)

b) (4,6,2)¢(5,3,4)=(20,18,8)

¢) [(4,6,2)+(5,3,4)] ¢ (1,7,3)=(9,9,6) ¢ (1,7,3)=(9,63,18)

d) [(4,6,2)+(5,3,4)] * [(5,3,4)-(1,7,3)]=(9,9,6) ® (4,-4,1)=(36,-36,6)

2. The linear transformation T:R *— R’ is defined by the equations
w,=3x | X, -4x,+X,
w, =X,-2x,+x,-3x,
w, =2X,+5x,+2x,-Xx,

a) Find the standard matrix for T

Solutions
X]

W, 31 -4 1 31 -4 1
X

w,|=|1 -2 1 =3|| ?|,sothestandard matrix for Tis |1 -2 1 =3|.
X

w,| |2 5 2 -1(|° 2 5 2 -1
Xy

b) Calculate T(3,1,4,2) by matrix multiplication and check your answers by direct
substitution into the equations.

Solution
-By multiplication:
3
w, 31 -4 1 ) -4
w, =1 -2 1 =3 42—1
W, 2 5 2 -1 17
2

By direct substitution:
w,=3(3)+1-4(4)+2=-4
w,=3-2(1)+4-3(2)=-1
w,=2(3)+5(1)+2(4)-2= 17
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Q. What are the eigenvalues ( 4) of the transformation T: R ; — R; involving first a
dilation by 4 and then an orthogonal projection on the xz-plane.

Solution:
1 0 0] 4 0 04 0 O
T/R%=O 0 0jx 4 OF\0 0 O
0 0 1{ (0 0 44(0 0 4
A-4 0 O
det(AI-A)=dety 0 4 0 FO
0 0 A-4

(A4 AYA-4)=0
A=4,0

52
Q. Let S= {v,,v;,v, } such that v,=(3,2,1) v,=(1,1,0yand v,=(2,1,3).
Let P= {w,,w, {suchthatw,=(7,2,5)and w,=(3,34)
Does span(S) = span (P)? Hint: Use linear combinations.

Solution:
By theorem 5.2.4, the spans are equal iff each vector in S is a linear combination of those
in P and visekversa. Each linear combination needs to be tried.

1. Check to see if the vegefors in S co
31 2|7% 10 3]5
21 1}2% 21 1{2~0
10 3|54 31 2(7 01
At this point it can be determined that

ine to create a linear combination of w, .
0 3|5 10 3|5
~5]-8~0 1 -5| -8

atc=5 \< N
b-5¢ = -8 X et
2c=0 Mo &

Therefore a=5 b=-8 and ¢= 0. Thus w,=5v, -8 v,+ 0v
Similarly, w, is a linear combination of the vectors in S!
2. Check to see if the vectors in P combine to create a linear combination of v,

37 |31L3 7 |3 3 7 |3 37 |3
32 j2Ho0 -5 [-1 ~ 0 -5 |-1 ~05 [I
45 !1O>O -3 l—3 0 -13 |_9 0 0 Ez_



Since it is impossible for 0 to equal -32/5, there is no linear combination of P that will

create v, .
Therefore the span(S) # span(P).



5.1

1) A set of objects is given, together with operations of addition and scalar multiplication.
Determine which sets are vector spaces under the given operations. For those that are not
vector spaces, list all the axioms that fail to hold.

The set of all triples of integers with the operations
(x,y,2) +(X,y,2) = (x+x, y+y, ztz) and k(x,y,z) = (%, ky, 2)

1) If u and v are arbitrary vectors with integer components withu=(a, b, ¢) and v =(d, ¢,
f), then u+v = (a+d, bte, c+f). All of the resulting components of utv are integers,
therefore axiom 1 holds.

2)u=(a,b,c),v=(d,e,{)

u+v = (at+d, bte, c+f)

v+u = (d+a, etb, f+c)

therefore axiom 2 holds.

3)u=(a, b, c), v=(d, e, f), and w=(g, h, i).

u+(v+w) = (a, b, ¢) + (d+g, eth, f+j) = (a+d+g, b+e+], cHf+))

(u+v)+w = (a+d, bte, c+f) + (g, b, i) = (at+d+g, bre], ctf+))

therefore axiom 3 holds.

4) 0+u = u+0 by axiom 2. u+0 = (a+0, b+0, c+t0)=(a,b,c)=u

therefore axiom 4 holds.

5) u+ (-u) =0=>(a, b, c)+(a’, b", c) =0 => (a+a', btb', ct+c') = (0, 0, 0) therefore the
negative of u = (-a, -b, -c) and (-u)+u = 0 = u+(-u) by axiom 2

therefore axiom 5 holds.

6) ku is not in V for any scalar k because V contains the set of triples of integers. if k
were not an integer ku = (a, kb, c) is not necessarily a vector with integer components
and is not in the set V

therefore axiom 6 fails.

Nu=(a,b,c),v=(d, e, 1)

k(utv) = k(a+d, bte, c+f) = (at+d, k(b+e), ctf)

ku+kv = k(a, b, ¢) + k(d, e, f) = (a, kb, ¢) + (d, ke, ) = (a+d, k(b+e), cH)

therefore axiom 7 holds.

8)u=(a,b,c)

(k+m)u = (a, (k+tm)b, c)

ku+mu= (a, kb, ¢) + (a, mb, ¢) = (2a, 2(k+m)b, 2¢)

therefore axiom 8 fails.

9 u=(a,b,c)

k(mu) = k(a, mb, c) = (a, kmb, ¢)

(km)u = (a, kmb, c)

therefore axiom 9 holds.

10)u=(a, b, ¢)

lu=(a, 1b,c)=(a, b, c)

therefore axiom 10 holds.

The set is not a vector space because axioms 6 and 8 fail.



2) The following proves theorem 5.1.1. Justify each step by filling in the blank line by
specifying the number of one of the vector space axioms, or by stating a basic
mathematic property.

Ou + Ou = (0+0)u axiom 8

¢ O
=0u property of 0 d

By axiom 5 the vector Ou has a negative, -Ou. By adding this negative to both sides above
yields

[Ou + Ou] + (-Ou) = Ou + (-Ou)

or
Ou + [Ou + (-0u)] = Ou + (-Ou) axiom 3
Out0=0 axiom 5

Ou=90 axiom 4




Section 5.3 — Linear Independence

Determine if S = {vy, v3, v3} is Linearly Independent.

V1= (la 25 3)
va=(4,5, 6)
V3= (7, 8’ 9)

Solution: If (k;vitkavatksvs =0 => ki, ka, k3 =0) then L.L

1 4 7 k,
LetA=[vi',v2',vs'l,s0 A=[2 5 8|,andlet k=|£,
3 6 9 k,
Soifdk=0 => ki, ky, ka=Qthen L.I.
This is true iff #4 4748 e 'k =9, which is true iff A" exists, which it does iff

det(4) #0. Thus we will solve for det(4).
7
6 =0

1 4 7 |1 4 1 4
det(4)=12 5 §=|0 3 =0 3
3 6 9 |06 0 0

S N

12

Thus A" does not exist and S is Linearly Dependent.
Section 5.4 — Basis

In 1 Nephi 20:13, Jehovah says to Nephi, “my right hand hath spanned the heavens.”

Let “the heavens” be a vector space V.

Let his “right hand” be a vector set S = {vy, v3, V3, V4, Vs}, one vector for each finger.

Answer each part independently of the previous one (e.g., a. doesn’t imply anything
about b.)

a. What condition can be placed on S (not V) to make it a basis for V?
Solution: Make sure S is Linearly Independent.

b. If S is a basis for V, then what is dim(V)?
Solution: dim(V) = 5 because S has 5 vectors and is a basis.

c. Ifdim(V) =4, and S is L.I., then what can we do to make S a basis for V? ,\é g "‘\"}
Solution: Remove one vector from S. — AN (\“5\""7 one '\'\"“‘”"7 7 e \ WS~
\3( \(\C (\AJ'\\’W\(S \5 v
d. If S and a new vector set S' are both bases for V, then how many vectors are in S'? Gee i
Solution: S' has the same number of vectors as S: 5. i pe e o\w«-\ﬂ\ >

xo e



\o g
Wiy e N’ﬁ [
Find the bases for the column space of the following matricies
echelerrform and express any remaining column vectors in terms of the basis.

A)Em B) (130217 C) 13086
d

01 01030 01030
0 0019-2 0019-2
001 001
Answer:
A) Basis: 14 o Others:
Cl= 0,C3= 1 C2=3(C1)+2(C2)

LoJ

Lo
B) Basis: 1 Others:
Ci= 0, C3- r(? - C2PNEQ), Ca=2CINCH) 7
0
Lo

0 C5=(C1)+6(C3)
Lo
C) Basis: 114 37 nlal ré Others:
Cl=0 C2=1 C3= 0 C4= -3 C5=6(C1)-2(C3)
0 0 1 9

P T N N B

For each matrix A find the largest possible value of rank(A) and the smallest possible
value of nullity(A):

A) Ais2x3  B) Ais4x3 C) Ais7x7 D) Ais2x6

Answer:

A) rank(AY=2 nullity(A)R1

B) rank(A)S3  nullity(A)20

C) rank(A)<7 nullity(A)=0

D) rank(A)&2 nullity(AF=



Given that u= (3,2,-1), v=(4,6,2), w=(10,-10,0), z=(3,3,3)

1. Compute the following: (5pts each)

a)v-2w

v-2w=-32+20+12=0

b)(3u+w) - (v-u)

(Butw) - (v-u) = [3(3,2,-1)+ (10,-10,0)] - [(4,6,2)- (3,2,-1)] =(5,4,2) - (1,7,3)=5-28+6=-17
c¢) From the vectors u,v,w which are orthogonal to each other?
u-v=12-10-2=0

u-w=-12-4-3=-19

v-w=-16+10+6=0

Hence v and VyW are orthogonal

2. a) Compute: 4{|z+v|| (Spts)

4|\lz+v|| = 4]|(3+4, 3-5,3+2)|| = 4||(7,-2,5)|| = 4[49+4+25) = 4.//8
b) Find the vector x that satisfies 4x-z=2(x+w) (5pts)

4x —z=2x+ 2w

Xx=w+12z/2

x = (-5/2, -1/2, 9/2)

c¢) Solve the following system of linear equations: (5pts)

2u - (x,y,2)=4

2z - (X,y,2)=8

w - (x,y,2) =1

6x +4y—-2z=4

6x + 6y +6z=12

4x -2y +3z=1

6 4 =214 [1 1 1 ]2] [r 1 1)2] 11 1]2
6 6 6 |12|~16 4 -214|~]|0 2 818|~|0 1 4| 4 {~
-4 -2 3 |1 -4 -2 3|1 0 2 7|9 0 0 1}-1
(1 1 0|3 1 0 0|-5

01 0 8{~10 1 0O} 8 x=-5 y=8 z=-1

0 0 1|-1] |0 0 1]-1

3. Find the standard matrix for the linear transformation T defined by the formula
a) T(x1,x2) = (X2, 2X1+%X2, -X1-X2) (7pts)

Ox, + 2x,

2X1 + X,



0 1
2 1
-1 -1

b) T(x1,%2, X3) = (2X2, X1+X2, -X1-X3,X1+X2+X3) (8 pts)

0x; + 2%, + 0x3
X1+ x3 + 0x3
-X; + 0x5 + -X3
X1+ X2+ X3
0O 2 0
1 1 O
-1 0 -1
1 1 1

4. Determine whether the linear operator T:R®> —» R? defined by the equations is one-to-

one; if so find the standard matrix for the inverse operator, and find T'l(wl, w2, W3). (8pts)
a) w=3x-2y+z

wy=3y—z
w3 =X +2z
3 -2 1|1 00] [Tt o 2100 1] [t o 210 0 1
0 3 -1{01 0|~|0 3 -1/01 0|~|0 3 11]01 0]/~
|1 210 0 1 3 -2 11]1 00 0 -2 -5|1 0 -3
i 2 |0 0 1 1 0 2 0 0 1
-1/3 10 1/3 0 |~|0 1 -1/3| 0 1/3 0 |~
¥ |

1 -3/17 -2/17 9/17
0 6/17 4/17 -18/17
0{-1/17 15/51 9/51
|0 0 1]-3/17 -2/17 9/17

T! (W1, Wa, w3) = (6/17wy + 4/17w; — 18/17w3, -1/1Tw; + 15/51w, + 9/51ws, -3/17w) —
2/17w; + 9/17w3)

0
1
0 -17/311 2/3 -3
0
1

(7pts)

b)w, =x+2y

wy=-x+4y+z

w3 =2x +4y

1 20 1 2 0

-1 4 1]~{0 6 1| = Row of zeroes, therefore not one to one.
2 40 0 0 0



5. Prove the 2}\2 0 matrix is actually a vector space in My,
(15 pts)

Define addition to be matrix addition and multiplication to be scalar matrix multiplication.
0 0

u =

- 10 0

0 0 0 0 0 0 :
. utv= + = = u+v is an element of the vector space M.
00 00 0 0

5 +_00+‘00_00+00_Jr
P ! 0 0> [0 of |0 o] ¥
0 o] [0 o 00 00 0 0 0 0
3)- wHyw)= {o 0 ‘+([0 0]2+[o 0]3)=[0 o}ﬁ[o O}J{O o}z
(00+'0 o')+oo - @
0 of 1% o o] urysw
[0 0] [o o] [o 0} [0 o] {0 0} [o 0}
4). ut0= 1+ 0= =u;0+u= ot 1= =u
[0 0] 0 0 0 0 0 0] [0 O 0 0
5)u+(_!)=oo+_oo =00=007=0_(_!)+u=_00 N
= o o' 1o ol'" [o o] lo of =~ = o ol
[0 0] {0 0]
1= =0
0 0 0 0| ~

0 0 0 0] [0 O , .
6). ku=k 1=k = = ku is part of the vector space in My;.
- 0 0 100 00

7.k (ut+y) =k ( 0 0] + 00 ) k-o 0 +k0 0 ku + ky
. urv) = = =Ku
00| Y looo]' "o o)f T

0 0] 0 0
+m 2=ku+mu
0 0] 0 0

0 0 0 0 00 0 0
9)- km@) =k(m(} = ) =klm - P=km) o G=km( 1) =(mpu

—

0 0

oo
8). (k+m)u = (k + m) 1=k



00 00 0 0
1) 1u=10 = J=dl D=1y |72

.10 0 ) . .. .
Because the matrix [0 O] satisfies all ten axioms it is determined to be a vector space

and is denoted by 0.

6. Does the span of set S = {v, v, v3}where v; =(1,2,1), v, =(2,1,1), v3 = (0,1,1) equal the
span of set T = {w; w, w3} where w; = (14,16,5), w,=(7,9,4), w3 = (7,6,4) ?
(15 pts)

vi=kiw + kawa + kaws = (1,2,1) = ki(14,16,5) + k2(7,9,4) + k3(7,6,3)
(to save space and be more efficient solve for v; v, and v; simultaneously)

Equating the eqn.s yields : . \OOB(\'\ 9(}(7
Swne* \,CM/
14k;+7k,+7ks= (1,2,0) ’é £
16k, +9k,+6ks= (2,1,1) vy o oy
5ky+4k,+3ks= (1,1,-1) o ANCaY
\/ \Jb /{/
— N \,«CJJ\
14 7 7 NS B | ,\M'
6 divide R 5 f\ﬂ
o
s 4 3 X
(14 7 71120
16 9 62111
|5 4 3]1]1]|-1
(2 1 11{1/212/7] 0
16 9 6| 2 1 | 1 [{RI--8+R2, {R1--5/2 +R3
|5 4 3] 1 1 |-1
2 1 1 |17 |12/7]0
0 1 =-216/719/7 |1 [{R2--3/2+R3
0 3/2 1/2]9/14|-5/7| -1
2 1 1 1/7 2/7 0
01 =21 6/7 9/7 1 |[{R3-2/7
0 0 7/2|-9/14|-37/14|-5/2
21 1 1/7 2/17 0
01 -2| 6/7 9/7 1 [{R3--14R1, {R3-2+R2
0 0 1 [-9/49(-37/49|-5/7




16/49
24/49
-9/49
-4/49
24/49
-9/49

- o O = O O

o — O O = —

51/49
-11/49
-37/49

31/49
-11/49
-37/49

5/7 ]
-3/7
-5/7
4/7 ]
-3/7

~5/7,

{R2--14R1, {R1- 1/2

Since all three k’s for the linear combinations of the vectors w that will create all three
vectors v are nonzero we know that each vector in S is a linear combination of the vectors

inT.

We must now show that each vector in T is a linear combination of the vectors in S.

wi =kivi + kova +kavs
(to save space and be more efficient solve for w; w, and w3 simultaneously)

1 2 0147
21 11619
11 -1]5 |4
1 2 0] 14
0 -3 1 |-12
0 -1 -1] -9
1 2 0| 14
0 3 —-1] 12
[0 0 —4]-15
(1 2 0] 14
0 3 0|63/4
0 0 1]15/4
1 0 0] 7/2
01 0|21/4
0 0 1]15/4

7

6| {R1-1 +R3, {R1--2 +R2

3
717

~5 1 -8|{R2-1, {R33

~3|-4

717
518

—4|-4

_ N W = N

—_— W) e O

{R2+R3

{R3+ -4, {R3+R2

{R2+3, {R2-2 +R1

Since all three k’s for the linear combinations of the vectors v that will create all three
vectors w are nonzero we know that each vector in T is a linear combination of the

vectors in S.

v

Because both sets of vectors are linear combinations of each other the two sefs are equal.

7. Determine if the set S= {v; v, vs}where v, = (1,4,3), vz= (3,6,2), v5= (5,1,1) is linearly
independent or linearly dependent.

(15 pts)



You can rewrite the eqn.s to be: k;v;+k;v,+ksvs=0 which implies

Kl +3k2+5k3=0
4k +6k,+k;=0
3k1 +2k2+k3=0

{By row reducing this matrix we will be able to see if one of the variables becomes
solvable in terms of one of the other variables. If this is so then the set S is linearly
dependent and if not the set S is linearly independent.

1 35

4 6 1|{R1-4+R2, {R1--3+R3
3 21

(1 3 5

0 -6 —19|{R2--1, {R3--1

0 -7 -19

1 3 5

0 6 19[{R2-7, {R36

0 7 19

1 3 5

0 —42 -133|{R2+R3, {R2+-7
0 42 114

1 3 5

0 6 19 [{R3+R2, {R3+-19
0 0 -19

[1 3 5]

0 1 O0|{R3-5+R1, {R2+6, {R2:-3 +R1
0 0 1]

1 0 0]

010

0 0 1]

Because the matrix reduced to reduced row echelon form and did not yield any
vectors as scalar multiples of any other two vectors in the set we can conclude
that the set S = {v; v, v3} is linearly independent.



8. Determine the dimension of and a basis for the solution space of the system (15pts)

xt+ty +z =0

3x +2y-2z2=0
4x +3y- z=0
6x +5y+ z=0

Encode the equations in matrix form

1 1 130
3 2 =20
4 3 -1/0
6 51 |0
Row-reduce to
11 110
0 -1 =50
0 -1 =50
10 -1 =5/0
Which can be re-written as
11 10 _ . N
01 0} Making the equations 3-dimentional

Which can be reduced to {
1 0 -4l AN
| 01 510

Therefore the sptition vectors can be

~ X ) -f- 4t ) '\ AEQQ@W
y =t |= wJY
z t

Which shows that the vectors v, u, and w span-the solution space./
v=(2,2,00u=(0,2,1) w=(-2,1,0)1 pace _ V\Q
JB’ é \ ot OV

9. Find thY bases for the row and column space of A (15 pts)

1 2 -1 5

01 4 3
A=

00 1 -7

0 0 0 1

By theorem 5.5.6 the row vectors are
r=fl 2 -1 5]

rn=[0 1 4 3]

=0 01 -7]

r,=[0 0 0 1]



And the column vectors
=1 0 0 0]

c, =2 1 0 0]
c,=[-1 4 1 0]
c,=l5 3 -7 1]
Form a&column space of A

10. Find the rank and nullity of the matrix (15 pts)

1 4 5 6 9
3 -2 1 4 -1
-1 0 -1 -2 -1
2 3 5 7 8
Row-reduces to:

A=

1 4 5 6 97[1 45609
0 -14 —-14 —14 -28| |0 1 1 1 2
0o 4 4 4 8 |lo111 2|
0 -5 -5 -5 —10| o111 2

There are 2 leading ones, so row and column space
And the matrix is code for:

x, +4x, +5x, +6x, +9x, =0

X, +x,+x,+2x,=0

And solving foz the leading variables

X, =-r—-2s—§t
xzz—r—s—Zt

X, =r

X, =S5

X, =t

'x, ] [-1] [-2] [-5]
X, -1 -1 -1
X, |=r[ 1 |+s 0|+t O
X, 0 1 0
X5 0 0 1]

o O o -

8

C

4 569 I O
1 11 2

0000

0 00O
2-dimensional, rank (A) = 2.

:l“hr_ee VCCtOl’_S form the basis for the solution space, nullity(A) =3

\



1) Letu=(5,-7,3,0),v=(4,8,-3,5 and w = (-9, 0, 2, 1). Find:
a) Sw—-3u+2v
b) (w+2v)-3u
Solution
a) 5(9,0,2,1)-3(5,-7,3,0)+2(4,8,-3,5) =

(-45,0, 10, 5) — (15, -21, 9, 0) + (8, 16, -6, 10) = (-52, 37, -7, 15)
b) [(-9,0,2,1)+2(4, 8, -3, 5)} -3(5,-7,3,0) =

[(-3, 16, -4, 11)] - (12, -21, 9, 0) = (-15, 37, -13, 11)

2) Find the standard matrix for the linear transformation T defined by the formula:
a) T(x1, %2, X3) = (X1 + 7X3, X2, X1 + 3% + 9%3, X1)

b)  T(x1, X2, %3,%4) = (0, 0,0, 0)

Solution

~ -

a) 1 0 7

0 1 0
1 3 9
1 0 0

b)




3)

a) The linear operation T : R* — R? isdefined by the following equations.
x1=35y+2z
Xy = 4y +3z

Find T"! (X1, X2)

c) Is this one-to-one?

Solutions

a)

m=ls 2 [T=p17 -2/

4 3 4/7  5/7

T (X1, X2) = (3/7y — 2/7z, -4/ Ty + 5/72)

b) since the matrix is invertible T is one to one.



4) Determine whether vi=(1,2,3), vo=(2,0,2), v3=(3,2,1) span the vector space R3.

First, we must choose an arbitrary vector in R3, b = (by, by, bs) and determine if b
can be expressed as a linear combination of vy, v;, and v3: )

b =kvit+ kv +k3v3
=> (b1, by, b3) =ki1(1,2,3) + k2(2,0,2) + k3(3,2,1)

= (ki + 2ko + 3k3, 2k; + Oky + 2ks, 3k;+ 2k, +k3)
=> ki +2k;+3k; - by

2k; + 0ky + 2k3 = b,
3k; +2k, +k; =bs

Solve for the det (A) =0+12+12-(4+4+0)=16. Because A
has a nonzero determinant, v;=(1,2,3), v2=(2,0,2), v3=(3,2,1) span the vector space R3.

5) Determine whether or not the set is a vector space. If not, give at least two
reasons why that is the case:

The set of all 2x2 matrices of the form:
c ctd
1 0
No, this set is not a vector space.
1. If u and v were objects in V, (u + v ) would not be in V.
2. There does not exsista—u in V for eachu in Vsuch thatu +(-u)=(-u)+u=0.

3. Ifk is any scalar and u is any object in V, then ku would not necessarily be in V also.



(15 pts.) 6. Determine whether the vectors form a linearly dependent set or a linearly
independent set.

a) vi=(1,3,5,7),v2=(6,7,1,3) , v3=(4,3,8,5) (3pts)
b) vi=(1,3,8),v2=(6,2,9), v3=(5,-1,1) (3pts)
¢) vi=(2,3,-4),v2=(9,5,-2) ,v3=(-3,4,-14)  (Tpts)

Answers: \

WD
. -~
a) Linearly dependent because r& n. Theererrs33

b) Linearly dependent because v3is a linear combination of vi and v2. (v3= v2 -v1)
¢) Linearly independent:

ki*vi+ ka*v2 + ka*vi=0

ki1(2,3,-4) +k2(9,5,-2) +ki(-3,4,-14) = (0,0,0)

2ki+9ka- 3ks =0 29 300 ) (K
3ki+Ska+4ks =0 = 3 5 410 = | ko
-4ki1-2k2-14ks =0 42 -14 |0 k3
/ q
29 310 2 9 310 Y
35 410 row3 — 2rowl [ 3 5 410 2row2 — 2rowl
.4 -2 -14]0 _J 0 16 -8/0 _J
2 9 3 00 2 9 310 )
0 -17 -17 0| factor-17 from row 2 [O 1 110 row3 — 2rowl
. 0 16 -8 0. factor8 fromrow3 0 2 -110 J
2 9 3]0 0 factor 2 from row 1 1 972 -372] 0
[0 1 110 [ 0 1 110
0 0 -310 . factor-3 fromrow3 0 0 110/

k3=0, ke=-k3=0,ki=-9/2k2+3/2ks =0+0=0s0, ki=0,k2=0,k3=0;
The system has the trivial solution and no vector is expressible as a linear
combination of the other vectors. Therefore, the set of vectors is linearly independent.

oX
(15 pts.) 7. Find the coordinate vecto? relative to the basis S ={ p1,p2 ,p3}
P=6+2x-4x?;p1=2+-3 x+x*,p2=3+9x +7x% ,p3=-8 -x + x?

7
Answer: p=cipi+c2p2+c3p3 oL (o> Sro~ Nl

238 |6 a)— " 23 8 | 6

39 -1 2 c2 row2 +rowl| -1 12 -9 {10 | row2 -row3

1 7 1 -4 c3 row3 -rowl\ -1 4 9

-10




-8
-18
-1 4 9

-8
-2
12

0 0

So, p%(122/27 ) - (827 x +(42T) x4 ( _Q)gﬂqxz

6 )
-10
-10/

6 ™
10/9

16/

factor 9 from row 2
2row3 + rowl

2 3
[o 1
0 11

1
{o
0

factor 2 from row 1
factor 12 from row3

-8 6

-2 -10/9} row3 — 11row?2
-10] -14

32 -4 3 c1=122/27
1 -2 -10/9} c2=-38/27
0 1 |-4/27) c3=-4/27

()

(15pts) 8. Determine whether the following functions are linearly dependent or
linearly independent using the Wronskian of the functions.

fi=2x3,f£=x3
Answer:

W) = | 2x3

6x3

3x?

X3

det (W(x)) = 6x5 — 6x"5 = 0 for all x.

No conclusion can be drawn.*‘\(w\_

M Ween o Kis,
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#9). Find bases for the row and column spaces of

1 3 4 2 5 4
A= 2 6 9 -1 8 2
2 6 9 -1 9 7

-1 3 4 2 5 4
Because we know that row operations don’t change the row space of a matrix, we can
row reduce A to find a basis for the row space of A.

1 3 4 2 5 4
A(row reduced) = 0 O 1 3 '2 "6
0 o0 o0 0 1 5

0 0 0 0 0 0
Since we know that the non zero row vectors of A form a basis for
the row space of A the basis vectors are:

R'= [1 3 4 2 5 4]
R°= [0 0 1 3 -2 -6]
R°= [0 0 0 0 1 5]

To find the column spaces we look at the columns that contained leading ones in the row
reduced from of A, this was columns 1, 3, and 5. So we look at the first, third, and fifth
columns of A to get the column basis vectors, which are:

Cl =

C3: C5:

1
2
2

O O
\O 00 W

-1 4 5]

#)0). Find the rank and nullity of the matrix

1 2 0 4 5 3

A= 37 2 0 1 4
2 5 2 4 6 1
4 9 2 4 -4 7

The Row Reduced echelon form of A is



-4 28 -37 13
2 -12 -16 5
0 o0 o0 O
o 0 0 O

A(row reduced) =

SO~ O

1
0
0
10
Since there are only two rows with leading 1’s the rank of A = 2. In order to get the null

space of A we have to solve the equation Ax = 0. So one way to solve it is to augment
the original matrix A with a row of 0’s and row reduce this gives us.

1 2 0 4 5 3 0

A= 37 2 0 1 4 0
2 5 2 4 6 1 0

4 9 2 -4 4 7 0

And when row reduced goes to

1 o -4 28 -37 13 0
0 1 2 -12 -16 5 0
o o o0 o o0 o0 O
o o o0 o o0 0 o0

A(row reduced) =

From this matrix we have

X1 -4X3 - 28X4 - 37X5 - 13X6 =0
Xy ~2X3 - 12%4 - 15x5+ 5% =0

Thus if we substitute in we can se that

X; =4r+ 28s + 37t - 13u
Xy =2r+12s + 16t -5u
X3 =T

X4 =S

X5 =t

X6 =U

We can see that there are four parameters so the nullity (A) = 4. This can be seen easier if
we rewrite the solution as

[44] [28] [-13] [-13]

(2] [12] [16] [-5]

[1] [0] (0] (0]

X = r[0] + s[1] +t [0] +u [0]

(0] [0] [1] [0]
[0] (0] [0] (1]

The four column vectors on the right hand side of the equation form a basis for the
solution and so our null space for A =4



Group Members:
Mike Miner, Brook Bromiley, Michael Gardener, Tyler Lefevor, Stephen Atkinson

1. Foru=(2,1,2,0),v=(-4,0,-3,0,w=(12,2.4)

Evaluate the following.

a) |4u+ 3v-2w|

b) |2ul+5lv+wl ~ AP IR N

) ,QWH ~- & liwil
ul i
SOLUTION

a) 4u+3v-2w=(-6,0,-5,-8)
N (-6)2+02+ (-5)2+ (-8)2 = 5V 5
b) 2u=(4,2,4,0) v+w=(3,2,-1,4)
N2 2242+ 0% + 52V (c3)2+ 22+ (-1)2+42 = 6+5V 30

c)
6 6
[[u]]=3 5> — = =2 - 2W=(2,4I4I 8)
up 3
vV 22,42,42+82 =10
10 pts

2. Letu = (3,4, 2).Find the magnitude of the orthogonal projection of u onto the xy Plane.

SOLUTION
u=03,4,2)
1 00
[T] for an orthogonal projection onto the xy plane =0 1 0
0 00
1 0 0}3 3
0 1 0|4 |=|4|The resulting matrix w is the orthogonal projection on the xy plane.
0 0 0j2] {0
w=(3,4,0)
The magnitude of w is expressed |w]|=+/(3)* +(4)’
Iwl| =5

10 pts



3. InR?, rotate the vector (\/5 ,2,6) 30 degrees about the z-axis and then reflect it about the
origin.

SOLUTION
Rotating a vector about the z-axis is the same as multiplying the vector by the standard
matrix for rotation about the z-axis.

cosf@ —sinf 0

Standard matrix is | sind cos8@ 0
0 0 1

Right multiply vector into standard matrix ‘with degrees.u

cos30 —sin30 0][+3]| [
sin30 cos30 0| 2 |=|3
0 0 1] 6 6

343

Now take this vector (%,—2—,6) and reflect it about the origin by right multiplying it into the

standard matrix for reflection about the origin in R’.

-1 0 0

Standard matrixis | 0 -1 0

0 0 -1
-1 0 0} 3 g
0 -1 o[ |=|28
0 0 -1{}6 -6

The image of the vector (\/3 ,2,6) rotated 30 degrees about the z-axis and then reflected

about the origin is (:21,——3‘—2—\/3,—6)

15 pts



4. Determine if the linear operator T: R® > R for the followmg equations is one-to-one; if it is
find the standard matrix for the inverse operator, and find 7! (w1, wa, w3).

a) wi= 2x; + 3x2 + 2x3
wy = 3x; + 3xp + 4x3
wy= 1Ix; + 1xp + Ix3

b) wi= Ixq + 3x, — Ix3
wy = 0x; + 2xp — 1x3
wy= 1x; + 1x; + 0x3

c) wi= 4x; + 0x; — 3x3
wy= 1Ix5 + 1xp + 1Ix3

wy= -3x;7 + 0x; + 2x3

SOLUTIONS

a)
2 3 2y- 232100 100-1-1 6 -1 -1 6
{334 334010]-)[01010—2)-){10—2]
\11 1) (111001 \o0o1 0 1 -3 {0 1 -3)

one-to-one, 7! (w1, wa, w3) = (-1w; —1wy + 6ws3, 1w —2ws, lwy — 3ws)

b
) 13 -1 13 -1100 110 1 -10

0 2 -1 102 -1 01 0] 102 -1 0 1 O0]- notinvertable
{11 0 \11 0 001 ft00 0 -1 1 1)
not one-to-one

c)

4 0 -3 4 0 -31 100 -20 -3 -2 0 -

1 11 -|/1 1 10 1 0 - [0 10 5 1 7 ) 5 1 ]
\-30 2) {-30 2 00 1) {001 -3 0 -4 -3 0 -4)
one-to-one, 7! (wy, wa, w3) = (- 2wy = 3ws, Swi+ 1wy + Tws, 3wy — 4ws)

15 pts

5. Determine if the set of all triples of real numbers (x, y, z) with the following definitions of
addition and matrix multiplication is a vector space V.

(X,y,2) + (X, ¥, 2) = (x+x’+1, y+y’+1, z+z’+1) and k(x, y, ) = (Zkx, 2ky, 2kz)
SOLUTION
False...Due to axioms 9 and 10

Letu=(x,y,z),v=(a b,c)andw=(d, e, )



Axiom 1: u +v is in vector space V True:
(X, y,2) + (a, b, ¢) = (x+a+l, y+b+l, z+c+1l) isin V.
Axiom 2: u+v=v +u True:
(x,y,z) + (a, b, ¢) = (xta+l, y+b+1, ztc+1)
(a, b, ¢) + (X, y, z) = (atx+1, bty+1, c+z+1)
Axiom 3:u+ (v+w)=(u+v)+wTrue:
(x,5,2)+ ((a, b, ¢) + (d, e, )) = ((a+d+1)+x+1, (bte+1)+y+1, (ctf+1)+z+1) =
(atd+x+2, brety+2, cHf+z+2)
((x,¥,2) + (a, b, c)) + (d, e, ) = ((x+tatl)+d+1, (y+b+1)+e+l, (z+e+1)H+1) =
(x+at+d+2, ytb+e+2, z+c+{+2)
=> (a+d+x+2, bte+y+2, c+f+z+2) = (x+a+d+2, y+bret+2, z+c+f+2)
Axiom 4:u+0=0+u=u True:
(X: y. Z) + ('1’ '19 '1) = (Xs Y. Z)
('L '19 "1) + (Xv Y, Z) = (Xs Y, Z)
Axiom 5: u +(-u) = (-u)+u = 0 True:
(x,y,z) + (-x-1, -y-1, -z-1) = (0, 0, 0)
(x-1, -y-1, -z-1) + (x, ¥, 2) = (0, 0, 0)
Axiom 6: ku is in the vector space V True:
k(x, y, z) = (2kx, 2ky, 2kz) isin V.
Axiom 7: k(u + v) = ku + kv True:
ku = (2kx, 2ky, 2kz)
kv = (2ka, 2kb, 2kc)
ku + kv = (2kx+2ka, 2ky+2kb, 2kz+2kc)
k(u + v) = (2k(x+a), 2k(y+b), 2k(z+c)) = (2kx+2ka, 2ky+2kb, 2kz+2ke)
Axiom 8: (k + m)u = ku + mu True:
(k + m)u = 2(k+m)x, 2(k+m)y, 2(k+m)z) = (2kx + 2mx, 2ky + 2my, 2kz +2mz)
ku + mu = (2kx, 2ky, 2kz) + (2mx, 2my, 2mz) = (2kx+2mx, 2ky+2my, 2kz+2mz)
Axiom 9: k(mu) = (km)u False:
mu = (2mx, 2my, 2mz)
k(mu) = (2k(2mx), 2k(2my), 2k(2mz)) = (4kmx, 4kmy, 4kmz)
(km)u = (2kmx, 2kmy, 2kmz)
Axiom 10: 1u = u False:
lu = (2x, 2y, 2z) doesn’t equal u

15 pts

6. Let vy, va, v3be the vectors (A, 0, 3), (0, A, 1), and (1, 1, &) respectively in R®. For what
values of A do the vectors vy, v, v3 form a linearly dependent set?

SOLUTION
The set is dependent when the equation Ax = 0 has non-trivial solutions or in other words,
when the determinant of the matrix A equals zero.

Y W\AQ.

Augment matrix A with constants ky, Kz, k3./




k])»+0k2+1k3:0
Ok, + Mky + 1k3;=0.
3ki+ 1 ka+A k3= 0

Using the shortcut to calculate 3x3 matrices and setting the determinant equal to zero,
A 0 1

0 4 1= A +©O)DH3)+ (DO~ (DBD - (1)) A1)~ (0)(O0XA) =
31 4

P —41=0
MA2—4)=0

This has solutions when Ais 0 or £2
This set of vectors is linearly dependent when Ais 0, 2, or -2.

15 pts

. Show that the following form or do not form subspaces pf the given set.

SOLUTIONS
a) All vectors in R? of the form (a, b, ¢, d, e, ) wherea+b+c+d¥re+f=1
(a,b,c,d, e )+ (a,b,c,d, e f)=(2a,2b, 2¢, 2d, 2e, 21)
2a+2b+2¢c+2d+2e+2f=2

Therefore this is not a subspace

Also, 5 07
k(ab,c.de Dfk@+b+rc+d+e+rnH=k1) — )

b) All 3 x 3 matrices A in M3 3 such that det(A) # 0
010(+/0 -1 0(=]000

\001)\070—1} {0 O
Therefore not

(100 -1 0 O (000

¢) All fin F(-00,00) such that f(3) = 5 Oy W

/
f; + £, =fi(a) + H(a) ... fi 3) + £(3) ... fi(n) + f2(n)
=a..+(5+5.. .+

=a ...+t10... .+
Therefore not a subspace )

r



d) All polynomials in P4 of the form ap + a;x + a2x2 + a3x3 + a4x4
for whichay = a4 = 0
ap + a;x + 0x? + asx° + Ox* +b0+b1x+0x +b3x + 0x*
= (ap+bg) +(a;+b)x+ 0x’ + (a3 + b3)X +0x*
and
k(ao+a]x+0x +ax +Ox)
= kag+ ka;x + 0x2 + ka3x + 0x*
Therefore this is a subspace

20 pts
. Determine the dimension and a basis for the solution space of the system
Ix; — Ixp; + 1x3=0
2x; — 2xp + 6x3=0
-3x; + 3x; - 9x3=0
SOLUTION
-1 3 1 - X3
2 2 5)-fo o o] =]
{-3 3 -9/ {0 0 0/ \x3)

X -%X+3%x3=0, X3= %-3%x3, xy=8-3t

=8
x3=t
SO

x) s-3t s -3t 1 -3
[x;g]:[ s ]:(s\|+( 0]:5[1]+t[0)
\xs/) \ ¢t ] (0] \ t ] \0) \1)
SO

o[ 1) antse 0 |

\0) . \ 1) \
are a basis and dimension 2

10 pts

. Identify the following solution subspaces of the homogenous lmear systems as the origin {0},
a line through the origin, a plane through the origin, or all of R’.

-2 -6 4 1 -6 2 2 4 8 9 3 12
3 5 2 2 -9 13 3 9 27 1 1/3 4/3
b c) d
5 18 -7 -4 21 17 4 16 64 3 1 4



SOLUTIONS

-2 -6 4] 1 3 -2 1 3 13 2 1 3 2
3 5 2 3 5 2 0 -4 8 01 -2 01 -2
a) > 2> 2> 2>
5 18 7] 5 18 -7 0 3 3 0 3 3 0 0 9
13 2 1 3 0 1 00
0 1 -2 010 010 , )
> > > thus x=0, y=0, z=0 and the solution space is
0 0 1 0 0 1 0 01
simply the origin or {0}.
1 -6 2 I -6 2 1 -6 2 1 -6 2
2 -9 13 0 3 9 0o 1 3 0 1 3
b) > 2> 2> 2>
-4 21 -17 0 -3 -9 0 -3 -9 0 0 0
1 0 20
0 1 .. . . . .
0 0 so x=-20t, y= -3t and z=t. This is the equation of line through the origin.
2 4 8 1 2 4 1 4 1 2 4 1 2 4
39 27 3 9 27 0 3 15 1 5 0 1 5
> > 0 > >
4 16 64 4 16 64 0 8 48 0 8 48 0 0 8
1 2 4 1 20 1 00
015 010 010 ) .
> > so x=0, y=0, z=0 and the solution space is only the
0 0 1 0 0 1 0 0 1
origin, in other words {0}.
9 3 12 1 1/3 4/3 1 1/3 4/3
1 1/3 4/3 1 1/3 4/3 0 O 0 .
d) > > this is a plane that goes through
3 1 4 3 1 4 0 0 0

the origin with 9x3‘3y3‘ 12z=0 = ’5‘/‘%“5\."\3’/

20 pts



.
ox !
10. Determine if the following are bases # R®. If they are, prove them to span R’ and be linearly
independent. If not, show that they do not span R’ or express them as linear combinations.
a) v = (1’ 47 3) A\ (5, 79 8) V3= (63 '2’ 4)
b) vi=(2,7,4) v»=(6,-8,3) v3=(6,5,18)
¢) vi=(6,-5,7) v»=(1,4,3) vi=(5,9,1)

SOLUTIONS

= 1((7*4) —

A

Cu\,\\'
(-2*8)) — 5((4*4) — (-2*3)) + 6((4*8) — (7*3)) = 1(28 +16) — 5(16 +6) + 6(32 — 21 \= 44 - ((y}’
110 + 66 = 0. Thus, these three vectors do not span R’.

47 -2 4
a)vi=(1,43) v»=(5,7,8) vi=(6,-2,4) > s g 4 _)detB

1 5 6 1 5 6 1 5 6 1 5 6 1 -4
4 7 -2 0 -13 -26 0o 1 2 01 2 01 2
So > > > >
3 8 4 0o -7 -14 0 -7 -14 0 0 0 0 0 0
S0 v3= -4v|+ 2vy
-2 6 6
7 -8 5
by vi=(-2,7,4) v>=(6,-8,3) v3=(6, 5, 18) - det A3 18 = 2((-8*18) — (5*3)) -

6((7%18) — (5%4)) + 6((7*3) — (-8*4)) = -2(-144 — 15) — 6(126 — 20) + 6(21 +32)
= -2(-159) — 6(106) + 6(53) = 318 — 636 + 318 = 0 50 it is not a basis because it is not

independent and does not span R’. \ C V\\(,« w\‘v\(" y r.&;wﬂ\/x

-2 6 6 1 -3 -3 1 -3 -3 1 -3 -3
7 -8 5 7 -8 5 0 13 26 0 1 2
-> -> >
4 3 18 4 3 18 0 15 30 0 15 30

1 -3 -3 1 03
0 1 2 01 2

> S0 3vy + 2vy = vs.
0 0 0 0 0 0



6 1 -5

c)vi=(6,-5,7) vo=(1,4,3) v;=(-5,9,1) = det —75 : ? = 6((4*1) - (9*3)) - I((-

5%1) — (9*7)) + -5((-5*3) — (7*4)) = 6(4 —27) — 1(-5 — 63) + -5(-25 - 27) = -138 + 68
+ 260 = 330 which doesn’t equal 0. So the vectors do form a basis because there are

three vectors and three variables and their determinant is not equal to 0.

20 pts



Problem 1
For the vectorsu=(2, 3,6)andv=(5, 1, 3)
a) Find the norms of u and v.
b) Find the Euclidean inner product of u and v.
¢) Verify the Cauchy-Schwarz inequality for u and v.

Solution 1

) ju] = V2% +3% +6* =V4+9+36 =49 =7
a
Iv|=v5% +1> +3* =25+1+9 =35

b)u-v=(2%5)+@*)+(6*3)=(10+3+18) =31

¢) Cauchy-Schwarz states: ‘u v < "u” * ||v||

31 <7%+35
31| < 7*5.92 so it does.
31<41.41

So,

Problem 2
a) Find the standard matrix for the linear operator that rotates a vector in R®
through an angle of 270 about the z-axis. b) Then use the standard matrix
from abovéTind the image of the vector’,v = (5, 1, 3) after the rotation above.

Solution 2
w, = xcosf — ysinf cosf —sinf Ofx
a)w, =xsinf+ ycosd = |sinf cosf O)y|=
W, =2z 0 0 1]z
c0s270° —sin270° Of x 0 1 Of«x
sin270°  ¢c0s270° Ofyi=|-1 0 Ofy
0 0 1|z 0 0 1}z
0 1 05
b)|-1 0 0|1|=]1 -5 3]isv after undergoing the rotation.
0 0 1}3
Problem 3

Show whether the following transformations such that T: R® —R? are linear
transformations, show why or why not.

a) T(x,vy,z) =(5x-z, 3y+x)

b) T(u, v, w) = (1+u, 0)

¢) T(a,b,c)=(3b,¢)



Piad o

L -
Solution 3 vl \ W VX
Using Theorem 4.3.2: e cx ((t,f W \)(
a) Letu=(1,2,3)andv=(2,2,2) "\/L’(OO\V‘“\VV’D VoW

T(u+v) = T(u)+T(v) so
T(ut+v) =T(@3, 4, 5) = (15-5, 12+3)
T)+T(v) =T, 2, 3)+(2, 2, 2)=(5
Also required is for T(ku)=k*T(u).
Tku)=T(k, 2k, 3k) = (2k, 7k3.
k*T(a)=k(2, 7) = (2k, 7k).
So this is a linear transformation.
b) Using the same values for v and u.
T(utv)=T3,4,5)=(4,0)
T(u)+T(v) =T, 2, 3)+2, 2, 2)=(2, 0)+(3,0)= (5, 0)
T(u+v) # T(u)+T(v) so it is not a linear transformation.
¢) Using the same values for v and u.
Ttv)=T(@3,4,5)=(9,5)
T@)+Tw) =T(1, 2, 3)+(2, 2, 2)=(3, 3)+(6, 2) =(9, 5).
Tkku)=T(k, 2k, 3k) = (3k, 3k).
k*T(u)=k(3, 3) = (3k, 3k).
So this is a linear transformation.

= (10, 5).
3, 6+1)+(10-2, 6+2) =(2, 7)+(8,8)=(10,15).

) O\CUV\'V\X’e\/

WV\AQ\Z/ '

Problem 4

Determine if the set (X, y) is a vector space with the operations
x, ) +(x,y)=(x+x",y+y)and k(x,y) = (2kx,2ky), if the set is not a vector space
state which axioms do not hold.

Solution 4
Not a vector space; axioms 9 and 10 do not hold.
Axiom 9: k(mu)=(km)(u), letu=(1, 1), k=2, m=2.
k(mu)=2(mu)=2(4,4)=(8,8).
(km)(u)=4(1,1)=(4,4) and (4,4)#(8.8), so this axiom fails.
Axiom 10: lu=u. letting u = (1, 1) again,
(1m) = (2*¥1*1, 2*1*1) = (2, 2) # (1, 1) = u, so this axiom also fails.

Problem §

Determine whether the solution space of the system Ax = 0 is a line through the
origin, a plane through the origin, or the origin only. Ifit is a plane, find an equation that
defines that plane; if it is a line give the parametric equations.

-1 3 2 -1 5 4

ayA=[2 1 4| b)B=|{-3 15 12
-4 50 -2 10 8



Solution 5

-1 3 2 1 -3 =2 1 -3 -2 1 0 10/7
a) A=| 2 1 4{~|0 7 8 |~{0 7 8 {~|0 1 8/7|Therow
-4 5 0 0 -7 -8 0 0 0 0 0 0
x —10/7¢

of zeros means this defines a line, so setting z=t, y+8/7z=0, x+10/72=0. y= -8/7¢

Z t

-1 5 4 1 5 4 1 5 4
b) B={-3 15 12|~|-1 5 4|~|0 0 0] Constitutes a plane, x-5y+42=0
-2 10 8 -1 5 4 0 0 0

Problem 6
Consider the vectors u = (-1,2,4) and v = (0,4,8) in R>. Determine whether w =
(4,2,4) is a linear combination of u and v.

Solution 6

(452’4) = kl('1’274) + k2(0a458)
(4,2,4) = (-ky + 0ky, 2k, + 4k;, 4k; + 8ks)

Equating corresponding components gives
k1 +0k2=4
2kl +4k2=2
4k1 +8k2 =4

Solve the system using Gaussian elimination

-1 0 4/ |1 0 -4} |1 0 -4 11 0 -4
2 4 2|~|2 4 2 |~/0 4 10(~0 1 5/2
4 8 410 0 O 0 0 O 00 0

ki=-4,k;=5/2
therefore

w = -4u + 5/2v



Problem 7

s3 1

By usingthe Wronskian method, determine whether the functions f; = 1, f, = x-3,
f; =/x%+10, and f; = sinx form a linearly independent set of vectors in Ca(- 00, 0).
Selution 7

1 x-3 x*+10 sinx

0 1 2
W(x) = * CO_S ¥l = -2¢08X

0 O 2 —sinx

0 O 0 —COSX

f;, f>, f3, and f; form a linearly independent set because the Wronskian does not equal
zero for all x in the interval (-00,0).

Problem 8
Determine whether the vectors a = (1,-1, 3), b=(-1,4,-6),and ¢ = (2, 3, 1) form a
linearly dependent set or a linearly independent set.

Solution 8
First form a system of equations using a, b and c.
X-y+2z=0
-Xx +4y+3z=0
x+2y-z=0
Using these equations set up a matrix (the zero vector is excluded) and row reduce

1 -1 2y 1 -1 2 1 0 11/3

~1 4 3|~{0 3 5 {~{0 1 5/3 | Because thereisarow of zeros, z will be
3 -6 1 0 -3 -5 0 0 O
a free variable; which means these form a linearly dependent set.

Problem 9

Letv; =(1,8,0),v2=(5, 6, 1), and v3 = (4, 2, 5). Determine whether the set
S={v),v,,v3} is a basis for R3.

Solution 9 VA
Show that the vector b = (b, b,, b3) can be expressed as a linear combination.
9(/\)‘(1/\/ L/7‘

. T HESSN
b =cv; + cv; + c3v; of the vectorsin S — ¥ 2 i

(blybz,b3) = C1(1,8,0) + 02(5,6,1) + 03(4,2,5)



c + 5C2 + 4C3 = b1
8c; +6¢c,+2¢3=by
c2+5¢3=bs

To determine whether S is linearly independent, we must show that the only solution of
cvitewvatevi=0 V5 w\'\,}(’?'

4111 5 4 15 4 1 5 4 15 4

2{~|0 -34 -30|~{0 1 15/17{~[0 1 15/17|~/0 1 15/17|~
5010 1 5 01 5 0 0 70/17} |0 O 1
0
0
1..

O = O = N

S is linearly independent; therefore S is a basis for R’

Problem 10

C‘)\ AV~
Determine whether b is in the wgetOr space of A, and if so, express b as a linear
combination of the columns of A.

1 2 4 15 1
P e e N

2 4 17/2 31 2

-1 -1 0 -3 3
Solution 10
1 2 4 1sh1 o2 4 15p] 1o -2 19
-2 -5 11 =372| lo -1 =3 74| |0 1 3 7-4
> 4 17/2 31R|{ o o 12 1lo| jo o 12 1o}
-1 -10 0 -3j3) lo 1 4 124] [0 0 1 58
1 0 0 59 1 0 0 0-13/3
0 10 1-4 ~ 0 1.0 0-20/7 itisinthey;e()\t;rsvl;ace.
001201} o0 1 0-16/3
000 38) (000 183




proves that was a linear combination of the columns of A.

K

2 4 15 -13 40 64 120

20 5 16 -11 +§ -37 _1 26 B -100 B ~176 . - 296
314 3417/21 3} 31 311 -26 80 136 248
-1 0 -3 13 -20 0 —-24



1) If u and v are vectorsin R* with the Euclidean Inner Product, then

“z_: + _\3“2 = "11”2 + "3"2 if and only if vectors # and v have what relationship?

Solution:
Vectors # and v must be orthogonal. So, uev =0

)

2) Use vector arithmetic and Euclidean properties‘to solve the find the solutions to the
following vectors given that u = (5, 7, O,M—4, 3)v=(0,-10,2,1,7Y)w=(3,2,9,-1,0) and
k=1/3. — w\ X Awt_é Wiy Seaege Y W\e“‘h"]

a) k(u-v) (3 points)
b) k(u-v) (3 points)
¢) Euclidean distance d(u,w) (4 points)

Solutions:
a) (5/3, 1773, -2/3, -5/3, -4/3)
b) -53/3

c)«/15—7

Check:

a) k(u-v) = 1/3 x ((5-0), (7+10), (0-2), (-4-1), (3-7))
=13x (5,17, -2, -5, -4)
=(5/3, 17/3, -2/3, -5/3, -4/3)

b) k(u'v) = 173 x ((5)(0) + (7)(-10) + (0)2) + (-4)(1) + 3)(7) )
=1/3x (0+-70+0+-4+21)
=1/3 x (-53)
= -53/3

¢) d(u,w) = [Ju-w|| =/(5=3)>+(7 —2)2-H0 - 9)2 + (-4 + 1)2+ (3 - 0)?
= 22+ 52 H=9)2 + (-3)2 + 32
=J4+25+81+9+9
=157

3) A. Match the following matrices with the operation(s) they perform.

kK 0 0 1 0 0 cosd -—-sinfd O -1 0 O
A=|0 £ O B={0 1 0 C=|sinfd cosfé@ O D=0 1 0
0O 0 % 0 00 0 0 1 0 0 1



1. Counterclockwise rotation about the positive z-axis through an angle & .
2. Orthogonal projection on the xy-plane.
3. Reflection about the yz-plane.

4. Contraction with factor k on R*

3) B. Find one matrix to perform all of the following linear transformations (in order):

counterclockwise rotation about the positive z-axis through an angle /2, followed by
reflection about the yz plane.

Solution (A)

1.C

2.B

3.D

4. A

Solution (B)

cosd sind O0f|-1 00| |—-cosfd —sinf O
sind cos@ O} 0 1 O|=|-sinfd cosfd O
0 0 10 0 1 0 0 1

4) Determine the Matrix [T] which corresponds to the following transformations:

a. T :R*->R? projects a vector orthogonally along the y-axis, reflects about the x-axis,
and then dilates the vector with a factor 3.

b. T :R’>R? projects a vector orthogonally onto the xy-plane and then reflects the
vector about the xz-plane. M
: \ — \ ~
Solution ‘I\,\ XS BN U\’\ &"‘”X (v N\K’
‘e
Moo N

0O 0 _ 5
2l 5|

a. We use theorem 4.3.3 to examine the columns of the matrix T that correspond to
the unit vectors. Thus:

: R .
The x-vector given by the column matrix {O} is projected orthogonally along the



0 . .
y-axis, which transforms the vector into [0} , 1s then reflected about the x-axis, which
. 0 . 0
transforms the vector into 0 and then dilated to ol

0
The y-vector given by the column matrix [lil is projected orthogonally along the

. ) . 0} . ) .
y-axis, which transform the vector into L} , is then reflected about the x-axis, which

‘OJ , and then dilated to F_OJ : ' \J’\u“\ /
O
0 } . {o 07 YY) ™

r il
-3 0 -3
b. We use theorem 4.3.3 to examine the columns of the matrix T that correspond to
the unit vectors. Thus:

transforms the vector into [

0
So the solution [T] is given by [0

1
The x-vector given by the column matrix | O |, is projected orthogonally onto the
0
1
xy-plane, which transforms the vector into| 0 |, is then reflected about the xz-plane,
0
-1
which transforms the vector into | 0
0
0
The y-vector given by the column matrix | 1 |, is projected orthogonally onto the
0
0
xy-plane, which transforms the vector into| 1 |, is then reflected about the xz-plane,
0
0

which transforms the vector into | 1 |.
0



0
The z-vector given by the column matrix | 0 |, is projected orthogonally onto the

1
0
xy-plane, which transforms the vector into| 0 |, is then reflected about the xz-plane,
0

0
which transforms the vector into | 0.

P
0 W;i\i}(w/‘

7 e
-1]10]0 -1 0 0
So the solution [T] is givenby | O |1 |[0|or| 0 1 O
0|00 0 00

5) Determine whether the linear operators defined by the following equations are 1 to 1.
A. B. C.

W, =10x, —5x, +3x,

W, =16x, +4x, W, =2x, +4x,

W, =3x +2x, +x,
W, =4x +x, W, =-2x, +2x,

W, =-20x, +10x, - 6x,
Answer

A. Not one-to-one (det = 0)
B. One-to-one

C. Not one-to-one (R.R.E. form #7)

Check— 4,(}@(/‘% '

e

A. We begin by putting the\ operation in matrix form:

4

defined by the matrix aren’t one-to-one. For this matrix, det 4 = (16)(1) —(4)(4)=0.
Therefore the operations aren’t one-to-one.

16 4 .
{ J . By deﬁ-n\rt%nm& the determinant of the matrix = 0, the linear operations

B. We begin by putting the operation in matrix form:

2 4
[ 5 2} . Changing to reduced row-echelon form:



|

2 4
-2 2

}

2 4
0 6

}

~

2 4 2 0 1 0
~ . Therefore, by definition this linear
01 01 0 1

operator is one-to-one since it’s reduced row echelon form is equal to 7/,

C. We begin by putting the operation in matrix form:

10 -5 3

3 2 1 |. Changing to reduced row-echelon form:
-20 10 -6
10 -5 37 [10 -5 3

3 2 1 |=|3 2 1}... Sincethereduced row echelon form of the matrix
-20 10 -6/ [0 0 0

isn’t equal to 7/, the linear operator isn’t one-to-one.

6) Determine if the following are real vector spaces. If not, show why. (2 points each)
a) The set of all real with standard addition and multiplication operations.
b) The set of all real numbers > 0 with standard addition and multiplication operations.

c) The set of all 3 tuples of real numbers of the form (0, x, x*) and standard operations.
01 x

d) The set of all 3x3 matrices of the form {0 1 y | with standard matrix addition and
01 ¢z

scalar multiplication.

e) The set of all 3-tuples with the operations (a, b, ¢) + (d, e, ) ={(a-d), (b-¢), (c-f)) and k
(a, b, c) =(ka, kb, ¢).

Solutions:

a) Yes, a vector space.

b) Not a vector space, no zero vector, no negative, and does not follow scalar rule for 0.
c) Not a vector space, does not follow addition rules.

d) Not a vector space, does not follow additive identity, zero vector property, negative
identity, or scalar identity. 0

!
e) Yes, a vector space.— . ] — mkc\ M V\/\— CU\MWW\/A\PVQ/



7) Which of the following are subspaces of R*
a. all vectors of the form (a, b, ¢, d) wherea+b+c+d=0
b. all vectors of the form (a, 1, b, 0)
c. all vectors of the form (a, b, ¢, 0) wherea-b+c¢=0

d. all vectors of the form (0, 0, 0, 0)

a) Subspace
b) Not a subspace
¢) Subspace
d) Subspace

Gheek\C? ‘)\V"B( \V\’}s
In order to be a subspaceu, vE Wandu+v € Wand (klJu €EW.
a.u=(a,b,c,d)yandv=(f, g, h, i) and atb+c+d = f+g+h+i =0
Thus, u+v=(a,b,c d)+(f g h i)=(a+f btg, cth, d+i) and
. .
atbt+ctd+f+gth+i = 0 = (at+f) + (b+g) + (c+h) + (d+i). Thus,u+v € W, and
u=(a, b, c, d), so(ku =k (a, b, c, d) = (ka, kb, kc, kd) and

(katkbtkctkd) =k (a+b+c+d) =k(0) =0, so (k)u € W. So part a is a subspace.

b.u=(a, 1,b,0)andv={(c 1, d, 0)
Thus, u+v=(a, 1,b, 0) + (c, 1, d, 0) = (a +c, 1+1, b+d, 0+0)
=( a+c, 2, b+d, 0) which is not W.
so part b is not a subspace.
c.u=(a,b,c,0)andv=(d, f g, 0) and a-b+c=d-f+g=0
Thus, u+v=(a, b, c, 0)+(d, f, g, 0) =(a+d, b+f, c+g, 0+0) and
(atd) - (b+D + (ctg)=a-d-b-f+c+g= [(a-b) +c] + [(d f) +g]
=0-0=0
Thus,u +v € W, and

u=(a, b, c,0),so(kju=k(ab,c, 0)=(ka, kb, kc, 0) and



ka —kb +kc = k(a — b +c) =k(0) = 0, so (k)ju € W. So part c is a subspace.
d.u=(0,0,0,0)and v=(0, 0, 0, 0)

Thus, u+v=(0,0,0,0)+(0, 0,0, 0)=(0 +0, 0+0, 0+0, 0+0) =

(0,0,0,0) Thus,u+v € W, and

u=1(0,0, 0,0), so (kyju=k (0, 0, 0, 0) = (k*0, k*0, k*0, k*0) and

k(0, 0,0, 0)=0, so (k)Ju € W. So part d is a subspace.

8) a) Determine linear independence. (2 points)

1) (3, -1), (4,5), (-4, 7) in R%.

2) (3+x+x%, 2-x + 5%7, 4-3x%) in R®.

b) Determine linear independence using the Wronskian. (3 points)
1) (5, 8%, 15x%) inR®.

2) (x, 2, 3x) in R>.

Solutions:

a) 1) Independent
2) 7

3) Independent

b)1) 7]
2) 7

Check:

a) 1) There are three terms, if the number of terms is greater than the number of wc\/j}‘/ Vs I
dimensions, dependence is assured.
\/\U\I) ! O&( \ 1 .

3 2 4|7
2) This equation can be converted to the matrix:|1 -1 0 |. To know dependence, we
1 5 -3
can find the determinant and if it is dependent, the determinant is not equal to 0.
7



3 2 4 1 -1 O 1 -1 O 1 -1 0

1 -1 0|=|3 2 41|=|0 5 4|=|0 1 4/5 |. Determinant of this

1 5§ -3, {1 5 -3;,4{0 6 -3| |0 O -39/5 WM )
matrix is -39/5 which is not equal to zero. This is linearly dependent.

b) 1) We can find the determinant using the Wronskian as follows:
5 8x 15x2

det; 0 8 30x |=1200 which is not equal to 0, therefore this function is linearly
0 0 30

independent ,
2) In ag similar method:

x 2 3x ‘,&J‘V Cw:\( \d\ V\/\/W““V’WM'
det|1 0 3 |=0 and so thi{ function’is linearly dependent./ et i~

0 0 O

9) Show whether the following vectors are linearly independent or dependent.

a. (1,2,3,4) (-2,-3,0,0) (3,5,6,7) (-1,-2,-3,-4)
b.(1,2,3) (2,3,4) (3,4,5) (0,0, 1)
c.(1,0,0,2) (0,1,0,2) (0,0,1,2) (0,0,0,2)
Solutions

a) Dependent

b) Dependent v
d) Independent

Check
a.0=(0,0,0,0)=a(l,2 3,4)+p(-2,-3,0,0)+7(3,56,7) +8(-1, -2, -3, -4)

1 -2 3 -1 0
i .12 -3 5 -2 0 )
Which produces the augmented matrix which reduces :

3 0 6 -3 0
4 0 7 -4 0

1 -2 3 -1 0 1 -2 3 -1 0 1 -2 3 -10

2 0 5 -2 0 0 1 -1 0 O 0 1 -1 0 O

3 0 6 -30(]0 6 -3 00|00 3 0 o

4 0 7 -4 0,0 8 -5 0 0|0 O 3 0 O



I -2 3 -10
0 ! 0 soy=0andf-y=0,s0p=0,anda-2f+3y-38=0
0 0 1 0
0O 0 0 0 O

So a — 6 =0, so o= 9, so these vectors are not linearly
independent (they are linearly dependent). (all the coefficients are not equal to zero).

b. 4 vectors in R>...are linearly dependent.

c. Similar to part A
0=(0,0,0,00=a(1,0,0,2)+p(0,1,0,2) +v(0,0, 1,2) +5(0, 0,0, 2)

1 00 0O

01000
Which produces the augmented matrix

0 01 0O

2 22 20

Which is code for

Il

I
o O O

a
B
Y

20+2B+2y+286=0=>2(0)+2(0)+2(0)+26=0=>6=0
So a = =y =06 =0, so these vectors are linearly independent.

10) Determine whether S ={v,,v,,v,} is a basis for vector space R’,
wherev, =(2,2,-1),v, =(3,2,0) andv, =(1,-2,0).

Answer
S ={v,,v,,v,}IS abasis for vector space R’ .

Check
2 2 -1 1 -2 0 1 -2 0 1 -2 0 1 -2 0
3 2 0l=- 2 O[=—-0 8 0|=-80 1 0|=-8[0 1 0|=(-8)-1)=8=%#0

1 -2 0 2 2 - 0 6 -1 O 6 -1 |0 0 -1
Since the determinant of the matrix is not equal to zero, § ={v,,v,,v,}is a basis of the
vector space R’ .



1) For the 2 Euclidean Vectors:
u=(5,-3,0)and v=(2, 4, 6) calculate the following:

ay3u-172v
b)uev
¢) flu+ vi)

il + vl

Solution:
a) Scalar multiplication is accomplished by multiplying each element by the scalar, and

addition is accomplished by adding each element to its corresponding element as shown
below:
3u=(3x5,3x3,0)=(5,-9,0)
172v=(-1/2 x2, -1/2 x 4, -1/2 x6) = (-1, -2, -3)
3u-12v=(15-1,-9-2,0-3)=(14,-11,-3)
b) To take the dot product, add the products of each element:
uev=u(Ixv(D+u2) xv(2)+u3)xv(3)
5x2+ -3x4+0=10-12=-2
c) Add u and v and then calculate the length by the formula length2 = (u{” + \122 + 1132)

u+v=(5+2,-3+4, 6)=(7,1,6)
length? =49 + 1 + 36 = 86, so length = V86

d) Find the length of each, and then add

for u, length® =25+ 9 = 36, so length =6
for v, length® =4 + 16 + 36 = 56, so length = 2V14

s, the length of u added to the length of v is 6 + 2V14

d) no, because the dot product of u and v is not zero as shown in part b.

2) Determine whether the solution space of the system Ax = 0 is a line through the origin,
a plane through the origin, or the origin only. If it’s a plane or a line, write the equation
describing it.

2 35 9 1-5 132
a)A=|-210 |b)A= [364-20]c)A=|210
6 910 81 9 — 45 341



S o | ; ) 1 o L
Solution: Because it is a solution set for Ax = 0, we can solve the matrix to determine the
solution to the problem by reducing the augmented matrix into row-echelon form and
solving for X, y, and z.

a) By row operation, the matrix reduces:
2 35 235
—210 | = | 045 |,which gives us the equations: 2x + 3y + 5z=0, 4y + 52=0.
6 910 000

Let z=t, which gives us 4y + 5t =0, or y = -5/4t. So, 2x — 15/4t+51=0, and x = -5/8t.

These are equations of a line through the origin:

x=-5/81
y=-5/4t
z=1

b) By row operations, the matrix reduces:

9 1-5 91 -5
364-201=100090 This has the equation 9x + y ~ 5z = 0 a3 its solution,
81 9- 45 000

which is a plane going through the origin.

¢) The matrix reduces through matrix operations

1 32| 1 324 1 32
210 =1054=|1054 From this matrix, we find that:
3 41 055 00 -1

-1z=0,30z=0

5y+4z=0=5y,s0y=0
Ix+3y+2z2=0=1x+0+0=1x=0,50x=0

So therefore the solution set is only the origin: (0,0,0)

3) Find the coordinate vector of v relative to the basis S = {v v, v}

v=(7,1,5)
Vi= (3, IO, 3)
V2= ('2’ 4a 0)

V3 =(53 59 S)



Solution:
From these equations, we know that:

3 - 2 5 7]
aj 10 | +b} 4 +ei St =11

3 0 5 5
where a, b, and ¢ are constants that will give us the coordinate vector of our basis. :

i
We can solve for these constants by simple algebra: v \n3 }'
3a—2b+5¢="7 N 7Y
10a+4b+5c=1 Qv o
3a+5¢=5 NOUANPVE
O

Solve the 3™ equation for ¢ and plug it into the first equation to solve for b
5c=5-3a

3a—2b+5-3a=7

2b=2,b=-1

Plug in this value to find answer for a and ¢

10a-4+5-3a=1

7a +1=1,7a=0,a=0

5¢c=5,c=5§

So,a=0,b=-1,andc=1

Thus, our coordinate vector of v is equal to the vector (0, -1, 1)
4) Find the rank and nullity of the mafrix:

-1 3 0 1 21
1 -2 1 2 1 2
2 -51 1 -11 = A
-1 2 -1-2-1-2]

Solution: First we need to reduce the matrix to reduced row echelon form as follows:



-13 0 t 21 ] [-130121]

I -2 1 2 1 2 0 11333

2 =35 I =11 =10 113337

-1 2 -1-2-1-2] 0 11333
[-130121] [103878]

0 11333 011333

0O 000001 =100000 Q0 | Fromlooking at this matrix, we see
0 00000] |000000

that the rank(A) = 2 because there are two entries that begin with leading 1s.

This gives us the equations:

X1 =-3r-8s—-7t-8u

X3=T
X =8
X5=1
=4

Which gives us:

— - — - -

x1 -3
x2
X3 =T
x4
x5
- X6 =

S o

1 = L

+1

x;=-1-3s-3t-3u SO
Xpo
/

N
VV"[\/ &X\ow

ol ”\LW»

NS

Because there are 4 vectors on the right of the equation, we note that nullify(A)=4



5) (15points) Is the vector w = (12, 6, 3) a linear combination of u=(1,2,4)and v=

(2,4, 6)? ’\1
Solution: Vector w must satisfy (5, 10, 16)=k:«(1, 2, 4) + k2,4, 6) forwtobe a

linear combination of u and v.

First you have to factor k: and k: through the two vectors to produce the system of
equations of:

5=ki+2k
10=2ki+4k
16=4k+6k:

This in turn produces the following matrix, which will be used to solve for k: and
k using reduced row echelon form: \ ¥ A‘ ,

/U

There appears to bginfinit
many selutions since a row
has Zeroed out, therefore, w
is a linear combination.

6) (15 points) Verify that the two vectors Vi = (1, 3) and V> = (4, 2) span44 vector
space R"2.

Solution: First an arbitrary vector b must be assigned being equal to (b, b;) and
it can be expressed as the linear combination of:

b=kVi+kV: — @ BT o5 A ddonr
This produces the matrix of:
1 3 b, | And the coefficient matrix: | 1 3 |

4 2 b: 4 2

The determinant of the coefficient matrix is 1 * 2 — 4 # 3 = -10, which is nonzero,
therefore the two vectors span gesspace R™2.



7) (15 points) Find a basis for the nullspace of:

2 2 -1 0 1
L=1. -1 2 -3 1
\,()\
. . (™
1 1 2 0 i . \W
0 0 i i i XN

homogeneous system of equations:

solved m NV w ﬂk/«/v\,{

erefore, X1, X2, X3, X+ and Xs must first be

2 2 1 0 1 0
L={-1 -1 2 3 1 0
1 1 2 0 -1 0

0 0 1 ! 1 0

. \ \
Since Lisa homogenous matrix simplifying to the reduced row echefon form is a
simple process. The reduced echelon form becomes:

1 1 0 0 1 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 0 0

L:

Now the system of equations becomes the following:

X+ X +xs=0
X3 +xs =0
Xa ={

Solving for X:, X, and X« produces:

X1 ==-Xa1-Xs
X3=-Xs5
x+=0



Now the general solution is:
xu=-a-b, ®%=a X=-b X«=0, X=b

These solutions written as vectors are the following:

g

Xi -a—b
2 -a -b
X2 a a 0
A = = 0 |- ‘b =
xi|= | -b + a
X3 0 0
X4 0 0 b
Xs b

Finally, the nullspace basis is the following vectors:

V= V= 0

S D
[}
—




8§) The equations:

w = ZX) -3X2 +X3
wy = 4x; + ()\{2)2 -2X3
w3 = 5x; - Ix; +4x;

M}"( ws=-5%; + %2

\\
.(\_(N"
define Atransformation T: B — R* I V= { v, v, v3, v4} where

w=(, 2, 3)
V2=(2, 45 6)

V3=(3, 7, 9) ”r%/ |%\
ve=(2, -6, 3) , o Ko /

Show that the set § is or is not linearly independent in R*§€ 5= (7).

The first step is to find S by transforming ¥ using equations w;, w», w3, wy . This is done
by replacing x; with the first coordinant, x, with the second coordinant, and x3 with the
third coordinant of each vector in V.

This process produces the vector set
§=1{(-1,2,15,-3); (-2, 12, 30, -6); (-6, 43, 36, -8); (25, 38, 28, -16) }

Linear independence can then be tested for by creating a 4x4 matrix and taking its
determinant.

-1 =2 15 25
2 12 30 38
=-7027+0
15 30 36 28
-3 -6 -8 -16

Therefore S is a linearly independent set of vectors.

(There are many methods for testing linear independence such as row reduction or
showing that no vector is a scalar combination of the others. Because determinants were
covered in the previous test the method for taking a determinant is not discussed here. It
should be noted though that det(A) = det(A”) .)



9) Linear Transformations

Transfer from R* 2 R®
If (x,,X,,X:,%,) = (-1,0, 2, 4 N
(X15X9,X3,X4) = ( ) /)-/b)\(te

Wl = 3X]-4X2+2X3-X4 W !

W, = -2x,+2x,-5x,

W3 =X 1 +2X2+4X3'3X4

Solution:
fwil [3 -4 2 -1 [x4]
fwol = [2 2 -5 0] [x2]
ws] [ 2 4 -3] [x5]
[X4]
wj B 4 2 -11 11 [3]
wl =2 2 -5 0] 0] = [-8]
wi] [1 2 4 SB1 121 5]
(4]

So w=-3, w,= -8, w,=-5, (-3, -8, -5)

10) Linear Independence

Is the following set of vectors in R* linearly dependent?
V,=(2,1,0,-2) V,=(1,-3,5,-2) V;=(-3,-5,5,2)
Solution: VV\,\‘}( %X 2y ‘C‘\w\}ﬂuﬂf?'?)

By solving this set of equations we find the coefficients 2, -1, and 1, which gives us the
equation:

S=2V,-V,+V,=0

So, YES, because S = 0 for coefficient values other than 0.



1)

2)

3)

For which values of k are u and v orthogonal?
a. us= (4, 3, —1),v = (2, 5, k)
b. u=(Q, -3 -7)}v=(2 4, k)

Solution:
, 8+15=—(-1k)
k=23
-2-12=-(-7k)
b. -14=Tk
k=-2

Find the standard matrix for the linear transformation T defined by the formula

T(xl, X, )= (x1 +3x,, 2x,-x,, 3x, +4x, ) and solve for T(l, 2)
Solution:

T(1,2)(Standard Matrix)=Solution

I \2/{/;}_21 i]=[7 0 11]

-1 3 2 1
LetAbethematrix: [ 1 2 -=3| and b be the column matrix: -9
2 1 2 -3

UV

Is b in the column space of A? If so, express b as a combination of the-liner vectors of A.

Solution:

b is in the column space of A. To determine this, we put A in the form Ax=b, and solve
for b by Gaussian Elimination to get:

X1=2



X2=-1

X3=3

Because the system has a solution, b is in the column space of A, and b in terms of A is:

-1 3 2 1
211 -2 +3[-3]=1-9
2 1 -2 3

4) Solve both parts:
a. Given a matrix A:

0 1 7 8
1 3 3
-2 -5 1 -8

Find the rank and nullity of A.
b. Find the rank and nullity of A

Solution:
1 3 3 8
a. The Reduced-Row Echelon formofAis: {10 1 7 8
0 0 00

The rank of A is 2, and since rank + nullity = number of columns,
the nullity isgh
b. Since rank(A) = rank (AT),
rank(A = 2
nullity(A) = § |

5) Give at least one reason why the given set is not a vector space

a. The set of triples of real numbers (X, y, z) under the operation
x,y,2)+(x", ¥,z )=(x+x",y+)',z")
k(x,y,2) = (kx,ky,z)

b. The set of a 2x 3 matrix of the form A=

under standard matrix
c d e

addition and multiplication rules



Solution:

a. Letu=(uy us us) and v=(v4, vo, v3)
u+v = v+u
(us, Uz, U3) + (v4, V2, V) =2 (v4, V2, V) + (Uy, Uy, U3)

(U1s V1, Us Vo, V3 5 (V1+ Uy, Vi Ug U3

This implies the set is not a vector space under the given operation

vulil U121 } [Vll riz 1 ]
a =

b. Letu=
{U21 U22 U23 V21 V22 V23

Ull+V1l Ul2+V12 1+1
u+vs=
U21+V21 U22+V22 U23+V23

This is not an abject in the given Matrix A therefore the matrix is not a vector

space under the matrix standard operations

a 0 0 4 7
SAw -
6) Check if the set of a 3x 3 matrix ofthe form B=|0 & 0] under standard matrix
0 0 ¢
%
multiplication and ‘addition is a vector space.
Solution:
There is no zero in B such that o v 0
02\
a 0 0] [a 0 0 oJ O
o+ [0 b 0f=|0 b O
0 0 ¢ 0 0 ¢

This implies the matrix is not a yeslor space under the standard matrix operations of
multiplication and addition.

7) LetV4=(2,3,4) ,V,=(1,4,6) and V3=(5,7,6)
Which of the following vectors are in the span of (V; V;, V3)?
(a) (8, 14, 16) (b) (15, 24, 26)




K1(2,3,4) + K5(1,4,6) + K5(5,7,6) = (8, 14, 16)
Ki(2,3,4) + Ky(1,4,6) + K3(5,7,6) =( 15, 24, 26)
2K+ Ky, +6K3=8, 15

3K+4 Ky +7K;3- 14, 24

4 K+6 K, +6 K3= 16, 26

215 8 15 1 0012
347 14 24« (01 011
4 6 6 16 26 0 0112

Therefore

1(2.3,4) +1(1,4,6) + 1(5,7.6) = (8, 14, 16)
2(2,3,4) + 1(1,4,6) + 2(5,7,6) =( 15, 24, 26)
Both (a) and (b) spe?rb}y,, V, Vy)

8) Explain whether the following span R’:

a. v, =(110),v, =(1,0,1)
b. v, =(12)0),v, =(3,3),v, =(2,7,10)
c. v, =(23),v,=(23828),v, =(4,10,13),v, =(3,4.8)
Solutions:
a. v, =(110),v, = (1,0,])
This cannot span R’. We need 3 vectors at minimum for this to span R’ , and
even then it's not guaranteed. We can show why by trying to make a
\
corresponding components matrixlthat you lose the significance of the final
\
element in the vectors.(
b. v, =(2)1),v, =(13,3),v, =(2,7,10)




1 1 2

We can create a corresponding components matrixandget |2 3 7 |. Add -

1 3 10
1 1 2
2rowTtorow2and-1trowTtorow3toget t0 1 3. Add-2row2forow 3
0 2 8

I 1 2
0 1 3| and we see that the determinant of this matrix will not be 0 at this
0 0 2
\ )
point. This is important since this means that the vectors will be consistent.

Thus, this does span R .

c. v =(123),v,=(23828),v, =(4,10,13),v, =(3,4,8)

1 2 4 3
Again create a components matrix: |2 8 10 4|. Add-2row 1 to row 2 and
3 8 13 8
1 2 43
-3row 1torowthreetoget |0 4 2 —2|. We can stop right here. We can
0 21 -1

see that row 2 and row 3 are multiples of each other. This being the case, we

cannot get a leading 1 for one of the rows. Thus, this does not span R’.

9) For which real values of A do the following vectors create a linearly dependent set in
R’?
v =(AL1)y, = LAY, = (LLA)

Solution:

We can create a matrix by equating corresponding components to get

A1 1 1 1 A
1 A 1 ]|. To make things a little easier, swaprows Tand 3 [|1 A 1
1 1 A A1 1

Now add -1 time row 1 to row 2 and - A times row 1 to row 3 to get a leading 1 in



11 A

column1: 10 A-1 1-A |. Ifwe add row 2 to row 3, we get

0 1-4 1-2
1 1 A
0 -1 1-A . In finding linear dependence, we need to show that

0/0 2-A-A2

element, we will express it as equaling to zero: 2— A —A? =0. We can then
solve for this and ge
w\,\\ N M}({ 4 /71

2-A-A =-(A+A-2)
——(A+2)(A-1)

=0
R (NI VI SN '-W“SW“Q‘

This shows that our values of A should be
A=-21
Which will make the given set of vectors linearly dependent.
10) Find a basis for the following solutions:
2%, +x,+x, =0
-X, +%x,-x;=0
Solution:

If we solve for these two systems, we can get a vector which will represent

possible solutions. First, we make a coefficient matrix to get

2 11
-1 1 -1}



-1 1 -1

If we swap the rows ([2 1 U and then multiply row 1 by -1 and add -2

1
times row 1 to row 2. This gives us the matrix [ 1] . Multiply row 2 by

2
3

1
5 and then add row 2 to row 1 to get

0
1 . This is code for

1
0

X, + zx3 =0
. If we solve the two equations letting x, =1, we get
X, - lx3 =0 VJW( d\’
3 év - S

0.
2 1 21 Y =

X, =—-—1,X, =—=I,x, =t. Ourbasis would then be | ——t,—t,t|. Tofinda
b33 373

specific basis, choose a t such as 3, which gives (— 2,1,3) as a basis.



