Problem 1

1. Find a system of equations that corresponds
to each augmented matrix:

1 3 0
a.
6 7 8
2 3 7 6
b. |5 9 2 8
00 1 7
6 2 8 3 0
“lo =327 1 16

Problem 2

2. Solve the following system of equations by
Gauss-Jordan elimination.

3x, =2x, 5x;, = 17
a. -x, +2x; = 5
4x, -x; = -3
Problem 3
3 7 3 5 2
3. Ifmatrix A=|2 1 4|and B=(6 9|,
-8 0 2 3 4

what is %(AB)T ?

Problem 4

4. Simplify the following:
P=A"+6A+9T

1 2
where A =

Problem 5

5. Find the inverses of the following matrices:

3 6
a.
7 9

Problem 6

6. Solve these three systems of equations
simultaneously:

X, =x, +3x; = 7
a. 2x -x, = 4

-x;, 5x, 2x; =9

X, =X, +3x; = -1
b. 2x -X; =

-x, 5x, 2x, =

X, =x, +3x, = 11
C. 2.x1 —x3 = 7
-x, 5x, 2x; = 15

Problem 7

7. If AB=C, fill in the blank by placing
something on either side of 4:

a. C'= A’
b. C'= AT
Problem 8
8. Consider the following matrix 4:
1 0 -2
A=|0 4 3
0 0 1

a. Find the inverse of 4 (4”") by
adjoining an identity matrix and P*
wJ/j

performing row operations, ¢ €

A" =1 EE,EY Eeek!

c. If I=AA", isA" aleft-hand or
right-hand inverse? Why? Hint: this
is a trick question.



Problem 9

9. Let A4 and B equal a matrix of an unspecified
size. Consider matrices A and B and nonzero
products C and D:

AxB=C
BxA=D
a. What conditions must be met for
both C and D to exist? Why or why
not?
b. If Bisinvertible andAB' =B'A=1,
does A exist? Why or why not?
c. If C exists and is invertible, are 4
and/or B invertible? Which one(s)
and why or why not?

Problem 10
1 35
10. Express |3 O 1] as a product of
0 20

elementary matrices. Hint: There are five
factors.



11.

Problem 1

Solutions

1. Solution:

a.

C.

Problem 2

Ix, +3x,=0
6x, +7x,=8
2x,+3x,+7x,=6
5x,+9x,+2x, =8

Ix; =7
-6x, +2x,+8x,3x, =0

-3x,+27x, +1x, =16

2. S_olution:

-1

|
~ (0
0

Therefore, x, =%,

Problem 3

3 -2 5
0 2 5

-5
17
-3

171 [t 0o =2
~13 =2 5
3| o 4 21
51 -2
32|~0 1 14
61| [0 0 1
0 0 %,

1 O "%2
0 1 sy,

-1
-2
11
21

o

= — =6
Xy ==/, X3 ="/

3. Solution:

AB=|(10+6+24)

=

=

66 81
40 29
-34 _8

(15+42+9) (6+63+12)
(4+9+16)
(-16 + 8)
66 40 -34
81 29 —8]
33 20 -17
814 4 _4}

(~40 +6)

(AB)" = [

29,

1o
S(AB) -[

Problem 4

4. Solution:
A*+6A+9=(A+

vy 2+ 5
3 4| |0 3
4 21 [22 22
3 7| [33 55

Problem 5

5. Solution:
3 61 0 1 2

7 90 1 7 9

1 2

0 -5

[10

-7 11 |0
=% 7
s

0 1

.. The inverse is; [

41 0 0
00 1 0
10 0 1

411
24|16

I 0
-6 1
0 0

1 0

1
00
1 0 01 O
~10 1 06 1
0 0 110 0 1
1 0

.. The inverseis: |6 1
00

%0][12

4
ZI

0

1

7
15

0 0
10
110 0 0
-4
~24

v 0
1

A
As

-

4
24
1

-5

|

|



Problem 6
6. Solution: ]
1 -1 37111
2 0 -1j4|5|7
-1 5 29/3]15]
(1 -1 3|7 -111]
~l0 2 -7~10{7|-15
0 4 5[16]2|26
1 -1 3|7|-1]11]
~10 1 %I-5 % |-'%
0 0 19]36-12] 56 |
(1 0 -4l2|%|%
~10 1 0 3%9 4%8 10%8
0 0 1 PHo='%5 %o
'1 0 05919 7 38 24538
~10 1 03%9 4%8 10%8
O O 13%9_1219 5619

Therefore, the variables x,x,,x, are

59/ 7 245
A9 38 38

3%9 4%8 10738

3%o="Ao %o
Problem 7
7. Solution;

C'=B’4". The same property holds for
transposes; the inverse or transpose of a

product is the product of the
inverses/transposes in reverse order.

Problem 8
8.Solution_: _
1 0 =21 0 O
04 301 0
0 0 1jo 0 1
a 1 0 o1 o 2]
0 4 00 1 -3
_OOIOOIJ
(1 0 01 0o 2]
01 oo ¥ 3
00 10 0 1
1 0 o]t o =2][1 0 o
b. 1o 1 =3llo 1 ollo ¥ o
0 0 1Jlo o 1][0 0 1

L e
‘expressed for each equation in the matrix:

c. A isabotha right-hand and left-
hand inverse. If B (a left-hand
inverse) and C (a right-hand inverse)
are both inverses of 4, then B=C.
Hence, inverses commute.

Problem 9
9. Solution:
a. Because matrix multiplication depends on

the size of matrices, factors do not obey the
commutative law of multiplication. In other
words, AB may exist, but B4 may not if the
sizes are not equal. Therefore, matrices 4
and B must be square and of the same size.
Yes, A7 exists. Because the two factors
commute, they are the same size. Because
their product is the identity matrix 7, B is
the inverse of A. Therefore, B! = 47,

Yes, both A and B are invertible. If the
product of twothAtix factors are invertible,
the factors themselves are also invertible.
This is the converse of the theorem that
states that invertible factors produce
invertible products.

Problem 10
10. Solution:



1) Solve this system of linear equations using the row reduction method:

4x, +7x, —6x;, =4
8x,—x, =5
2x, +5x, = 7x, =10

Solution:
47 -6 4] [1(7/4) (-3/2) 1] [1(7/4) (-3/2) 1]
[8B-1 0 5] ~ [8 -1 0 5] ~ [0 -15 12 -3]
[2 5 -7 10] 2 5 -7 10] [0 (372) -4 8]
[1 (7/14) (-3/2) 1] [1 0(1/5)(27/20) ] [10(1/5) (27/20)]
[0 1 (-4/5)1] ~[0 1(4/5) (-1/5) ] ~[01(-4/5) (1/5) ]
[0 (372) -4 8] [0 O (-14/5) (77/10)] [00 1 (-11/4)]

(100 (3/8)]
010 -2 ]
[001 (-11/4)]

x, =3/8
X, =2
x, =—11/4

2) Explain the difference between row-echelon form and reduced row-echelon form.
Solution:

Row-echelon form has the following three characteristics:

1 — The first nonzero in a row is a 1.

2 — Any rows of zeros are grouped at the bottom of the matrix.

3 — With any two successive rows which are not zeros, the leading

1 in lower row is to the right from the leading 1 of the upper row.
Reduced row-echelon form contains all three of the preceding
characteristics, but adding a fourth:

4 — Every column with a leading 1 contains zeros everywhere else.

3) Find the inverse of the matrix A:

[1 0 3]
[0 -2 -3]
[1 -1 -1]



Solution:

; 1 0 3 100 1 0 3 1 0 O
[0 (0 -2 -3010] ~ [0 1 32 0 -1/2 0] ~
1 -1 -1 0 0 1 0 -1 -4 -1 0 1
1 0 3 1 0 O 1 0 3 1 0 0
(0 1 3/2 0 -1/2 0] ~ [0 1 3/2 0 -1/2 0 1 ~
0 0 -4 -1 -1/2 1 00 1 2/5 U5 =2/5
1 0 3 | 0 0 1 0 0 -1/5 =3/5 6/5
[0 1 0 —-4/15 -19/30 —-4/15] ~ [0 1 O -4/15 -19/30 -4/15]
0 0 1 2/5 1/5 -2/5 0 01 2/5 1/5 -2/5
Therefore, the inverse of matrix A is:
-1/5 =3/5 6/5
[-4/15 -19/30 -4/15]
2/5 1/5 -2/5
4) Calculate the determinant of the following matrix
3 -1 7
1 2 0]
-1 6 5
Solution: (\?
{
3 -1 7 v}(
1 2 0 WJ
-1 6 5 /
=3(2)(5)+(=1)(0)(=1)+7(1)(6)
—3(0)(6)—(-=1)(1)(5)-7(2)(-1)
=30+0+42—0+5+14
=91
5) Show how to multiply a 3 x 3 matrix (A) with a 3 x 1 column vector (B). This means you

make up your own matrix A and column vector B with the given dimensions.



Solution:

1 6 7 2
A=(2 5 8) B=(0)
3409 1

AB= (1)2)+(©6)0)+(7)(1)=9
2)(2) + (5)(0) + (8)(1) =12
BG)2) + DO+ (9D =15

9
AB=(12)
15

6) Solve the following system of equations by inverting the coefficient matrix and using the
appropriate theorem:

X, +2x, —x3 =1
2x;, —3x, +x; =5
le —x2 +3X3 =_4

Solution:

x, +2x, —x3 =1 1 2 =2f|x]| |1
2x, —3x, +x; =5 =2|2 =3 1] |x,|7|5
2x, —x, +3x, =—4 |2 -1 3] |x,| |4

1 2 =2
Let A be the coefficient matrix A=|2 —3 1
2 -1 3
Then find A™':
1 2 =211 0 Of (1 2 -1 1 00
[AlI']=|2 =3 1 {0 1 0o|~0 =7 3 |-2 1 0
2 -1 3 70 0 1] {0 =5 5 -2 0 1
1 2 -1|1 oo L OF]3 50
~0 1 =3 2 =t o|~0 1 2|2 L 0O
0 -5 -=5|-2 0 1/ |0 0 2= =2 1



1oz 3 3011003 & %
<ot 2t oloolt Y
00 1% 3 5 [00 113 33
P o» x| {5 + |1
I S S M I
S w22 ol
X, = X =2
=255 [P
X3 5| T

7 What do the following two symbols stand for and what is the difference between the
operations they denote to perform on the matrix A?

AT & tr (A)

A" stands for the transpose of the matrix A
tr (A) stands for the trace of the matrix A

The transpose of A is found by interchanging the rows with the columns
of a matrix.

The trace of A is found by adding up the main diagonals of the matrix. It
is undefined if the matrix is not a square matrix.

8) Find(AB)TifA—(4 2)andB—(8 1)
703 0 9

Solution:

Muitiply the two matrices together and then take their transpose:

2 BN 2 B2 s
737 %% 9 56 ~ Vo4 o8

9) Put the following augmented matrix in row-echelon form:



4 20 32

(—2 5 14)

Solution:

4 20 32 .
( ) Row one times (1/4)
-2 5 14

1 5
( ) Row two + 2 times row one
-2 5 14

1 6 8 .
( ) Row two time (1/15)
0 15 30

8
( 6 1 2 ) This is now in row-echelon form.

10)  Is this statement true or false for the following matrices? Explain

AB =BA
2 1 2 4 7 6
A=(4 3 1) B=(1 9 3)
8 7 5 10 0 1
Solution:

The statement is false, because the rule for multiplying matrices is not
always commutative.

29 23 17 84 67 45
AB=(29 55 34) but BA=(62 49 26)
&89 119 74 28 17 25



Grading Key

Problem 1 (20 points total)
a) 10 points
b) 10 points

Problem 2 (15 points total)
a) 3 points
b) 3 points
¢) 3 points
d) 3 points
e) 3 points

Problem 3 (20 points total)
a) 5 points
b) 5 points
c) 5 points
d) 5 points

Problem 4 (20 points total)
a) 5 points
b) 5 points
¢) 5 points
d) 5 points

Problem 5 (10 points total)
Problem 6 (10 points total)
Problem 7 (10 points total)

Problem 8 (15 points total)
e 6 points - proper setup of matrix to solve simultaneously
a) 3 points
b) 3 points
¢) 3 points

Problem 9 (15 points total)
a) 3 points
b) 3 points
¢) 3 points
d) 3 points
€) 3 points

Problem 10 (15 points total)
a) 10 points
b) 5 points



Problem 1

1.Given the system of equations

x+ty+22=38
Xx-2y+3z=1
3x-7y+4z=10

a.) Solve using Gaussian Elimination.

b.) Solve using Guass-Jordan Elimination.

Solution 1

The augmented matrix for this system of !inear equations is

a)
11
-1 —2
3 =7
11
~10 —1
3 —7
11
~0 -1
L0 —10
11
~l0 1
0 —10
1
~10 1
[0 0
11
~l0 1
10 0

4

[\

-5
—52

2
-5

1

8
1 | Add first row to second row
10

8
9 |Add the first row multiplied by -3 to the third row
10

—9  [Multiply third row by L

—104

8

Multiply the second row by -1

Add the second row multiplied by 10 the the third row

52

—9 |Add the second row multiplied by 10 the the third row

2



The resulting equations are

Xx+y+2z=8

y-5z2=-9

z=72

Now solve by back substitution

z = 2 so substitute 2 in for z in equationy - 5z=-9s0y- 10=-9ory=1
nowputz=2andy=1inequationx +y+2z=8sox+1+4=8orx=3
Sox=3,y=landz=2

b) For the solution to this part, we will continue the row reduction of the augmented matrix where we
left off with part a)

1 1 2 8

0 1 —5 —9 |Add the third row multiplied by 5 to the the second row
0 0 1 2

11 2 8]

~0 1 0 1 [Add the third row multiplied by -2 the the first row

~l0 1 0 1 |Add the second row multiplied by -1 the the first row

~[0 1 0 1 |Add the second row multiplied by 10 the the third row

From the resulting matrix, we see that x =3, y=1and z=2



Problem 2

1 0 -3 5 —2 4
2. Given the following Matrices A = 2 -4 —1],B= 2 0 3 1,
-3 5 —6 -3 1 -1
a.) Find ((A)1)!
b.) Find (A+B)T.
c.) Find (A-B)".
d.) Find (kA)T
e.) Find (AB)".
Solution 2
a.) Find ((A)")".
1 2 -3
Step 1. Compute (A =| 0 -4 5 by replacing column n with row »n.
-3 -1 =6
1 0 -3
Step 2., Compute (A)DH' =| 2 —4 — 1| byreplacing column n with row n
-3 5 —6

again
b.) Find (A+B)"

Step 1o Compute (A+B) =

I +5 0+ (—2) (—3)+4 6 -2 1
242 (—4)+0 (—1)+3 =| 4 -4 2

(=3)+(=3) 5+1 (=6)+(=1)] -6 6 —7



Step 2., Compute (A+B)'=| —2 —4 6 by replacing column n with row n.

Step 1., Compute (A-B) =
1 -5 0—(-2) (—=3)—4 -4 2 —7
2 -2 (—4)—0 (—-1)—3 =] 0 -4 -4
(=3)-(-3) 5—1 (—6)— (—1) 0 4 -5
-4 0 0
Step 2. Compute (A-B)T= 2 -4 4 by replacing column n with row .
-7 —4 =5
4)Find (kA)'. =
Step 1o Compute Matrix (kA) by multiplying A by scalar . kA =
k 0 —3k
2k —4k —k
-3k Sk -6k
k 2k —3k
Step 2. Replace column n with row n to compute (kA)'= 0 —4k Sk
-3k —k —6k

e.) Find (AB)' =



Compute (AB)! =

14
-5
7

0 -3 5 -2 4 14 =5

-4 —1(x| 2 0 3 |=|15 -5
5 —6 -3 1 —1 130
5 13

—5 0 |byreplacing column n with row n.

-3 9

-3



Problem 3

3. Using the given matricies, apply the Properties of Matrix Arithmetic.

1 0 -3 5 -2 4 1 2 2
A=| 2 —4 -1 B=| 2 0 3 C=| -1 3 1
-3 5 —6 -3 1 -1 0 11

a.) Find A(B+C).
b.) Find (B+C)A.
c.) Find A(B-C).

d) Find (B-C)A.

Solution 3
a) Find A(B+C).

According to Theorem 1.4.1 we know that A (B + C)= AB + AC. Therefore

1 0 -3 5 -2 4 1 2 2
A(B+C)= 2 -4 -1 2 0 3 +( -1 3 1
-3 5 -6 -3 1 —1 0 1 1

A(B+C)=AB+AC=

1 o =3l 5 -2 4 1 o =3[ 1 2 2
2 —4 —tiyf2 o0 3|4+ 2 =4 -1 -1 3 1
-3 5 =6l -3 1 =1 -3 5 —6JL0 1 1
14 -5 7 1 -1 —1]
A(B+C)=AB+AC= |5 -5 =3|+ |6 -9 -1
13 0 9 -8 3 —7]



15 —6 6
A(B+C)=AB+AC=|11 —14 —4
5 3 2

b)Find (B+C)A.

According to Theorem 1.4.1 we know that ( B+ C) A =BA + CA. Therefore

5 —2 4 1 2 2 1 0 -3
(B+C)A= 2 0 3 |+ -1 3 1 d2 -4 —1
-3 1 -1 0 1 1 -3 5  —6

5 -2 4 1 0 -3 1 2 2 1 0 -3
2 0 3 2 —4 —1|4+] -1 3 1 2 —4 —1
-3 1 =1/ -3 5 -6 0 1 1 -3 5 —6

—11 28 —37 -1 2 =17
(B+C)A=BA+CA= | =7 15 —24|4+ | 2 -7 —6

2 -9 14 -1 1 =7

—12 30 —54
(B+C)A=BA+CA=| —5 8 —30

1 -8 7

¢) Find A(B-C).

According to Theorem 1.4.1 we know that A (B-C)=AB - AC. Therefore

1 0 -3 5 -2 4 1 2 2
A(B+C)= 2 -4 —1 2 0 3 - -1 3 1
-3 5 —6 -3 1 —1 0 1 1

A(B-C)=AB-AC=



2 —4 —1|l2 o 3 |-|2 -4 —1|l -1 3 1
-3 5 -6l -3 1 -1 -3 5 —6Jl 0 1 1
14 =5 7 1 -1 -1
A(B-C)=AB-AC= |5 =5 -3|—|6 -9 —1
13 0 9 -8 3 —7
13 —4 8

A(B-C)=AB-AC=|—-1 4 =2

d)Find (B-C)A.

According to Theorem 1.4.1 we know that (B -C ) A =BA - CA. Therefore

5 =2 4 1 2 2 1 0 -3
(B-C)A= 2 0 3 /=1 -1 3 1 2 -4 —1
-3 1 -1 0 1 1 -3 5 —6
(B-C)A=BA-CA=
5 =2 4 1 0 -3 1 2 2 1 0 =3
2 0 3 2 —4 —1|—=|-1 3 1 2 -4 —1
-3 1 -1 -3 5 —6 0 1 1 -3 5 —6
—11 28 —37] -1 2 -17
(B-C)A=BA-CA= | =7 15 —-24|— |2 =7 -6
2 -9 14 | -1 1 =7
—10 26 —20]
(B-C)A=BA-CA=| —9 22 —18
3 —10 21 |




Problem 4

4 2 5 -1 1 1 0 2]
[1 5 —2}
4.GivenA=|3 —6 7 |,B=| 3 2| C= ,D=[4 2 1
2 4 3 J
1 9 8 23 31 2

Determine if the following matrices are possible. If so, compute.

a) AB b) BC ¢) AC d) CD

Solution 4

In order to multiply matrices, the number of rows on the left nust equal the number of columns on the
right.

For example : (nxr) and (rxm)

For matrix multiplication, we must multiply corresponding entries from the row of the matrix on the left
by the column on the right, and add the products together to form the new entries.

4 2 571 [=11
a) AB= |3 —6 7 || 3 2

1 9 8 2 3

@4-1)+ (23) + (52) = 12
G-1) + (-63) + (72) =-7

(1--1) + (9-3) + (8-2) = 32

12 23
AB=1] =7 13
| 32 43

b) BC =

-1'D)+(1-2)= 1

(-1:5) +(14)=-1

(4-1) +(2:2) + (5:3) = 23
(3-1)+ (-62) + (73) = 13

(1-1) + (9:2) + (8-3) = 43

(-1-2)+(13) =5



BGD+22)=7 (35+@24=23 (G2+23H=12

2D+(32)=8 (25)+(34)=22 (2-2)+(33)=5

1 -1 5
BC={7 23 12

8 22 5
4 2 5
1 5 =2
) AC={3 —6 7 |-
2 4 3
1 9 8

9 (UV"7
AC 1s undefined because there are more}(x{s mn A than c%ns in C.

1 0 2
1 5 —2

d)CD=[ }-4 2 1
2 4 3

301 2

(D + (54 +(23)=27 (10)+(52)+(-21)=8 (12)+(5:1)+(-22)=3

2D+@4H+(33)=27 @Q0)+@)+@1)=11 (22)+@&1)+(32)=14

27 8 3
CD =
27 11 14



Problem 5

5. What conditions for b, b, and b, make the following system of equations consistent.

X, +X3:b1
3x, + Xyt Xy = b2
4x, +x2+2><3=b3

Selution 5

Put the coefficient values into an augmented matrix and reduce to row-echelon form

10 1 b

3 11T b, | Add the first row multiplied by -3 to the second row and multiplied by -4 to the

4.1 2 b,
third.
1 0 1 b, ]

0 1 —2 b,—3b | Add the second row multiplied by -1 to the third

0 1 =2 b,—4b,

0 1 =2 b)—3b; | Add the second row multiplied by -1 to the third

0 1 —2 by—4b

1 0 1 b, 1 O 1 b,
01 =2 b, — 3b, {01 -2 b,—3p
0 0 0 —by+3b +by—db | [0 0 0 by—b~b

Notice thatb; — b, — b1 must equal zero for this matrix to be consistent,

So b3 = b2 -+ b] will make the matrix consistent.



Problem 6

6. Let A+B be square Marices with the same size, show that (A+BY # A%+ 2AB +B?. What is
a matrix identing that is valid for all choices of A+B which satisfies.

(A+B)*= A’+ B’ +

Solution 6

(A+B)? = (A+B)x(A+B) = AA+AB+BA+BB. AA = A% BB = B?, however, since not every matrixds
satisﬁerle/ the rule AB = BA, (A+B)? cannot always equal A%+ 2AB +B?

Let A+B=C

therefore (A+B)2 = (A+B)C

by using right distributive law, (A+B)C = AC + BC

substitute A+B for C. A(A+B) + B(A+B) = AA+AB+BA+BB. AA = A%, BB = B?

(A+B)?= A%+ B’ + AB +BA.



Problem 7

5

2
7. Given p(x) = ¥ —3x4+2 and A :{ }, Give p(A)
3 1

Solution 7

p(A) =4 —34+2T

{5 2} {5 2} {5 2} [1 0}
= : -3 +2

-3 1 -3 1 -3 1 0 1
{19 12} {15 6} {2 o} {6 6}
= — + =

—18 =5 -9 3 0 2 —9 —6



Problem 8

8. Consider the system of linear equations.

x]+2x2+x3=b1
X, -x2+x3=b2
X +x2 =h,

2

Solve simultaneously given the following values of b.

a)b,=-1, b,=3, b,=4
b)b=5 b,=0, b=0

¢)b=-1, b=-1, b=3

Solution 8

The system of linear equations can be augmented in the form Ax =b. This problem is using Theorem
1.6.2 and Section 1.6 example 2.

(Solutionl)
1 2 1 ‘l X, —1 5 -1
A=l1 —1 1 x=|X b= 3 b= |0 b=| —1
L1 0 X, 4 0 3
1 2 11— 1y 51—1
Step ... Set the equations to solve simultaneouly= |1 —1 1] 3 | 0|—1
11 01 4]0]3
Step2............. Convert the first submatrix to the I; using elementary row operations=

T e L e

I —1 1]310}—1

L1 01403



I —1 1|3 | 0]=1]| Multiply row 1 by -1 and add to row2 and row3.

o, = s |-
0 —3 0| 4| —5| 0 | Multiply row3 by -3 and add to row 2.
0 —1 =1/ 5| —-5|4
Lo | s -]
0 —3 04 | —5| 0 | Multiply rowl by -3 and add to row 3.
0 0 3j1) 10 |—12]

—8 —5|—9

0 =3 0|4 =5 0 } Multiply row2 by -2 and add to rowl1.

6 —3 04| 5|0 Multiplyrowsl&Zby—%androw3by%.
0 0 3411 10 |—12

3

W [

5
= 0
3

0
0 0 1 — 4

.._.
—

—

)

]

16 4
37 723
-5

b')XIZTv xzzg, X, = — —

a)x, =

€)X, =3, x,=0, x;3=—4,



Problem 9

9. By inspection, determine whether the given matrix is invertible. If so what is its inverse?
(Note: Those problems with inverses may need to be computed...or...may be obvious by inspection)

2 0
a.)=
0 -5
2 0 0
b)=|0 —1 0
0 0 4
(4 1 2 3]
0 0 1 2
c.)=
0 0 2 1
0 0 0 5 |
[0 0 1
dy={0 2 0
3 0 0
10 ow
e)=1 1 1 0
| —2 5 oJ
Solution 9
1
2 0 , 0
a.)= Yes. =
0 —5 o 1L
5
= _
2 0 0 ;> 0 0
b)={0 —1 0 Yes. =| 0 —1 0
0 0 4 ]
0 -
_0 4 |




(4 1 2 3]
0o 0 1 2
c.)= No.
0o 0 2 1
L0 0 0 5 |
There is a zero on the main diagonal of this upper triangular matrix and by Theorem 1.7.1c it is invalid.
_ L
(0 0 1 00 3
d)y={0 2 0 Yes. = 0 % 0
13 0 O
10 0 |
10 0
e)=1_ 1 1 0 No.
| =2 5 0

There is a zero on the main diagonal of this lower triangular matrix and is invalid



Problem 10

4 5 6
10. GivenA=|1 2 3
7 8 9

a) What is the determinant of A?
b) Based on the determinant, does A have an inverse?

Solution 10

a) Write the matrix, and copy the first two columns to the right of the matrix.
Examine the diagonals indicated, and for the diagonals which go to the right,
multiply the terms and add. For the diagonals which go to the left, multiply
the terms and subtract.

45645
12312
78978
--- ++ +

(-627) — (4-3-8) = (5-1:9) + (42:9) + (53 7) + (6:1-8) = 0

b) Since det(A) = 0, no inverse exists.



1. Solve the following system by Gauss-Jordan elimination:

2x, +2x, +2x; =0
-2x, +5x, +2x; =1
8x, +x, +4x; =-1

Solution:

Matrix Format:
2 2 2 0]

-2 5 2 1
8§ 1 4 -1

Divide top row by 2:
1 11 0
-2 5 2 1

8 1 4 -1

Multiply the top row by 2 and add to the
middle row:

111 0
07 4 1
8§ 1 4 -1

Divide the middle row by 7:
11

1 0
01%%
8 1 4 -1

Multiply the top row by -8 and add to
bottom row:

1 1 1 0

¥ 0

0 -7 -4 -1

Divide the bottom row by -7:
1

01 y /

01 4 1V

Multiply middle row by -1 and add to
bottom row:

(1 1

01//

0 0 0

Subtract second row from first row:
i 3/ _1
10 % IA
4
o1 4% N

00 0 O




2.

3
A=|-2 3 B=[

Consider the matrices:

1 0

1
4 1

0 1
-2 2 3 -1
C= D= 2 3| E={-3 1 4
4 1 0 5
-1 4 2

Compute the following (where possible):

a D+E
b) D-E

c) 34

d -6C

e) 3B+C
p SE-3D
g 34" +2C
h (D+E)"

Solutions:

a) D+ E=
b) D-E=

c) 34=
d) -6C=

-12
-6

e) 3B+ C=

(3 4 3 -1 20 7
-2 3 7 f) SE-3D= -18 -1 11
1 4 3 13 12 -1
-4 -1 g) 34" +2C= 7o 10]

4 1 -1 2 9 13
-3 4 1 1 4 -3
3 0 hy (D+EY'= |-4 1 4
-6 9 -1 -1 1
12 3

-18 6

0 —30}

Not Possible

Please fill in the missing parts.

P

(A-BY =4’ + B’

b. (A4+B)’ =
C. (A+BY(A-B)=
d. (A—B)(A+ B) ;(A + BY(A — B) explain your reasoning:



Solution:

a. (A-B)* =A>+ B> - AB—BA
b. (A+B)Y’ =A"+B* + AB+ BA
(A+ BXA—B)=A* —B* — AB+ BA

d. (A- BYXA+ B) =(4 + BY(4— B) explain your reasoning:

Order matters in matrix multiplication, so this would not
be equal. The left side of this equation produces a AB-
BA whereas the right side produces a BA-AB which are
not the same value.

4. Show whether or not the following resultant matrices (R) are
symmetric: (A and B are not necessarily symmetric)

a. R=(AXA")

b. R=B+B"

c. Are all symmetric matrices invertible?

a. R=(4)(4")
R" =((AXA4"))" =(4"" (4")=(A)(4")
By definition if R = R” than it is symmetric
b. R=B+B'
R =B+B"Y =B"+B")=B"+B=B+B’
Again by definition R is symmetric. Because matrix addition is
commutative, this ends up equal.
¢. Are all symmetric matrices invertibie?
No, the matrix 1x1 matrix [0] is symmetric, but not invertible.



4
5)  Find the A™ of A, solving with the identity matrix L.

1 2 0 6
13 2 7
LetA=
36 0 17
2 0 -7 16
Solution:

We want to reduce A using row operations and simultaneously apply the same
row operations to the identity matrix to produce Al

1 2 0 6/1 000

1 3 2 70100
LetAjl=

36 0 170 0 1 0

2 0 -7 16/0 0 0 1

Add -1 times the first row to the second,
-3 times the first row to the third,
and -2 times the first row to the fourth to produce:

1 2 0 6j1 000
01 2 1-1100
0 0 0 -11-3 010
0 -4 -7 41-2 0 0 1

Add -4 times the second row to the fourth row,
Multiply the third row by -1,
Switch the third and fourth rows to produce:

1 20 6/1 0 0 O
01 21-11 0 0
0 01 8-6 4 0 1
000 1353 0 -120



Add -8 times the fourth row to the third row,
-1 times the fourth row to the second row,
-6 times the fourth row to the first row,

1 2 0 0f-17 0 6 O
01 2 0f-4 1 1 0
0 0 1 0}-30 -4 8 1
0 0 0 13 0 -1 0

Add -2 times the third row to the second row to produce:

1 2 0 0f-17 0. 6 0
01 0 056 7 -15 -2
0 01 0f-30 4 8 1
0 00 143 0 -1 O

and -2 times the second row to the first row

0 0-129 14 36 4
0 0of 56 -7 -15 -2
1 0-30 4 8 1
0 1 3 0 -1 0

o o o =
oo - O

which is the inverse of A

6. For Ax = b, solve for x.
2 -1 6 -1 6
1 1 0 4 12
Let: A= b=
-1 2 -5 4 3
2 -1 8 -1

Solution:



01 2 1 0 0 1 1 3 3 4 1
a) |2 0 3 b) {0 2 3 ¢) {3 0 7 d {2 31
510 0 4 5 2 -1 4 1 11
Solution:
a,b,c L

8. Find the cofactor and minor matrices of A.

3 2 3
LetA=17 1 3
1 4 2
Solution: /\ . %\
-10 -11 27 -10 11 27
C=1 8 3 -10 M=| -8 3 10
3 12 -9 3 -12 -9

9. a) Find det(A).



Let A=

N o= N
S5 IR~ N N
S N -

Solution: /I
det(A) =2 ¢

b) Find 47 using det(A).

A7 = 1 adj(A)
detA) 7 s
L
4 4 -6] [-4 2 4
adi(A)=C"={ 2 -2 4| =4 -2 -3
4 -3 4 6 4 4
1—4 2 47 -2 1 2
a_ 1 _ Al 1 _3
AM=—1 4 2 —3l=| 2 -1 A
6 4 4| |-3 2 2

10. Prove that det(4™) = L
det(A4)

Solution:

m,%‘v"‘““"{w

det(A™) = ———#det(47")det(4 ) =1 when you multiply it out.
det(4)
Then since we know that det(A)det(B)=det(AB), so

det((ANA4™")) = det(]) = 1''Which is true, the determinant for the Identity
matrix is 1. ¥



1. Solve the following system of equations using Gauss-Jordan elimination:

w+ x— yt+2z=-4
2w + y+ z=4
3w+ 2x + z=-1

3x +2y—4z=-3.

Solution:

The system of equations
wt x— y+2z=-4
2w + y+ z=4

3w + 2x + z=-1
3x+2y—4z=-3

has the augmented matrix | 3

1
2

-1
1
0
2

W Do -

0

2 -4
1 4
2 -2
—4 -3

Using row operations we reduce the matrix to reduced row-echelon form.

-1 2 -4
1 1 4
0 2 -2
2 -4 -3

S W N~
W NN O =

R2=R2-2R1
R3=R3-3R1
__)

R2 —> —R2
R2 & R3

R3=R3+2R2
R4 =R4-3R2

—

S O O -

o O O =

o o o =

1
-2
-1

3

O O =

-1

3

3

2

-1
-3

-1
-3
-3
11

3
2

2
-3
—4
~4

2
~4
-3
-4

—4
12
10

27



11 -1 2 -4
R3 — -1/3R3 01 -3 -4 -10
- 0 0 1 -5/3 8/3
0 0 11 -16 27
11 -1 2 —4
R4=R4-11R3 01 -3 -4 -10
- 0 0 1 -5/3 8/3
0 0 0 7/3 -7/3
11 -1 2 -4
R4 —3/7R4 01 -3 -4 -10
— 00 1 -5/3 8/3
00 0 1 -1
Rl=R1-2R4 11 -1 0 -2
R2=R2-4R4 1 -3 0 -6
R3=R3+5/3R4 00 1 0 1
- 100 0 1 -1
1 1 0 0 -1]
R1=R1+R3
R2=R2+3R3 0100 -3
0010 1
~ 00 0 1 -1]
1 0 0 0 2]
Rl=R1-R2 0100 -3
- 0 01 0 1
0 0 0 1 -1]
Thereforew=1,x=-3,y=1,and z=-1.
2. If
30 1 1-10
A= 1 2-1| and B=| 2 3 2|,
-2 6 -1 1 0 4

Find (AB)" and (BA)".



Solution: Performing the requested operations we see that

4 -3 4 2 -2 2
(AB=| 4 5 0 (AB)T =| 5 18 -3
| 9 20 8 ~5 24 -3
4409 2 5-5

(BA)= | -3 5 20 BA)T =|-2 18 24|.
| 408 2-3 -3

3. Compute the product of

4000][631 25
0-100] 21-13 0|

0020|345 7-6|
0003||-112-2 3

Solution: Because the first matrix is a diagonal matrix, the solution comes simply as

2412 4 8 20

-2 -11-=-3 0
6 8 10 14 —-12|
-3 3 6 -6 9

4. Solve these two systems simultaneously

x—y+2z=5 2x-2y+4z=-2
a. 2x+y—-4z=-6 b. 2x+y—-4z=9
x+3y+z=3 x+3y+z=4

Solution: After dividing the first equation of the second system of equations by two we
see that these two systems have the same coefficient matrix. So we can solve them at the

same time by augmenting the coefficient matrix with the columns of constants on the
right side of the equations to get

1 -1 215|-1
2 1 -4-69
1 3 1,34



We then reduce the matrix to reduced row-echelon form by using row operations

1 =1 2|5|-1| R2=R2-2R1 1 -1 2] 5 |-1
2 1 -4-6/9| R3=R3—RI1 0 3 —8-16/11
1 3 1(3/4]> 0 4 -1-2|5
y L3R 1 -1 2 5 | -1
R2—>1/3R 0 1 -8/3-16/311/3
- 0 4 1| -2]5
R3=R3—4R2 R B
B 0 1 -8/3-16/3| 11/3
” 0 0 29/3|-58/3-29/3
1 -1 2 5 | -1
R3— 3/29R3 0 1 -8/3-16/311/3
- 00 1| 2 |-1
R1=R1-2R3 1 -1 011
R2=R2+8/3R3 |0 1 o001
N 0 0 12-1
1 0 012
Rl=R1+R2 o 1 dd1
~ 0 0 12-1

Sofora.x=1,y=0,and z=2,
and forb.x=2,y=1,and z=-1.

5. Find (A + B)C if
2 4 1 4
1 2 3 -2
A=|-10|,B=|7 -1|,andC= .
4 1-10
3-2 0 -1



Solution: Fortunately we can see based on the size of the matrices that the involved
functions are possible, so the solution is as follows:

2 4 1 4 3 8
1 2 3-2 123-2
-1 0{+|7 -1 =6 -1
41-10 41-10
3-2 0 -1 3-3
35 14 1 -6
=2 11 19 —-12|
-9 3 12 -6

6. Compute the following determinants:

2 1 7
a. Det(A)whenA=|3 1 6
0 5 2]
1 3 1]
b. Det(B)whenB=|3 6 2
5 4 2

Solutions:

For these problems we can use the method of summing the products of the rightward
lines and then subtracting the products of the leftward lines.

a.

Det (A)= (2%1*2)+(7*2*5)+(1*6*0)-(0*1*7)-(5%6*2)-(2*3*1)=4+70+0-0-60-6=8

b.

Det (B)= (1¥6*2)+(3*2%5)+(1*3*4)-(5%6%1)-(2*4*1)-(3*3%2)=12+30+12-30-8-18= -2

7. If possible, find the inverse of A using [A] I ]
4 -5 3
A=11 2 -=-2].
-2 3 5



Solution: We set the given matrix next to an identity matrix of the same size. Using
elementary row operations to solve for the identity matrix on the right we get

4-5 311001 2-2/010 1 2-2/01 0

A7 |1 2 -2/010|=[4-5 3|1 00 |={0-3711|1-4 0
-23 5001} {-23 5/001 019 1[0 2 1

't 2 -2 o 1 o] [t 2 -2 ] o0 1 o0

=0 1 -11/37|-1/37 4/37 0|=|0 1 -11/37|-1/37 4/37 0

019 1 0 2 1 0 0 246/37(19/37 -2/37 1

2 =2 0 1 0

1 -11/37-1/37 4/37 0

0 1 [19/246-1/123 37/246

2

1

0

0(19/123 121/123 37/123
0|-1/246 503/4551 11/246
1[19/246 —-1/123 37/246
1 0 0]20/123 1157/1517 26/123
=10 1 0|-1/246 503/4551 11/246
0 0 1)19/246 -1/123 37/246

8. Determine the determinant of A if

1 3 4
A=1-1 2 -1].

2 1 =2
Solution:

detA = (-4) +(-6)+(-4)-(16)-(6)-(-1)= -45

9. Calculate det (A) using row opporations.
3 6 12

A=3 3 1
1 3 2



Solution:
Start with A: actions on Det.
3 6 12

3 3 1 switchR1andR3 -1
1 3 2

1 3 2
1 R2-3R1 and R3-3R1 1
6 12

W

3 2
0 -6 -5 R3-1/2R2 1
0 -3 6

3 2
0 -6 -5
0 0 17/2

Now we can find that the determinate of this diagonal matrix is:
1(-6)(17/2)=51

Now we take into effect the product of the numbers we wrote down to the right.
51/-1=-51

10. Use cofactor expansion along a row or column of your choice to find det(A) if

0 3 -2 4

5 0-30
A=

-2-5 31

0 -2 0 0

Solution: It would make sense to choose row 4 because only one of the entries is not
zero. Expanding, we find that

0 -2 4
detA = (-2)|5 -3 0.
-2 3 1

We can then use the method that multiplies the diagonals downward, with positive
products going to the right and negative products going to the left. Therefore
detA =(-2)(0 + 0+ 60 — 0 —(-10) — 24) = -92.



Section 1.1

1.

Find the augmented matrix (2 pts each)

a.
3x —4x.=3
4x +3x:.=1
Tx+2x:=2
b.
2xi+2x:=1
Txi+x:—4dx:=7
3xi—2x:+6x:=0
2. For which values of the constant K does the system (2 pts for each part)
2x-y=4
4x-2y=K
a. have no solutions?
b. Exactly one?
c¢. Infinitely many?
Solutions
la.
3 -4 3
4 3 1
i 2 2
1b.
2 0 2 1
7 1 -4 7
3 -1 6 0

2a. No solution for all real numbers K# 8
2b. One solution is not possible because the lines never cross G 9
2¢. Many solutions are possible if K=8 because the equations will be similar



Section 1.2
1. Reduce these Matricies using Gauss Jordan
Elimination (4 pts Each)

a b
) 0 5 10 25 )
A= 1 2 4 2
36 9 3
0 5 10 25] SwapRows1 & 2 to getrid of
4 9 Leading 0 — ]
0
3 9 3
- - 2
1
12 4 2] R
0 5 10 25 g
L 6 9 3 | -3x 1" Row — 0
2
(1 2 4 2 K
0 5 7 25| DividebyS5
00 -3 -3 Divide by -3 — .
(1 2 4 0
2 5| Subtract 4x 3" Row 0
0 1 1| Subtract2x 2" Row — 0
20 =21 gubtract 2x 2™ Row — 1
0 1 0 3
0
00 1 1 K
1 0 -8 _
1 0 3 Done!
0 0 1 1
1
0

0 = B B o -

(Rl e

0
B= |2
1
1
7 0]
10 11
0 8]
7 0
10 11
0 8
0 8
7 0
10 -5
0 0

b = 0 -
(=
=]

Swap up 3™ Row
Swap down 1* Row
Swap down 2" Row —

Subtract 2x First Row
Subract First Row —

Divide by 10
Drop off 0 Row —

.

1]
Subtract 7x 3™ Row —

Subtract 4x 2™ Row —

Done!




2 3 -5 2 8
C= 4 -7 3 7 =2

2 3 =52 8 Divide By 2 —
4 -7 3 7 =2

1 3/2 =5/2 1 4
14 -7 3 7 —21| Subtract 4x 1* Row —

1 3 -5 2 8
0 -13 13 3 -18| DivideBy-13—

(1 3 -5 2 8 Subtract -3x 2™ Row
0 1 -1 -3/13 50/13)

(1 0 -2 35/13 50/13

0 1 -1 -3/13 18/13

2. Define Gauss-Jordan Elimination (3 Points) —
The process by which one changes a matrix into

reduced row-echelon form.  — 5 v \o ;3 n

\C\/\"‘VYQ——CV\HVCB



Section 1.3 Compute (4B)C+CC (15 Points)

1 -5 6
A=

-3 3 2

47 3 -2
B=|5 5 3 3]
96 -3 1
1 -6
-5 2
7 4
'3 -8

4 7 3 -2
55 3 3

[1 -5 6}
AB= X
9 6 -3 1

-3 3 2 =

{(1)(4) + O+ OO DD+ G+ OO DO+ B+ O)(-3) (D(-2)+ (-9)HB)+ (6)
33D+ O+ @O EIMD+ G+ 2O 3B+ B+ (A-3) 3)-2)+ B3+ (2(
13 18 -30 -11
) {21 6 -6 17}
1 -6
13 18 -30 -11] |-5 2
21 6 -6 17 ] 7 4
3 -8
3D+ ABK-5)+ (30X + (-11X3)  (13(-6)+ (18X2) + (-30)4) + (- 11X-8)
[ @CDMD + (6X-)+ (-6X7)+ (17X3) I-6)+ (6X2) + (-6XH+ (ATX-8)

320 82
21 0 -2

(AB)C= { =



cr-|.

CTCz{

-5 7 3
-6 2 4 -8

1 -57 3
-6 2 4 -

|

[ MM+ (-5 + (D> + 3’

COM+ )+ DD+ (-8)3)

< &4 -12
—i-12 120

(AB)C+CTC=

~320 8
o -2t

84
-12

120

o

|

1 -6
-5 2|
7 4|®~—
3 -8

ME6)+ -+ (DB + 3O
O+’ + @+ (-8)

-284 70
-12 98



Section 1.4: Inverses: Rule of Matrix Arithmetic

1. Given the following matrices, perform the indicated operations: (1 point each)

1 1 1

A=10 1 1
_0 0 1
(7 1 3

B=12 -1 1
_O 1 4
0 1 3

CcC=12 0 5
0 0 3

a. A+B
Simple matrix arithmetic provides the answer:

1 11 7 1 3 8 2 4
0 1 1|+12 -1 1|=(2 0 2
0 01 0 1 4 01 5

b. A+C'
First the transpose of C is found by interchanging the columns and rows of C,

0 2 0
c'"=|1 0 0
3 5 3
then add C" to A

11 11020
0 1 1|+[1 0 0
0 0 1] |3 5 3

and receive the sum:

13 1
111
3 5 4

c. (A+B)C
The sum of A+B has already been determined, so that matrix is left multiplied into C and the
product is:

8 2 410 1 3 4 8 46
2 0 212 0 5(=(0 2 12
0O 1 5[0 0 3 2 0 20



d. c’

C" is found by forming the augmented matrix [C | I]

and performing elementary row operation until the resulting matrix is of the form [I | B]
where B is equal to C’

01 31 00
2 0 500 1 0
_0 0 300 0 1_
(2 0 50 1 0]
0 1 3[]1 0 O Swap the top row with the second row
|0 0 3/0 0 1]
(2) (1) 8 (1) (1) _01 Multiply the bottom row by -1 and add it to the second row,
_0 0 110 0 1/3]| then divide the bottom row by 3
(2 0 00 1 -5/3
01 01 0 -1 Multiply the bottom row by -5 and add it to the top row
|0 0 110 0 1/3
(1 0 0[0 1/2 -5/6
01 01 O -1 Divide the top row by 2
L0 0O 10 O 1/3

2. Given A and B find (AB)" (2 points)

4 1 -7
A={0 9 6
2 -5 4
4 5 -1
B={-2 1 -10
2 3 =2

First the product AB must be found in order to calculate its inverse.
This product is given as:

0 O 0
AB=|-6 27 -102
26 17 40

since the matrix has a row of complete zeros, it is singular meaning it has no inverse.

3. Prove the theorem: (3 points)



7 [Ccl Z] Aw{

_ 1 [d -b (o © C ol
A ! = [ j] A
ad —bcl—C¢ @ QX’ \ﬂ\{ ‘A(/)( 4\1""‘(\)
~
This theorem can be proved by simply finding the inverse through the augmented matrix method
(a bll 0
¢ dj0 1
(1 Y 0. : .
IRAL %} Divide the leading entries by themselves
1 % 1% 0 ) Subtract the b from th
0 eyl _y Subtract the bottom row from the bottom row
(1 v/ 1
L% % 0 Multiply the bottom row by the leading
10 1|%aa — b
entries' scalar inverse
i _d b -
(1) (1) Yov-da  Veb-da Multiply the bottom row by -b and add to the top
i Seb-da  ~ Yeb-da a
a_|-Y% y . : T 1
A" =| 4 /ebds | Begin to reorganize and simplify A
Se-da  — Yeb-da
A =— L [d -b Factor out because of the properties of
cb—dal=¢ 9 | cb-da
scalar - matrix multiplication
_ 1 [d -b] . -1
A = Multiply the scalar by —
da-cbl™¢ @ Py >

4. Find a matrix M such a that (1) MB = MC and (iven: (
(2 -9 3

B=| 6 -2 7} q73((/7~

-4 1 5
(3 20
C=|-8 6 6
-5 4 1

Performing simple matrix operations, shows us that left multiplying both sides of equation 1 by



an inverse of M:
M'MB =M'MC

gives us IB = IC M %4‘, C/
orB=C. —

So as long as M is any invertible matrix (ie det(M) # 0) both equations 1 and 2 are true.

T A (/ML\,M@M.A ‘



Section 1.5

1.

Which of the following are elementary matrices? (4 pts)

01 0 3 03
V3 0 0 1
a. |1 0 O b.OlOc.0 d.\/50
0 0 1 0 0 1 1
2. Find a row operation that will restore the given elementary matrix to an identity
matrix. (2 pts each)
a. b.
0 0 0 1
01 00 0
0010 0 1
1 00 O
3. Use row operations to find the matrix inverse ([A| I ]) (5 pts each)
a. b.
2 6 6 1 2 3
A={2 7 6 B=12 5 3
2 7 7 1 0 8
Solutions
la. you could swap row 1 and 2 to show b 7' é?

l¢c. you could divide row 1 by NE)

2a. Swap rows 1 and 4 giving:

2b. Multiply

0
0
0
1
b

y -3 giving:




— N —
o o - ——— 9 2 T o T T
[ e
o~ N
00101001201_6<_JQM._
N —
O = O e
_,125125435m35
P b | — - —
—_ o o o [ \n N — o , _
o o U == ==
o~
T2 =T T N T o Iy Y o B S S R
I e T I = T = S R S S o S S I R
L L —1
1
<o~
| L
I 1
o0~ 00 ~ @ <@ - —
T R T
p—
—_ 0 O e © —aT T e O O = T
© O~ ™ O~ =0 o —~ O —
7,1|,.O
677377311010{
AN N~ N DO~ OO Mn

|

9
-3
-1

16
-5
-2

_40
B'=| 13
5



Section 1.6

1. True or False (3 points Each)

If A is invertible then Ax = b is consistent for every
n x 1 matrix b: True A 6WW\;(—
- N oX

If the reduced row-echelon form of A 1s I;: True

If A is invertible then Ax = b has infinite solutions:
False

2. Use the Following System of Equations to Solve
for x given b. (3 Points Each)

x-3y=b
3x+2y=by

@. b1:5 b2:7
b1:-5 b2:10

1 -3 2/11  3/11 ,7
A= Al= -
L 2} [—3/11 1/11} Q'D

A'*B=
4\

2/11 3110[s]  [31/11
~3/11 /117 ~8/11
x =31/11
y =-8/11

‘)

211 3/11][H] [4
~3/11 1/11j[10} |-1



Section 1.7 (10 Points)

Q: To what purposes can a diagonal matrix be used? What is the effect of left
multiplying a diagonal matrix into any matrix 4?

A: A diagonal matrix can be used to muitiply each row by an individual scalar. Whereas
previously we could only multiply the entire matrix by a single scalar we can modify
each row (or each column by right multiplying by the diagonal matrix).



Section 2.1

. . . "
1. Evaluate the determinate using the diagonal method.

(2pts each)
a. b.
36 4 8
2 5 1 3
(4 pts each)
c d.
1 0 2 010
4 6 3 2 0 3
1§ 2 5 6 1
Solutions

a. 3*%5)—(6%2)=3
b, (4%3)-(1*8)=4
c. (1%6%2)+(0*3*1)+(2*4*5)—(1*6*2)—(5*3*1) —(2*¥4*0) =25

A (0F0* 1)+ (1*3%5)+(0%2%6)—(5*0*0)—(6*3*0)—(1*2*1) =13



Section 2.2

1. Find All Minors & Cofactors for the matrix:

(5 Pts)
3 5 =7
A= 1 2
4 8§ -4
M]] ! 2 =20
8 —4

= 5
H&%
—_ L e W
I

~N

L 41 |

i Il

—_— (U8

~3 (&)

2
Miy ¢ 2o
..4 -4_
IE
M, S P
._4 —4.—
MJ 3 -7 =48
_6 -
M, 6 1 =44
_4 8_.
M23 3 5 :4
_4 8_
M/J3 3 = .27
_6 1_.
-20 -32 44
Minors=| 36 16 4
17 48 =27
-20 32 44

Cofactors= | —-36 16 -4
17 —-48 -27

2. Evaluate Det(B) with a Cofactor Expansion
(Spts)

1 k k°
B=|1 k k*
1 k k*?

ROR - KO + RO - R + UK KD =0



Section 2.3 (15 pts)
Q: Using row operations find the Determinant of the follow matrix:

2
-1
-4

1

1

i
[\ e R Y]
O O N W

A: Start by trying to create an upper-triangular

1 5 2 3 ()
3 8 -1 6
Lo 4 o?3kPR > (-3)
5 2 1 9 L
15 2 3
07 7 3
:>R1+R3—>R3:>05 _5 3 1
52 1 9




15 2 3
@R 07 7 3 -a-
= 5R, ;2 Ry = 00 49 3 (- )(&'
0 0 -91 39
15 2 3
6) 07 7 3
= IR, #A9R, > Ry> |0 o 40 %9)
0 0 0 2184

kdet(A)= det(B)
det(B)= (1)(7)(49)(2184)=749112

det(4)=749112/k  k=(-3)(1)(-5)(23)(-5)(-5X(7)(91)(49)=269212125

8
A — 4 = —_—
det(4)= 749112/269212125 2875



Section 2.4
1. If A is an nxn matrix and A™! exists, find det(A™): (4 points)
We know that A A =1, and also det(I) = 1 (determined by multiplying all the diagonal entries)
therefore taking the determinant of both sides of the equation gives us:
det(A A =det() =1
it is also know that we can break “distribute” the determinant operator:
det(A)det(A™) = 1
since determinants are scalar values we can divide each side by det(A):

oK"

det(A“Y&d oA which is acceptable because det(A) # 0, a fact because A 'exists
e

2. Which of the following statements are true? (4 points)
definitions: E-E, are defined as nxn elementary matrices
A and B are any nxn matrices

a: det(EB)=det(E)det(B)
False

b: det(B) = det(B")

true

c: a possible sokﬁo/n of-the producty
det(E,)det(E,)...det(Ey) is 0

false

3.a: How is the characteristic polynomial determined? (3 points)

A is an nxn matrix and x is a variable, then the c.p. is defined as:
det(xI - A)

b: What is the c.p. of: (4 points)

1 5 3
A=|16 9 7
2 8 4

set up the expression xI - A:

x-1 -5 -3
-6 x-9 -7
-2 -8 x-4

taking the determinant gives us
x3-14x2-38x-168

4. Which of the following is/are possible eigenvalue(s) of A? (5 points)

e

a:-1, 1 c: ([2+/2)2
b: -1 d: 1/2,-1
Only B is correct



1. a. Find the augmented matrix for the given system of equations.
b. Solve the system of equations using row operations.

X1 -3X2 + X3= -3
5X1 +X3 -X3 = 9
2x; +10x; -2x3 =26

Answer:

-3 1 1-3 1 -3 1 |-3 1 -3 1 |-3 1 -3 0]-7
A=5 1 -1|9 |=10 16 -6]|24 0 16 —-6|24|er0 16 0] 48
10 -2 26 0 16 —-4|32 0 0 2|38 0 0 1] 4

SO X1 =2, X3 =3, and x3 = 4.

2, List the three types of row operations and make a 3x3 elementary matrix for each
one:

, : , and

Answer:

Swap two rows, multiply a row by a constant, and add a multiple of one row to another
I 0 O 5 00 1 0 O
0 0 1 0 1 O 2 1 0
0 1 0

0 0 0 1 0 1
od

Examples:

o = O
—_ o O
W



1 0 -1

3. Find the solutions using A={2 3 0 |and B=
1 2 1

a. A+B b. A(A+B) c.tr(B)A"  d.B'A

Solution:

0 0

-]

|

[—y

4
—_— N =
[\ 2R 'S B e )
— W

S N B
NN
&
—_ O N
[a—
- s~ O

f

(9]

)

el

vy,

I
D N =
— N O
wo— N

Do A and B commute?

Solution:

6 2 -31 10 -5
21 = 5 =25 15
1 3 6 15 0

Il
N W

5
2
1

_— e N
>
o N =

Since AB is not symmetric A and B do not commute.

S W N
>~ - O
I
P



14
Find the inverse (if it exists) when A=

oi84
1 4-5]-114-5
GX405x8)|-8 3| -32|.8 3
2
by L4 32

Does Not Exist because (1)(32)-(8)(4)=0

15
Use row operations to find the inverses of the following matrices:

a) 312
10 21 21
[l 6 10]~ [(1) 61;?],,[:)?11 1]~[(1)(1) 11 thereforetheinverseis[l 1]
31201 e 276 2°6 276
[1 23 6242
00 O
ply 3 46
Not invertible because of the row of zero's.
164
0-40
0 032 Lo
1647100 164120 164]
0-40[{010{~|010f0-7 0|~|010[0-70
032]001 032001 0020%1
100 1_% 2
164 1 100 )
~l010]0-7 0|~lo10]0-5 0
001 31 001
0g 7 31
REIP
therefore the inverse is |Q -% 0
3 1
03 2
16
Solve the system by inverting the coefficient matrix and using theorem 1.6.2
x+5y=2
6y+3z=7
-x+Ty-z=-20

150][x][ 2
~063yH 7
-17-1j{z] [-20

1507100
the inverse of the coefficient matrixis| 0 6 3|010]|~
-17-1]001



150100 150100 1sojt 00 4100
1o gol.{o;L]0% 0 Tt
017060~01_ 6 ~012 6 ~1010]"4 12 4
11 1 001]1 1 1
9.5 5 S
toof % ]
~1010 -T2 177 7 therefore the inverse of the coefficient matrix is -7
00111 1 1 1
2 6 "2 2
ft9m ultlgly thgt by the 3x1 matrix to solve for the variable matrix
7111_217*' 27 [265833] ~
I T3 7 7 1=]|-4.9167 f
1 1 1205 [12.1667
2 672

o~ Sl’" 5|u-

ENRY

j—

D= B



Find A™" using its adjoint.

Solution:

B Tor 2 ‘YA
€
Det A =(1)(2)(2) + 3)(-3)(2) + (D()(5) - (5)(2)(2) - GNH1)(2) - (DN(-3)(1)

= 4+18+5-20-6+3

=4
2
Cpj=det =7 Cp=-det =-1 C,=det =-19
1 1
Cy=-det =8 Cp=det =8 C,,=-det ;=8
1
C31=det2 =-3 C,,=-det =5 C,,=det =-1
7 -1 -197 7 8 -3
AdjA= 8 -8 8 = -1 -8 5
-3 5 -1 -19 8 -1
70, 3
4 4
A-l___l -2 2
4 4
-l -l
4 4



2 3 -4 1

1 -2 -2 1
A:

3 5 -6 2

2 -5 -4 2

Find the determinant of A

Solution:
Det A= 0 since by a theorem a matrix with two proportional rows or
columns has a determinant of 0 and column 1 of A need only be multiplied
by -2 to create column 3.

9. Evaluate the determinant of the following matrices by reducing the matrix to row-
echelon form.

31 5 4
4 8 12
2 6 2 8
ay |3 5 7 b)
0 7 1 9
2 3
1 2 3 4
Solution:
4 8 12 1 2 3 1 2 3 1 2 3
a) det|3 5 7 |[=(4)det|3 S5 7|=(4)det|0 -1 -2 |=(-4)det|0 1 2|=
2 3 4 2 3 4 0O -1 -2 0 0 O
(-4)(1)(1)(0)=0.
31 5 4 1 1/3 5/3  4/3 1 1/3 5/3 4/3
2 6 2 8 0 16/3 —-4/3 16/3 0O 1 -1/4 1
b) det =(3)det =(16)det =
0O 7 1 9 0 7 1 9 0O 0 11/4 2
1 2 3 4 0 5/3 4/3 8/3 0 0 7/4 1
1 1/3 5/3 4/3
(44)det 0 ~1/4 44)(DH)(D)(1)(-3/11)=-12
e = = —= -
0 O 1 8/11
0

0 0 -=3/11



1 2 3
10.IfA=|4 3 1/, finddet(A™).
05 2

Solution:
1 2 3 1 2 3

det|4 3 1|=det|0 -5 -11{=(1)(-5)(-9)=45, so det(A " )=1/det(A)=1/45.
0 5 2 0 0 -9



1.) (15 Points)

Find the solution set for the system of linear equations

2x+4y-6z =3
x+ y =3
3y+9z=18
Solution

The system of equations can be rewritten in matrix form:

which row-reduces as follows

- 10 3
2 -3 2

2

_ o1 =3

-1 0 3
39 18 | 0 0 18

9- —
60 0 = L0 o

27 | -
06 0 =

> 01 0

45
00 18 > | 00 1

Which is code for x= 3/4, y=9/4, z= 5/4

N[O

I
o W

N|3

Bl B|O bW

2 4
1

1

0 3

(6 0

0 6

18
—18

18

-6 3

3
18




2.) (10 Points)

{5 2
For Matrices A = B=
1 9

a) What is the product of AB?
b.) What is the product of BC?
c.) What is the product of CA?

Solution

a.) Undefined

3 1
4 1 8
b) | 4 6
5 2 1
11 7

c.) Undefined

W
~N &

@

i

17 6 25
46 16 38
79 25 95

4 1
5 2



3.) (20 Points)

Find the determinant of the matrix A =

Solution

(2 3 1 —4 6
4 9 4 1 9
6 -3 2 5 -8
2 7 10 6 4
7 3 1 0 7 |

Using row operations, make A into an upper-triangular matrix B as follows:

(2 3 1 —4 6 |
4 9 4 1 9
6 -3 2 5 -8
2 7 10 6 4
7 3 1 0 7
(2 3 1 —4 6
0 3 2 9 =3
0 —12 —4 17 =26
0 4 9 10 -2
(14 6 2 0 14 |
(2 3 1 —4 6 ]
03 2 9 =3
0 0 10 —6 6
00 0 1 =2
00 5 73 50|
(2 3 1 —4 6 ]
03 2 9 =3
00 5 —3 3
00 0 1 =2
00 0 0 199]

(2 3 1 —4 6 |
0 3 2 9 -3
~ 0 —12 —4 17 —-26
0 4 9 10 -2
14 6 2 0 14 |
(2 3 1 —4 6]
0 3 2 9 -3
~ 0o 0 0 1 =2
0 12 18 30 —6
0 —15 —5 28 35 |
(2 3 1 —4 6 |
03 2 9 =3
. 00 5 —3 3| _
00 0 1 =2
0 0 0 76 47 |

det(A) = det(B)/C where C = the product of the numbers
written on the side of the matrix reduction correlating to the
operations used (swap rows = -1, multiply row by nonzero
constant k = k, add the multiple of one row to another = 1).
Using this formula we get

det(A) = (2*¥3*5%1*199)/(119*2%3*-1*1/2) = -1990



4.) (20 Points)

For the following system of equations:

~3y+2z=8
3x=35y+ z= 2
X—y = 4

a.) Set up the corresponding augmented matrix
b.) Use Gaussian elimination to determine the solution, if possible, for x, y, and z.

Solution

a.)

[0-3 2 8]

[3-51 2]

[1-1 0 4]

b.)

[0 -3 81 [1-104] [1-1 0 4 ] [1-1 O 4 ]
[3-512]~[0-328]~[0T1-23 -83]~1[01-2/3-831]~
[1 -1 41 [3-512] [3-51 2 ] [0-2 1 -10]
[T-1 O 4 ] [T-1 O 4 ] [1-10 4] [1 00 32]
[01-23 -83]~[01-2/3-83]~[01028]~[01028]~
[0 0 -1/3 -46/3 ] [0 0 1 46 ] [0 0146] [0 O1 46]
Which is code for:

x=32

y=28

z=46



5.) (10 Points)
Compute det(A) using the definition that the determinant of A is the sum of all
the signed elementary products of A, when:

Solution
There are only two permutations: al1a22 and al2a21. The first is even and the
second is odd, therefore: det(A) =4(5) + (-1)(2)(3) = 14



6.) (20 Points)

Find the inverse of A using Gaussian elimination method, when:

A= [162]

[340]

[584]
Solution
[A[l]=
[1T62]100] [1 6 2| 1 00] [16 2 | 1 0 0]
[340[]010]~[0-14-6|-310}~1[01 3/7 | 3/14-1/140] ~
[584[]001] [0-22-6|-501] [0024/7|-2/7 -11/7 1]
[1T6 2 | 1 0 0 ] [160] 7/6 11/12 -7/12]
[013/7] 3/14 -1/14 0 1~ [010] 1/4 1/8 -1/8 ] ~
[00 1 |-1/12 -11/24 7241 [0 0 1| -1/12 -11/24 7/24 ]
[1TOO0]| -173 1/6 1/6 ]
[010] 14 1/8 -1/8]
[00 1] -1/12 -11/24 7/24]
Thus,
AN =[-13 16 1/6 ]

[ 1/4 18 -1/8 ]

[-1/12 -11/24 7/24 ]



7.) (10 Points)
Is the product of a symmetric and skew-symmetric matrix symmetric, skew
symmetric, or neither? Show why.

Solution

A is symmetric and B skew-symmetric if

AT =A,B"T=-B

So, (AB)"T = BAT*A"T = (-B)(A) =-BA

Therefore, AB will be skew-symmetric iff A and B commute.



8.) (10 Points)

Find a nonzero 3x3 matrix A, such that AT =A, and a nonzero 3x3 matrix B, such that
B~T=-B.

Solution

A= 1 1 1]

11 1]
1 1]
A= 1 1 1]
[ 1 ]
[ 1 ]
v A=A"T
B= [0 -1 -]
1 0 1]
[ 1 0]
BAT= [0 1 1]
[-1 1]
-1 -1 0]
B= [0 1 1]
1 0 1]
1 -1 0]



9.) (15 Points)

Find the solution of this system using A*-1. Hint(x=A"-1* b)

2x+4y+z =5

Ox +2y =3

xt3y+z =17

Solution

A= [2 4
[0 9
[1 3

B= [5]
[31]
[17]

The method of finding the inverse

[2 4 1)1
[0 9 2(0
[1 3 110
[1 3 1 |0
[0 1 2/910
[0 0 5091
[1 3 0] 95 2/5
[01 0| 2/5 1/5
[0 0 1]-9/5 -2/5
AN-1=[3/5 -1/5
[2/5 1/5
[-9/5 -2/5
x=-1
y=-11

z=51

0 1]
19 0]
2/9 2]

-13/5 ]
475 ]
-18/5 ]

15 ]
-4/5 ]
18/5 ]

l

[100
~1010
[001

— — —
o O =

| 3/5
| 2/5
| -9/5

Ao

N O W

O = W

-1/5
1/5
-2/5

]
]~
]

110 0 1]
210 1 0] ~
101 0 2]
110 0 1
2900 19 0

1 |-9/5 -2/5 18/5
-1/5 ]

4/5 ] ~

18/5 ]



10.) (20 Points)

Find the determinant of the following matrix D by reducing to row-echelon form.

o 1/

N — 7 o— N

<t Vv N o—

ANO AN — A

v — O O O

—~ Tocoo

[ S By S iy TR Sy N— )

Solution

ol B e B

(=]
31618

tT AWV o

NN AN — O

wn — O O O

—_ OO OO

e e e e

T e

[e)
31612

<t ONwn N —

AN O NN~

n — O OO

N0 — OO

nwn — O OO

— O O O O

et e b )

e —

[
31168

<t NN

NN —~ O

v~ O OO

o &
o 859 ,
" : A,)(

[ I e B e W T |

o o
3\111004

NN - O

NO — OO

- O OO

—_ O OO O

e e e eed

=640

det(d) = 1¥16*1*1*40



rgr}—:l 1. Consider the matrices

3 0 1 5 2 6 1 3
A=|-1 2/ B={-1 0 1{C=|-11
1 1 3 2 4 4 1 3
Compute the following:
a) 5(B-C)
b) -3(B+2C)
¢) (BA)'
d) tr(BB")
e) 2C" + 3B’
Solution
a)
1 5 2 6 1 3 -5 4 -1
Since 5isascalar wetake B-C=|{-1 0 1{-|j-1 1 2|={0 -1 -1j.
3 2 4 4 1 3 -1 1 1
~25 20 -5
S5tmes B-C=| 0 -5 -5\
-5 5 5

1 5 2] [6 1
b)-3(B+2C)=-3/|-1 0 1{+2/-1 1
3 2 4/ [4 1

This yields: - 3(B+2C)=-3/|-3 2 5 -6 -15|.

3

2

3
13 7 8 -39 -21 -24
4 10 -33 -12 -30



1 5
cffirstwetake BA=|-1 0
3 2

; 0 -2 11
Then taking the transverse we get (BA)" = .

12 1 8
dytr(BB")
1 -1 3
firstwefind B =|{5 0 2|.Then
2 1 4

1 5 2 1 -1 3 30 1 21
BB"=|-1 0 1|*|5 0 2|={1 2 1|

3 2 4 (2 1 4 21 1 29
Then the trace =30 + 2 + 29 = 61.

e)2C" + 3B
6 -1 4

Wegetthat C' =|1 1 1|, and from the previous problem we get B T
3 2 3

12 -2 8 3 -3 9 15 -5 17

N N -

Therefore2CT +3BT =12 2 2|+(15 0 6|=|17 2 8]

6 4 6| [6 3 12 (12 7 18



|

[Opts 2.)Find if the matrix has an inverse using the form [A]]] to get [I |47 ] If the matrix is

invertible, check your answer by multiplication.

1 0 1
a0 1 1.
1 10
Solution:
We start with
(1 0 11 0 0
0 1 10 1 O0|adding-1 timesrow 1 to row three gives
|1 1 0j0 0 1
10 1|1 00
0 1 1|0 1 O0]adding-1timesrow 2 torow 3 gives
01 -1-1 0 1
10 1|1 0 0
0 1 1({0 1 O}multplying row 3 by -1/2 gives
0 0 -2}-1 -1 1
101t 0 0
0 1 1{0 1 O ]adding-1timesrow 3 torow 1 gives
KB
1 0 of # 1
0 1 03t 1 | therefore the inverse is
0 0 13 3 3
T 3 3
3T 3 2
T 7T 7




— D

1
Checking this with multiplication gives A4~ = | 0
1

) [Spts 3. Solve the systenpsimultaneously.

L

x, - 5x, = b, a)b, = 1,b, = 4
where

3x,+2x, = b, b)b, =-2,b,=5

Solution

O e

YIS NY Ni_‘_

SlL W=
1l

o o ~

o = O

_ o O

¢ \nots

We start by creating the augmented matrix for the systemiand putting the so)@ns side by side

with the matrix.

1 -5]11-2

3 2 lals adding -3 times row 1 to row 2 gives
1 -5 1‘— 2}

multiplying row 2 by 1/17 yields

LO 17 1111

1 -5|1-2

i | 11 |adding 5 times row 2 to row 1 produces

LO 17|

Lol
CIRIE
therefore

x, =22/17
a)

x,=1/17

x, =21/17
b)

x,=11/17



A i
10pts 4. Solve the following system of equations by using the inverted coefficient matrix:

5x, +3x, +2x, =4

3x, +3x, +2x, =2

X, + xX3=5

Solution: This system can be written as Ax = b, where:

5 3
A4=|3 3
0 1

— NN
»
I
o
N
=
I

53201 00] s 3 2/t oo [53 2[/1 0 0] [53 2[]1 0 0
33201 0|~|0 % %% 1 0[~|0 1 %% % o|~l0 1 %% % 0
01 1o 0 1| o1 1/0 0 1] (01 1{0 0 1| |0 0 4|4 % 1
5 3 2/1 o0 o] [5 321 0o o] [530-2 5 -6
~10 1 %% % o|~l0 1 0% % -2|~l0 1 0% % -2
0 0 1|% % 3] [0 0 1% % 3 00 1% % 3
5 0 0% % o] [1 00y % o0 YooY 0
~l0 1 oF% % -2|~|0 1 0% % -2 AV =% % -2
L001%%3_[001%—%3 ¥ % 3

v 04 1]
x=A"b=|¥% % -2{2|=|-11

% % 35| |16 ]

Therefore,
x =1, x, =-11, x, =16.

20pts 5. Find the conditions that the b’s must satisfy for the system to be consistent:

X, — X, +3x, +2x, =b,
—2x,+x,+5x,+x, =b,
—3x, +2x, +2x,—x, =b,

4x, —3x, +x;, +3x, = b,

J|
Solution: All we need to do is set up a partitioned matrix and"golve:



1 -1 3 21]b] [1 -1 3 2] b 1 -1 3 2
2 1 5 1|b| |0 -111 5 |25,+b,| [0 -1 11 5
3 2 2 ~1|p| |-3 2 2 -1| b | |0 -1 115
4 -3 1 3|b| |4 =31 3| b 4 -3 1 3
1 -1 3 2 b, 1 -1 3 2 b, 1 -1
0 -1 11 S| 2b+b, 0 -1 11 5| 2b+b, 0 -1
1o 0 0 0|b-b+b| |4 -3 1 3 b, | |o 1
4 -3 1 3 b, 0 0 0 0|b-b+b] [0 O
1 -1 3 2 b, 1 1 -1 3 2 b,
0 -1 11 5| 2b+b, 0 -1 11 5| 2b+b,
1o 0 0 0|-2b+b,+b,| [0 0O 0 0|-2b+b,+b,
0 0 0 0| b—by+b, | |0 0 0 O b—b,+b,

We can see that the system will be consistent if and only if:

0=-2b, +b, +b,

. b =b, +b,
, Or re-written:

(=il

2b, +b,
—4b, +b,
b, —-b,+b,

1 1 -1 2
1 4 5 2
0 24 28 -12
0 -4 5 -

0=b,-b, +b, b, =2b, +b,
10pts 6. Solve the following system of linear equations using Gaussian elimination and back substitution.
wtx+ty-z=2
2w -3x-2y+z=2
w+2x-3y+4z=0
w +y-z=3
Solution:
First, we find the 1 1 1 -1
augmented matrix: 2 3002
1 2 -3 4
1 0] 1 -1
Next, we reduce the matrix to row-eschelon form.
1 1 1 -1 2 1 1 1 -1
0 -5 -4 3 -2 ~ 0 1 -4 5
0 1 -4 5 -2 0 5 4 3
0 -1 0 0 1 0 -1 0 0




’_"
—
—
!
—
[\
H‘
[um—y
—
1
—
[\
p—
—

~ |0 1 4 5 2| ~lo0o 1 4 5 2|~
(- (-
0 0 1 N6 Y 0 0 1 76 W% 0 0
0 0 -4 5 -1 o 0 0 % 1 0 0

This augmented matrix yields the following system of linear equations:

wtxty-z=2

Xx-4y+5z=-2
y-7/62=1/2
z=3

Using back substitution, we replace z = 3 into the equation above:
y-(7/6)*3=1/2 ~ y-72=1/2 ~ y=4

We then replace y = 4 and z = 3 into the equation above that:
x-4*4+5%3=22 ~ x-16+t15=-2 ~ x=-1

We then replace x = -1, y = 4, and z = 3 into the equation above that:
w-1+4-3=2 ~ w=2

Thus we have the solution set {w =2,x=-1,y=4,z=3}.

25pts | 7- Youhave the following equation: y = ax® + bx?> + cx + d.
By inspecting the graph, you see that points (0,4), (1,3), (2,6) and (-1,3) lie on the graph.
Solve fora, b, ¢, and d.

Solution: To begin, create 4 linear equations, placing the (x,y) values of the points into the equation:

4 = a(0)* + b(0) +¢(0) +d
3=a(lp +b(1)? +c(1) +d
3=a(-1)* + b(-1)> + c(-1) +d
6=a(2)* + b2)* +c(2) +d

The first thing to notice is the first equation, which says d = 4.
Replace d with the value "4" in the other three equations, and compute to get:

atb+c=-1
-a+b-c=-1
8a+4b+2c=2

O -

12
5 2
(_

N6 Y
1 3




10pts

Solution:

Creat an augmented matrix for the system of linear equations:

1 -1 1 1 1 -1
-1 1 -1 -1 | Add the first row to the second: o 2 0 -2
8 4 2 _2 | '8 4 2 2|
Reduce: 1 1 1 -1 1 1 1 -1 1 1
0 2 0 -2 ~ 0 1 0 1]~ 10 1
0 -4 -6 10 0 0 -6 6 0
From the last two equations we have b=-1 and ¢ = -1 A
Placing these values in equation #1, wehavea-1-1=-lora=1. (3""
Soa=1,b=-1,c=-1, and d = 4. Placing these values in the original equation,
our solutionis: y=x*>-x*-x+4
8. Find the determinant 1 3 2 | using the definition of a determinant.
of the matrix A= -1 4 -1
2 0 -3

The determinant for matrix A = Z signo * (A(1),0(1))*((A(2),0(2))*...*(A(n),0(n))
for all permutations of ¢ in S(n).

In this particular matrix, n = 3. We will list the permutations for ¢.

=- sign=1 (0 d.o.
123 A(1,1)*A(2,2)*A(3,3) =1*4*-3 12 pairs)
132 A(1,D)*A(2,3)*A(3,2) =1*-1*0 =0 sign = -1 (1 d.o. pairs)
213 A(1,2)*A(2,1)*A(3,3) =3*-1*.3 =9 sign = -1 (1 d.o. pairs)
sign =1 (2 d.o.
231 A(1,2)*A(2,3)*A(3,1) =3*.1¥2 =6 pairs)
sign=1 (2 d.o.
312 A(1,3)*A(2,1)*A(3,2) =2*-1*0 =0 pairs)
321 A(1,3)*A(2,2)*A(3,1) =2%4%*) =16 sign = -1 (3 d.o. pairs)

Now we take the sum of the values multiplied by their respective signs:
-12(1) + 0(-1) + 9(-1) + -6(1) + 0(1) + 16(-1) =-19

Thus the determinant of A is -19. (,-?AA

1 -1
0 -1
1 -1




9. What is the determinant of the matrix AB, where A is an upper triangular matrix and

30pts B is a lower triangular matrix? (\’{/HA_%):_ el = nd s - 3l}

Solution:

Let matrix A = a b v and matrix g 0 0
B

0 d e = h 1 0

0 0 f j k 1

Then the matrix AB = agt bh+ ¢ cl
AB = j el
N —— ﬂ —_—

right of the matrix, as follows: ] bi + ck cl ag +bh+¢j
di +ek el dh +¢j

det(AB) = (ag+bh-+cj)(di+ek)(fl) + (bi+ck)(el)(f) A (cl)(dh+&)(fk) -
[(c])(di+ek)(§) + (ag+bhrcj)(ely(fk) + (bi+ck)dh+ej)(fl)]

= (adgi-+bdhi+cdij+aegk+befk-+cejk)(fl) + befil\+ cefjkl + cdthkl + cefjkl -
[cdfijl + cefjkl + aefgkl + befhkl + cefjkl + (bdhitbeij+cdhk+cejk)(1l)]

= adfgil + bdfhil + cdfijf+ aefgkl + befhkl + cefjkl + befijl + cefjkl + cdfhkl + cefjkl -
(cdfijl + cefjkl + aefgk} + befhkl + cefjkl + bdfhil + befijl + cdfhkl + cefjkl)

= adfgil + (bdfhil - bafhil) + (cdfijl - cdfijl) + (aefgkl - aefgkl) + (befhkl - bethkl) +
(cefjkl - cefjkl) + (befijl - befijl) + (cefjkl - cefjkl) + (cdfhkl - cdfhkl) + (cefjkl - cefjkl)

= adfgil+0+0+0+0+0+0+0+0+0
= adfgil
But adfgil is jugt the entries of the two main diagonals multiplied together.

ifant of the product of an upper triangular matrix and a lower triangular
matrix is the product of the entries in the main diagonal of both matrices.



15pts

10. Find A using its adjoint:

3 2 -1
A=|1 6 3
2 -4 0
Solution:
The cofactors of A are
CU =12 C12=6 C13:-16
C21 =4 C22=2 C23: 16

C31= 12 C32_—“-10 C33= 16

So the matrix of cofactors is
12 6 -16
4 2 16

12 -10 16
and the adjoint of A is

12 4 12
adj(A)=| 6 2 -10/.
-16 16 16
The determinant of A is

3 2 -1

det(A)=11 6 3l=afr 7! o !
et(A) = =2| 3-(-)1
2 -4 0

= 2(12) — (-4)(10) = 64.

Thus
24 1)
o4 1 |64 64 6
Ae L asay=L] 6 2 —w0l=|8 2 219
det(A) 64| i e | |64 64 e
- “16 16 16
64 64 64




1. For the following systems of equations, find the augmented matrix if the system is linear.
If the system is not linear, identify it as such.

3x, —2x, =1 x =1 xl+3x, +x, =1
a) 4x, +6x,=5 b) x, =2 c) x, +7x, —dx, =5
Tx, +3x,=0 x, =4 —4x, +9x, =2
Solution:
3 -2 -1 1 0 01
ayj4 6 5 b)|0 1 0 2 ¢) Non-linear
7 3 0 0 01 4
2. Find the inverse of 4 using elementary row operations [A | I ] - [I | A]
1 2 3
A=2 5 3
1 0 8
Solution:
1 2 3|1 0 0
2 531010
1 0 8/{0 0 1

2 3|1 00
0 1 -3[-2 1 0| Add-2timesthe first rowtothesecond rowand —1times the first rowtothethird row
0 -2 -5(-1 0 1

2 3 1 00
0 1 -3§-~2 1 0| Add2timesthesecond rowtothethird row
0 0 -1]-5 21

2 311 0 O
0 1 -3|-2 1 0| Multiplyrowthreeby—1
00 15 -2 -1

/0



2 0(-14 6 3
0 1 0| 13 -5 -3| Add3timesthethird rowtothesec ond rowand —3 times the third rowto the first row

0 1 0| 13 -5 -3| Add-2timesthesecond rowtothe first row
00 5 -2 -1
3. Given matrices [A], [B], and [C], compute the following if possible:
45 3 18 5
1 8 3 10 0 5
3 7 5
A=l6 4 9 B=|3 8 6 C=
10 12 21 3
2 7 5 1 7 9
5 10 3 45
a) 6(A—-4B) b) %(AC—BT)—(CA—BT) ) 2(BA+AT)T
Solution:
1 8 3 10 0 5} 1 8 3 40 0 20
6|16 4 9(-43 8 6||=6/|6 4 9{—|12 32 24
2 75 1 7 9 2 7 5 4 28 36
a) -
-39 8 -17 -239 48 -102
=6/ -6 -28 -15|{=| -36 -168 -90
-2 =21 -=-31 | -12 -126 -186
b) Undefined
— T T T
10 0 5|1 8 3] {1 8 3 20 115 554 |1 6 2
2[13 8 6|6 4 9|+|6 4 9 =2[163 98 111(+({8 4 7
)179275_27 61 99 111} |3 9 5
c
21 121 57 ! 21 71 64 42 142 128
=2[171 102 118 =2/1121 102 1081||=|242 204 216
64 108 116 57 118 116 114 236 232




ok Vol

4, If 4 and B are matrices such that 4B = BA then A and B are said to commute. Determine
which of the following commute. Then, using simple row operations, find an upper triangular
matrix ( 4. ) of the symmetric product.

6 8 1|7 0 0 42 16 7 2 2 31111 2 10 9 9
a)|8 0 2|0 2 0|=|56 0 14 b)y{2 3 2|1 2 1|={9 10 9
1 2 50 0 7 7 4 35 32 2\12 11 9 9 10

Solution:

‘a’ does not commute, ‘b’ does. To solve for an upper triangular matrix:

10 9 9 10 9 9
9 10 9 | ~ Subtract the third row from the secondto get~ | 9 10 9 | ~ Multiply the
9 9 10 0 1 -1
10 9 9
third row by -10 and add to the secondrow~ | 9 10 9 | ~ Multiply the first row by 9, the
0 0 19
10 9 9
second row by -10 and add together~ | 0 -19 -9
0O 0 19
10 9 9

Upper triangular matrix 4. =| 0 -19 -9
0O o0 19



5. Find 4™ by using its adjoint.

4 Byinspection: det4=1x2x3=6

1 3 5
A=10 2 4
0 0 3
Solution:
1 3 5
A=|0 2
0 0 3
2 4
o2 e
0 3
C, = 35 =-9
21 O 3
3 5
1=l 42
6 0
adj(A)=|-9 3
2 -4
= adj(A) =
det A 4

o 4
12 03
o |1
2203
s
2710 4
o]" [6 -9 2
ol =0 3 -4
2 0 0 2
1
6 -9 2
Lo 3 _4|=]o
6
0 0 2
0

0 2
Bl of
o |13
3 0 o]
c. =11 3|
33 02_



6. Find the inverse (A™), then the inverse of the transpose (A")", followed by the transpose

of the inverse (A™)" :
3 5
4 2

Solution:

We can find the inverse by using the theorem demonstrated in 1.4.5 of the text. To find A, we
calculate

d b 2 B 5
1 d-b| _|ad-bc ad—bc _ |-G 32)-H)
ad—bc |—ca ¢ a 3 4 3
ad —bc ad -be B)2)-(4)(5) B)2)-(H5)
L
= ; 143 is the A of the given matrix.
7 14

Performing the shift and then applying the same theorem as in the above statement, we can
calculate the inverse of the transpose as so:

[ . }
AT=15 2 , now to take the inverse, by (A" =

d b 2 B 4 1 2
ad—bc ad —bc _ | BG@)-A) 3R)=(@O) | _ 77

c a 5 3 5 3
ad-bc ad—be T 3)Q2)=(D)G) 3)2)-(4)5) 14 14

Now to finish the explanation, we will calculate the transpose of the inverse,

15 Sz
A-] — 7 14 — (A-I)T 7 7
2 3 5 3

7 14 14 14

We can determine that fbh(A™)" and (A™)" are equivalent.



7. Find the determinant of the following matrices:

H
a)A= 2 7

4.5 6
389
®)B=11 2 o

Solution:

For part (a) we start by applying methodology of section 2.1.3. This states that the determinant of
a 2X2 matrix can be found by the equation:

det(A) = aj1az; + (-1)apa2; = ad — be.
By inserting the various entries from the matrix we can find the determinant. Shown as, @
det(A) = (5)(7) — (8)(2) =35 - 16 =19, 19 being our solution.
For part (b) we will use the format of solving a 3X3 matrix demonstrated in 2.1.4 of the hand-

out. Using the given theorem we can find the determinant, keeping in mind that each variable
describes an entry in matrix B:

det(B) = aei — ath + bfg — bdi + cdh — ceg.

{ n
Now we insert the entries from B that will satisfy this equation,

det(B) = (4)(8)(0) — (4)(9)(2) + (5)(9)(1) — (5)(3)(0) + (6)(3)(2) — (6)(8)(1)
det(B) = 0 — 72 + 45 — 0 + 36 — 48
det(B) = -39.

Therefore our solution, det(B), equals -39.



8. Given the following matrix, find the characteristic polynomial that results from:

2 1 1
-3 6 -3

Solution:

Using the definition of a characteristic polynomial, we can solve for x in order to find the
resulting polynomial. We can do this by taking the determinant as follows,

det(x] — Z).
First we compute the value inside of the determinant declaration:
x—-2 -1 -1

3 x-6 3
xI-Z= -1 4 ga)(

Next we solve the determinant for a 3X3, this time calculating the expressions with x involved as
an entry. Using the given equation for the determinant:

det(x/ — Z) = aei — ath + bfg — bdi + cdh — ceg
det(x] - Z) = (x-2)(x-6)&f — (x-2)(3)(4) + (-1)3)(-1) - (-DB3)(0) +
(-DB)A) - (-1)(x-6)(-1)

detx/-Z)=0-12x-24+3-0-12-x-6
det(x] — Z) A;13x -39.

Thus, the characteristic polynomial for the given matrix is -13 9.
9. What is the determinant of the following matrix?

1 k* &k
A=|0 1 0

0 £ 1
Solution:

By theorem 2.9:



1 kK & 1k &
detA=kdetl0 1 O|=kdetf0 1 0 =kG€-)=1
0o 1 L 00 L
k k

10.  Solve the following system of equations by Gauss-Jordan Elimination, or show that it has
no solution:

6x, + 4x,+x, =20
X, +4x,+x, =10
X+ 2x,+x, =8

Solution:

Put into matrix form,

6 4 120
1 4110
1 218

Use elementary row operations:

I 0 12]

0 2 0 2| Subtract the third row from the first and second rows.
- 8 -
E 0 10

2 0 2 Subtract the second row from the first and third rows.

(1 0 0 2]

0 1 O 1| Dividesecondrow by two, divide the first row by 5..
(1 0 0 2]

0 1 O 1| Subtract the first from third row.
0 0 1 4]

The solution is then, x; =2, X, =1, x3 = 4.



/)

343 Midterm I

1. Solve the system of equations using Gaussian elimination (15 pts.)

3x+2y—z=-15
5x+3y+2z=0
-3x-2y+z=15
3x+y+3z=11

Solution: The augmented matrix of the system is

3 2 -1 =15} (3 2 -1 -=15] [3 2 -1 -15
5 3 2 0 0 -1/3 11/3 25 0 -1/3 11/3 25
-3 -2 1 15 0 0 0 0 0 -1 4 26
'3 1 3 1] |0 -1 4 26 (0 O 0 0
3 2 -1 -15] [3 2 -1 -15][3 2 o -7
0 —-1/3 11/3 25 0 —-1/3 11/3 25 0 -1/3 0 -13/3
0 0 -7 =56|1{0 0 1 8 0O 0 1 8
0 0 0 0 ][0 O 0 0]0 0 0 0
3 2 0 -7][3 0 0 =33 1 0 0 -11
010 13/|/01 0 13 01 0 13
0 01 8 0 01 8 0 01 8
000 O 000 O 0 0 0
x=-11
Which is code for y =13
z=§
2. Solve the system Ax=b using A~
/5 1/5 =2/5 X, -1/5
A=| 2 2 1 x=|x, | b=| 3
1/5 —-4/5 1/10 X, -33/10

Find 4™ by adjoining A with I and reducing A to I.



1/5 1/5 =2/51 0 0 1 1 -2/5 0 0
[4r]=| 2 2 1101 0[~[2 2 1]01 0}~
1/5 —-4/5 1/1010 0 1} {1/5 —4/5 1/1000 0 1
1 1 =25 o0 o] 11 =2 0 0
0 0 5|-10 1 0|~|0 1 -1/2| 1 0 —1|~
0 -1 1/2 -1 1llo 0 5 |-10 1 0
11 -2|5 o o[t 101 2/5 o0
01 -1/2l1 0 -1|~{0 1 00 1/10 —-1|~
00 1 |-2 15 0| |00 1]-2 1/5 0
1 0 o1 3/10 1
01 00 1/10 -1
0 0 1]-2 1/5 0
3/10 1
A'=| 0 1/10 -1
~2 1/5 0
1 3/10 1] =1/5 ~13/5
A7'b=| 0 1/10 -1 3 |=| 18/5
-2 1/5 0 ||-33/10
x=-13/5
y=18/5
z=1
3. Given the following matrices
1 3 4 -1 2 4
0 3
A=|7 2 6|, B=|-6 -5 7|, C= }
2 4
9 8 5 -12 -3 -1
Find
(a) A+B
(b) B-A
(¢) 2C  (15pts.)



Solution: Matrices of the same size—such as A and B—can be added or subtracted
from one another by adding or subtracting its corresponding entries.

1 3 4] [-1 2 4 0 5 8
A+B=|7 2 6|+ -6 -5 7|=|1 -3 13
9 8 5] |-12 -3 -1| [-3 5 4
1 3 41 -1 2 47[2 1 o0
A-B=|7 2 6|-|-6 -5 7|=|13 7 -1
9 8 5| |-12 -3 -1] |21 11 6

The product of a scalar and a matrix is found by multiplying the scalar to each of the

entries of the matrix.
0 3] 0 6
2C =2 =
2 4| 4 8

3 5
4. For the matrix 4= L 7} ,compute A, 47>, and A> +34 (15 pts.)
Solution: A4”is found by multiplying 4 to itself.
5 3 513 5 29 50
42 = _
4 714 7 40 69
A7 is found by taking the inverse of 4°.

L [29 501" (69 -50] [69 —50
A2 = = (1/(29 % 69 — 50 x 40)) =
40 69 —40 29| |-40 29

A* +34is also easily found.
, 29 50 3 5] [29 50] [9 15| [38 65
A" +34= +3 = + =

40 69 4 7 40 69 |12 21} |52 90

5. Find A™" using elementary row operations (15 pts.)

/5 1/5 =2/5
A=| 2 2 1
1/5 -4/5 1/10

Solution: Adjoin A with I and apply elementary row operations:



'1/5 1/5 -=2/5]1 0 © 1 1 -215 0 0
2 2 1 10 1 of~ 2 2 110 1 0|~
1/5 —4/5 1/10[0 0 1| |1/5 —-4/5 1/1000 0 1

11 =25 ool f[1 1 =2/5 0 o0
0 0 5|-10 1 0|~l0 1 -1/201 0 =1|~
0

-1 1/2/-1 0 1|00 5 |-101 0
11 =215 o o1t 1 01 2/5 o0
01 -1/2/1 0 -1|~/0 1 00 1/10 -1|~
00 1 |-21/5 0|00 1-2 1/5 0
1 0 o1 3/10 1
0100 1/10 -1
0 0 1-2 1/5 0

1 3/10 1
A'=| 0 1/10 -1

-2 1/5 0

6. Solve the system of equations simultaneously

x+3y+5z=b,
-15x-30y = b, (15 pts.)
2x+S5y+4z=>b,

by=1 b =0 b=-1
When b, =0 , b, =15 , b, =—15
by=-1 b,=1 b,=0

Solution: Adjoin the coefficient matrix of the system with the coefficient matrices of
b:



! 3 sltlol=1] 1t 3 slijol-1]]1 3 s5|1lo-t
~15 =30 0/0(15-15(~l0 15 75/15115-30|~|0 1 5|1[1]-2|~
2 5 4-11] 0 0 -1 —-6-31] 2 0 -1 —6-3l1 2

1 3 s5l1lo-1] [1 3 sjijol-1] [1 3 o-910]|-1
0 1 5|1]1]-2]|~{0 1 s1f1|-2]~f0 1 0-9[11|-2|~
0 0 —1-2210 | |0 0 1220 |0 0 1]2}-2 0
(1 0 0)18]-23 5

0 1 0-9/11|-2

00 12]-2]0

7. Prove that the product of 2 lower triangular matrices is another lower triangular
matrix (15 pts.)

Solution: Let 4= [a,.jJ, B= [b,.jJ, and C = lqu for C = AB where C is the product
of the lower triangular matrices A4 and B . By the nature of lower triangular matrices,
C is lower triangular if ¢; = 0 for i < j . Therefore, by the definition of matrix

multiplication
c; =ayb; +ayb,; +..+a,b,
Assuming i < j, this can be regrouped intg o
c=al;f’(iabf-(l~/+a p2¢ 4 +..+a,b
i Caf T by T T GG Gy TP T T finn
Row # of b is less than column # of b Row # of a is less than column # of a
So¢; =0.

8. Compute det(A) using the definition of a determinant.

A—12 15 pt
=13 4 (15 pts.)

Solution: The definition of a determinant is

det(4) = Z SZN(O)) 51y Ao (ny

oes,

Where sgn(o) is -1 multiplied by the number of inversions ino .
Permutations of n are (1,2) and (2,1).

Using o (1) =1, o(2) =2, the elementary product is a;,a,, or 1x4=4.
Using o(1) =2, o(2) =1, the elementary product is a,,a,, or 2x3=6



There are no inversions in (1,2) so its signed elementary product is +4
There is one inversion in (2,1) so its signed elementary product is -6

The sum of all elementary products is -2. So det(4) = -2

9. Find det(A) using cofactor expansion on the 2nd row (15 pts.)

>

Il
R e
N O

3
1
0

Solution: To find det(A) using cofactor expansion on the i” row, use

det(A4) = Z’;:] a,;C;

First find the minors of the second row:

4 3
M, =det =-6
3]
M, = det_2 0| =-6
4
M,, =det =-4

Then find the cofactors of the second row:

C,, =DM, =6

Cy = (_1)2+2M22 =—6

C,,=(-)"’M,, =6

Plug the numbers into the original formula to get

3
det(A) =), a,,C,
=2(6) + 0(-6) +1(6) =18



10. (15 pts.) Compute det(A) by reducing A to an upper triangular matrix

A=

-3 1 -3 0

1 9 3 2
Soulution:
(3 3 0 5 3 3 0 5 3 3 0 5
2 -2 0 -2/1]0 -4 0 -16/3| 1|0 -4 0 -16/3
31 -3 0|lo 4 -3 5 |lo o -3 -1/3|
1 9 3 2]1(0 8 3 1/3 0 8 3 1/3
(3 3 0 5 3 3 0 5
0 -4 0 -16/3| |0 -4 0 -16/3
0 0 -3 —1/3|]0o 0o -3 -1/3
0 0 3 -31/3] |0 0 0 -32/3

The product of the main diagonal of A reduced to upper triangular form is

3x ~4x~3x (~32/3) = -384

Because the only row operation we used to obtain a matrix in upper triangular form
was adding a multiple of one row to another, we do not need to multiply the product
of the main diagonal of that upper triangular matrix by any constant. So

det(4) = -384



Answers and solutions =

1. (15 pts.) Place the following set of linear equations into an augmented matrix
A and solve using the Gaussian- Jordan elimination process.

3x+5y-z=13
x— 10y +2z=-12
7x -2y +2z=24

Solution:
~
(3 5 1 13
A= | 110 2 -12
(7 2 2 24
(1 210 2 -12)
A= |7 2 2 24
3 5 -1 13
(
1 10 2 -12)
A= | 0 68 -12 108
L0 35 -7 49 )
s ~
1 -10 2 -12
A= | 017 3 27
o 5 -1 7.
f ~
1 -10 2 -12
A= |0 17 3 27
0 0 2-16
(1 -10 2 -12))
A= | 0 173 27
(0 01 8
(110 2 -12 )
A= 01 0 3
0 0 1 8
(1 0 2 18 )
A= 01 0 3
00 1 8 )

Interchange row 2 for row 1
then, new row 2 for row 3

row2 — 7(row 1)

row2x 1/4

row3x 1/7

17(row 3) — 5(row 2)

row 3 x-1/2

row 1 + 10(row 2)

row 1 — 2(row 3)

/2



1 0 0 2 x=2
61 0 3 => y=3
00 1 8 z=8
7
Al

2. (15 pts.) Prove v;h{ if 4A? is an invertible symmetric matrix, then 21 + 2A™'A
1s also symmetric.

Vic- -
Solution: 2T 424 A= 7.0 SO
4A2 21+2A7'A — Ll L =(uT T
[ 4(AA) 2[1+21 ] x A™ g QLL)
4(ATIsA%A) 2IA™ +2IA™

41A 2AT +2A™ - \
4A 4;'1 T Ao C((?Q\‘ }\”

Based on Theorem 1.7.3 “If A is invertible symmetric matrix, then A™ is
symmetric.” 4A™ is the inverse of the invertible symmetric matrix 4A; therefore,
if 4A is a invertible symmetric matrix, then its inverse (4A™) must also be
symmetric.

{ /l

3. (20 pts.) Find the inverse of the followmg set of linear equations and solve
the matrix for x, y, and z using A™

w+x+4y+4z=3
w+3x+7y+9z=5
x—2y-3z=4

w-2x—-4y—-6z2=3

o 1\
Answer: |A|l] = |I| A™ |

Solution:
1 14 4/1000
1 37 910100 add -1(R1) to R2
2 1 -2-310 001 add -1(R1) to R3
1 -2-4-6(00 01

A I
114 411000 swap R2 with R3 then,
023 511100 add -2(R2) to R3
01-2-3i1001 0 add 3(R2) to R4
0-3-8-10/-1 0 0 1




swap R3 with R4 then,
add -7(R3) to R4

multiply R4 by -1/24 then,
add -5(R4) to R3

add 3(R4) to R2

add -4(R4) to R1

add 2(R3) to R2
add -4(R3) to R1

add -1(R2) to R1

1
4. (15 pts.)‘ Solve the previous matrix for x, y, and z using A™ .

Theorem 1.6.2 “If A is an invertible n x n matrix, then for each n x n matrix b, the
system of equations Ax = b has exactly one solution, namely, x =A™ b.”

1144 1000
012310010
00711 ]-11-20

(001 5 [4301

71 144|100 0)

0 1-23/0 010
0 015/|-43 01
0 0 0-24| 27202 -7

g _/

(11 4 0]112-1083 -13 -7/6
01 2 0|273 52 5/4 78
00 1 0|138 -7/6 -5/12-11/24
00 01| -98 56 1/12 7724

\ _/

100l 43 a3 213)
010 0] -1/8 1/6 5121724
001 0] 138 -7/6 5/4 -11/24

000 1|-98 56 112 724)
100 0| -8 76 1112 1712
010 0|-18 U6 512 12
001 0] 13/8-76 5/4 -1172
000 1| -98 56 112 77

I AT
Solution:
78 76 11/12 1724 3

18 1/6 5/12 1124 5
13/8 -7/6 5/4 -11/24 4
9/8 5/6 1/12 714 3

AT b =

#

£
o

N < ¢
oy
N‘Lu



5. (15 pts.) If A and B are both invertible, symmetric matrices, and k is some
nonzero constant, is C an invertible, symmetric matrix? T
Explain your reasoning. C={[kkA+B?]™"} }

Answer : Yes
Solution:

a) A nonzero constant k times an invertible, symmetric matrix A results
in an invertible, symmetric matrix. Theorem 1.7.2

b) Two invertible, symmetric matrices added togethezrTesult in a A\ J)Vk( v
invertible, symmetric matrix. Theorem 1.7.2 ,..\

¢) If a matrix A is invertible and symmetric then it’s inverse is also S; X ("3’
invertible and symmetric. Theorem 1.4.10 and 1.7.4

d) If A is an invertible, symmetric matrix, then it’s transpose is also - D)
invertible and symmetric. Theorem 1.4.10 and 1.7.2

6. (15pts.) Giventhat Aisannxnmatrixand B=A +ATandC=A - AT, prove
that B is symmetric and C is skew symmetric. Hint: that means that B=B" and C = -
cT

Solution: BT=(A+AT)T=AT+(AT%T=AT+A=B
C'=(A-ADT=AT-(AN'=AT-A=-(A-AT)=-C

7. (10 pts.) Is it possible to have AB =1 if B # A™'? Justify your answer.

Answer: Yes
Solution:

IfA= [100 and B= 1 0
010 0 1
97 67

ThenAB=Iand B# A"

8. (20 pts.) Find the inverse of matrix A using its adjoint.

A=(5 3 -1
2 1 -4
1 2 -6

Solution:
1 adj(A)
AT'= det(A)



det(A) : 5(-6 - -8) = 3(12 - -4) + -1(-4 - 1) =-33
Cofactors for adj(A)

Co=(C-D+""Mu=(1)[6--8]=2
Ce= (-1)1+2M12 = (—1)[-12 - -4] =8
Cu= (-1)l+3M13= (1)[-4 - 1] =-5
Car = (-1)2'Ma= (-1)[18 - -2] =-22
Cz = (-1)%*Maz= (1)[30 - -1] = 31
Cxn (-1)2+3M23= (-1)[10 - 3] =-7
Car = (-1+'Msi= (D[-12 - -1] =-11
Caz= (-1 M= (-1)[-20 - 2] = 22
Cs= (-1)3+3M32= (1)[5 - -6] =11

I

Cofactor Matrix
2 8 -5 2 22 -11
-22 31 -7 adj(A) = [Cofactor Matrix]" = | 8 31 22
-11 22 11 507 11

-2/33  22/33 11/33
A™ = |-8/33 -31/33 -22/33 |
5/33  7/33  -11/33

9. (5 pts.) What is the determinant of the following lower triangular matrix A.

A

W~ wn N
(% I SN R ]
A= OO
NO OO

Solution:

The determinant of a triangular matrix is the product of the diagonal.

det(A)=(2x9x1x2)=36 7

Z
10. ( 10 pts.) a) Find the determinant for matrices A and C by inspection.

Solutions:
2 0 00
A 01 00 det(A)=2
0 010 Elementary matrix —row 1 x k
0 0 0 1



det(B) =1

Elementary matrix — row 2 + row 3

OO ==
oo — O
O = — O
—_—0 O O

b) (10 pts.) Find the determinant of a matrix C, which is the result of the addition
of matrix A and matrix B, remembering the properties of the determinant
function.

SENRSER Uottee |

Solution:

C=A+B det(C)=det(A) + 0--15)+ (4 --3)=32 det(C) =32

According to Theorem 2.3.1, this only works because matrix A and B differ only
by one row.

Ll = 4 @] = 2+ ¢ T 64 #37,

-6



1. Write the augmented matrix of the following systems of linear equations. If
none exists, specify why.

a. 2x1-3x2+ 4x3 =2
10x2 - 6x3 =4
5x1 - 53 =0

b. 2x1 =3x2+4
4 -2x2 = 5x3 - 3x2
7+x1+x2+x3=0

C. 2x1 + 3x2 =18

17x1-3x2=5

x1x2 =1
d. xX1=2

3x3+4=0
Solution:
a. b.
2 -3 4 2 2 -3 0 4
0 10 -6 4 0 1 -5 —4
5 0 -5 0 1 2 3 -7

c. Not possible, x1x2 is not linear.

d.
1 0 0 2
0 0 4 -3

2) Solve the following system of equations using Gaussian Elimination and
back-substitution.
2x1+3x2+1x3=10

Ox1+3x2+1x4=06
Ox1+3x2+2x3=9
4x1+6x2+2x3=20

Solution:
x, =2
x, =1

x; =3

/3



Check:

Since the fourth equation is simply double the first, it can be discarded and
we'll still have enough information to complete the problem (3 egs. and 3
unknowns)

We begin by finding the augmented matrix for the equation. Then we
reduce itto row-echelon form.

2 3 1|10 2 3 1|10 1 3/2 1/2]5
A={0 3 1|6 |~|0 3 1|6|=|0 1 1/3]|2
0 3 2|9 0 013 0 O 1 |3

From this we learn that %3 = 3 , allowing us to use back-substitution so that

1
x2+§x3=2 - x2+§(3)=2 - x,=2-1 =1

and,

3 3 1
x1+5x2+x3=5 - x1+5(l)+3(3)=5 - x,+3=5 > x,=2

(l il
3) Solve this augmented matrix, A, using Gauss-Jordan elimination.
1 5 -3 0 19

316 -7 2 69
2 12 3 16 63
ALl 3 -11 =10 -25

Solution:



1 5 -3 0 19 1 5 -3 0 19 1 5 -3 0

316 -7 2 69 o1 2 2 12 01 2 2

2 12 3 16 63 0 2 9 16 63 0 2 9 16

1 3 -11 -10 -25]_, |0 -2 -8 -10 -44]__|0 0 1 6
1 5 -3 0 19 1 5 -3 0 19 1 5 -3 0 19
01 2 2 12 {012212 01 2 2 12
0 0 3 12 39 00 1 4 13 0 0 1 4 13

=10 0 1 6 19/_, |00 1 6 19/_, (00 0 2 6_,

1 5 -3 0 19 1 5 -3 0 19 1 500 22

01 2 2 12 01 2 0 6 01 00 4

00 1 4 13 0 0 0 001 0 1

00 0 1 3J_,/00 0 1 3]_,0001 3]_,

1T 0 0 0 2

0100 4

0 01 01

0 0 01 3

W=2

X=4

Y=1

Z=3

4) Determine whether each of the following statements is True or False.
(A) (4+B)C=CA+CB

(B) A" =-4

©) (A" =)

(D) (ABCDE)' =A"'B'C'D'E™!

(B) A"A=1 and AA™ =1

(F) (ABC)" =C"B" 4"

(G) (4+B)" =B" + 4

(H) If (4B)isinvertible, then 4 and B are both invertible
() Aissymmetricif and onlyif 47 = -4

() If BA=IthenB=A4"



Solutions:
(A)False.
(B)False
(C)True
(D)False
(E)True
(F)True

(G)Trae W/ ety SN

()T,
o Fhgt

(NFalse

I N P
5)LetX=L"3 llangy=1L0 2
Find: ")
3X2 + 3(XTy— hf"\"*@”’t/ )

X-1 + 4X
(2X - 3Y)T

Solution:

a) 3X2 + 3(XT)

5 2} [5 2}
=73 lo4gl=3 1y

—

b) X-1 + 4X

m——n

¢) (2X - 3Y)T

5 2 1 7 10 4 3 21
S ) RS [

7 -6
A= =17 -4

(19 12J [5 —3} [57 36} [15 —9} {72 27}
es3ol-18 5] L g¢[2 1] |54 -15) |6 3] _|-48 -12

5 2} [5 2 [1/11 —2/11} [20 8} 221/11 86/11}
-:L3 1] 4 4 4+L-3 1L—-/=2;3/11 511 |, [-12 4]—=x ]—129/11 49/11

—

{7 —17}
;>+_6 ~4 )T



6) Solve the following systems of linear equations simultaneously.

a. x1 -2x2 +3x3=10
5x1 + 3x3 =30
x1 +2x2 -2x3 =1

29

b. x1—-2x2 +3x3=2
29

5x1 +3x3 = 2

-19
X1 +2x2-2x3= 2

C. X1 —-—2x2 + 3x3 =-16
5x1 + 3x3 =34
X1 + 2x2 - 2x3 = 30

Solution:

Since the coefficients are identical, we can use the given identity (x = A-1b) as
follows: invert the coefficient matrix and multiply by the ‘b’ matrices.

1 -2 3100 1 -2 3 ]1 0 0
5.0 3(010 0 10 -12{-5 1 0
acll 2 -2000 1] [0 -4 5|1 0 -1
1 -2 3 |1 0 o0 b-2 311 00

o
p—

|

—

N
—
[

I
NN
=<

<o
<o

L2 Mo o
o -4 5 N | R L 7A I R 74

o

[—y

-2 3 -2 3 1 0 O

10
L2017 Ko 0 1 0|~ % -6
oo 125 T2 —s_Jooo 1| -5 2 -5

1 0
0 0
0



1 0 3} -12 5§ -12 1 0 0] 3 -1 3
-13 5 _ -13 5 _
0 1 5 % -6 010 / 5 -6
o001 -5 2 -5]_Joo0 1] -5 2 -5
3 -1 3
-13 5 _
A 6
Thus A-1 = =52 =5 and our solutions can be determined as the
product ofA 1 and b as follows:
10 3
—1y / -6(l30| |4
-5 1 5

= thus for part a. x1=3 x2=4 x3=5
Similarly,

_129
SRS 7 JA
13 8/ 29| -1
2 /2
S5 2 st | 4
L JL = thus for part b. x1=1/2 x2=-1 x3=4

3 -1 3 |[-16 8

13/ 5/ _
246349

2 I8 072 thusfor part c. x1=8 x2=9 x3=-2

(note: we could also simply put the original matrix into reduced-row echelon form
to arrive at the same solutions.

1 -2 10 2/ 8

1
1 0 03 A 8
5 0 330 24 9 01 0l4|-1] 09
_ 19/ | _ _
1 2 2|1 A 2|_, 00 1|5| 4|2
7) Given the following matrices:
1 00 10 5 0 3 2 1
4=|0 1 0 B=|13 10 1 C=|0 5 1
0 0 1 3 4 1 6 4 2

Identify whether the following are row equivalent:



Matrices A and C
Matrices A and B
Matrices B and C

Solution:

Matrices A and C ARE NOT row equal.
Matrices A and B ARE row equal.
Matrices B and C ARE NOT row equal.

Check:
If A and C are row equal, then C must be able to reduce to equal A. So, we
have:

3 21 3 21 1 00
C=|0 5 1ij~|0 5 1],whichcannotbe reducedto}0 1 0
6 4 2 0 00 0 0 1

Therefore, A and C are not row equivalent.

To show that A and B are row equal, we perform operations on A to make it
equal B.

1 0 0 1 0 0 1 00 10 0 O 10 5 O 10 5 0 10 5 0
A={0 1 0{=|{0 1 O|~|0 1 0;~|0 1 O|~|0 1 Of=[10 6 0|~|13 10 1
0 01 3 01 3 41 3 41 3 41 3 41 3 4 1

Therefore, A and B are row equal.

A and B are row equal, but A and C aren’t. So, it follows that B and C aren’t row
equal.

8) Find the determinate for matrix A. What does this tell us about A? A =
2 1 4

5 3 2
-2 2 6

Solution:
The determinant of A is the sum of all signed elementary products of A, as o runs
through all possible permutations.

det(A) = (2°3*6 )+ (4*5+2)+(2*-2+1) —(4*3*-2) — (2*2*2) — (6*1*5)



det(A) = 36+40-4+24-8-30
det(A)= 58

This tells us, because det(A) is not equal to 0, matrix A has an inverse.

9) Using signed elementary products, compute the determinant of the following
matrix

-7 -4 3
8 1 6
4 3 -5

Solution:
a. A = Aj,; there are thus 3!=6 permutations.
=> sign(1,2,3)(-7*1*-5) +
sign(1,3,2)(-7*6*3) +
sign(2,1,3)(-4*8*-5) +
sign(2,3,1)(-4*6*4) +
sign(3,1,2)(3*8*3) +
sign(3,2,1)(3*1*4)
=(35) - (-126) - (160) + (-96) + (72) - (12) =-35
Thus det A =-35

3
10) Given the matrix 4=|1
5

S W

0
2|, find 47" using the adj%ofA.
1

Solution:
1721 =2/21 4/21

1/7 1/21 -=-2/21
-5/21 -10/21 1/21

Check:

Since 4™ =

1
dj(A4), we begin by finding det(A4).
det(A)aj( ) gin by g det(4)

3
Using Cofactors we find that det(4) =3 0

2 61 2—33 6(-9) =063
16 ([=30)-6(-9)=

To find adj(4) we begin by finding Cofactors for each entry of 4



3 2

1+1 142 1 2 1+3 1 3
C,=-) : =3 C, =(-1 s 1 =9 C, =1 s 0 =-15
416 0 L3 0 a3 6
Cy = (_1)2 1 0 1 =—6 Cp= (“1)2 ’ 5 1 =3 Cy "_’(_1)2 ’ 5 0 =-30
416 0 L3 0 L3 6
C,, =D 3 9 =12 C, = (-1)°* { =-6 Cy, = (-1 - =3
3 9 -15 3 -6 12
This gives the matrix: |-6 3 —-30|—adj(4)=| 9 3 -6
12 -6 3 -15 -30 3

3 -6 12 /21 -=2/21 4/21
So, A"=é 9 3 -6|=| 1/7 /21 =2/21
-15 -30 3 -5/21 -10/21 1/21



/7&'

Question #1 (10pts.)
a) Which of the following are systems of linear equations? Include your reasoning on
why examples may not qualify.
b) For each set of equations that are systems of linear equations, write the
corresponding augmented matrix.

a. ()Y x +4x,-3x3=10 b. (mMx + 12y — cos(m3)w =1
7x1 — 9x3 =5 10y + 7z =27
3%y - 5x3 =% dx —T7z+9w =15
y—z+w-3=10
c. (c"/b)x;+x;-mx3=n d. (m)"*+2y=-3z=122
a’x; + (b/2)x; =d 6x +(3)" - 72 =4
jxi1tkxs=e 9x —2y+10z=5
Solution:

a) Options a, b, and c all qualify as systems of linear equations. Option d is not linear
because of the terms “(7(')()1/ 2 in the first equation and “7z%” in the second equation.

b) Corresponding augmented matrices:

7z 12 0 -—cos(#/3) 1

a. V24 -3 10 b.lo 10 7 0 n-3/4
70 =92 4 0 -7 9 5

0 3 -5 3/4 0 1 -1 1 13

c. Jelb 1 —m n d. Not a system of linear equations
2

a b/2 0 d
J 0 k e

Question#2(10pts)

Find the coefficients a,b,c,d so that the curve with the points (-2,-1), (0,7), (2,-1), (3,4)
will follow the equation: ax’ + bx*+cx+d=y

Solution:

b. Consider the data as a system of linear equations:
(-2Pa+ (-2)’b + (2)c+d=-1
(0)’a+ (0)’b+ (0)c+d =7



2 a+ @)+ Q)c+d=-1
(3)Ya+@yYb+@)c+d=4

c. Create and solve the augmented matrix for the system:

2% 22 _2 1 -1 -8 4 -2 1 -1 -8 4 -2 1 -1
ik 0° 0o 1 7 o o0 o0 1 7 8 4 2 1 -1
2% 22 o 1 1|7 |8 4 2 1 -1 T |27 9 1 4
33 32 3 1 4 27 9 3 1 4 0 0 1 7
8 4 -2 1 -1] 1 -1/2 1/4 -1/8 1/8
~ |0 8 0 2 -2/ . |0 8 0 2 =2 -
279 3 1 4 0 45/2 -15/4 35/8 5/8
0 0 0 1 7] 0 0 0 1 7
1 -1/2 1/4 -1/8 1/8 1 -1/2 1/4 -1/8 1/8
0 1 0 1/4 -1/4 0 1 0 /4 -1/4
0 9 -3/2 17/4 1/4 0 0 -3/2 -1/2 5/2
0 0 0 1 7 0 0 0 1 7
(1 -1/2 1/4 -1/8 1/8 1 -1/2 1/4 0 1
0 1 0 1/4 -1/4| - [0 1 0 0 -2 -~
0 0 1 1/3 -5/3 0 0 0 -4
0 0 0 1 7 0 0 0 1 7
1 -1/2 0 0 2 1 000 1 a=1
0 1 00 -2~ (0100 2| . b=-2
0 0 10 -4 0010 -4 ST
o 0 01 7 0001 7
B Therefore: x> -2x> -4x + 7=y
Question #3(10pts)
-1 s 0 _o 7 -1 0 1 -7 4 ) _3
A=| 2 | B= L 3 9} C=1|4 -5 8| D=|6 5 3| B=|_4 -1
1 2 6 -2 0 1 0 5

Compute the following (where possible):

a. C+tD b. AC c¢. E2B)-4D d. BA")D



Solution:

a. 7 -1 0 1 -7 4 8 -8 4
C+D=|4 -5 8|+ |6 5 3| = [10 O 11
1 2 6 -2 0 1 -1 2 7
b. AC is not defined
d. E(2B)-4D
J5 0 -2] [10 4 -4 42"57: -4 28 -6
B= 45 3 9|74 3 18] P77 =|7% -2 -
-2 0 1 8 0 -4
2 - - -
4 ? 104 - 326 ;8 426
BEB= 7% "4 3 18]7 |7
0 5 20 30 90
-2 —18 46 ~4 28 -16 -6 10 30
+ 4D= =
E@B)*-4D=1_36 6 2| T|-24 —20 -12 -60 —14 -10
20 30 90 8 0 -as|l 28 30 86 |
=-2 Therefore: x> -2x> -4x + 7=y
c:-
d=7
e. 3AHD
-1 -3 17
3A= 3| 2 |=| 6 3AT= | 2 | = [-3 6 12]
4 12 4
-7

4
(BAND= [-3612]| 6 3] = [9 51 18]
1

2. Let A and B be square matrices of the same size. Find (A+B)’.



Solution:

a. (A+B)’ = (A+B)(A+B)(A+B) by definition

b. (A+B)(A+B)(A+B) = (A’ + AB + BA + B%)(A+B) by left distributive law and
associative law for multiplication of matrices

c. (A?+ AB+BA +B?)(A+B)=A’+ ABA + BA? + B’A + A’B + AB’ + BAB + B’
by left distributive law

Section 1.5

Calculate the inverse of the following matrices if possible using the method [A|I]

a)

(3 4 -1
A={1 0 3

2 5 -4
b)

(-1 3 -4
A=| 2 4 1

-4 2 -9
c)

2 6 6
A=|2 7 6

2 7 7
Question #4 (10pts)

a)Paul is twice as old as Andrea. Andrea’s age added to Paul’s age is the same as
Melissa’s age. The sum of their ages is 48. How old is each person?

b)Eric has two times as many apples as Sam. If Eric and Sam combined their apples they
would have as many as John. When they all combined their apples they have 66. How
Many apples do they each have?

¢)90 people are in a huge group that is divided into three separate groups. Group one and

two combined have as many as group three. Group one has half as many as group two.
How many are in the individual groups?

Solve all of this questions using one matrix.



Key for Section 1.5

34 -1]1 00

a1 0 30 1 0]|Beginin the form [A[]
2 5 -4|10 0 1
[1 0 3/0 10
34 —-1{1 0 O|Switchrows 1 and 2
2 5 -4]{0 0 1
(1 0 3|0 1 0]
0 4 —-10|1 -3 O|Subtract 3 times row 1 from row 3
2 5 —-4]0 0 1
10 3/0 1 0]
0 4 -10|1 -3 0|Subtract 2 times row 1 from row 2
05 -10]0 -2 1]
‘10 3]0 1 0]
0 5 -10|10 -2 1|Switchrows?2 and 3
04 -10]1 -3 0
[1 0 3]0 1 0
0 1 -2|0 -2/5 1/5|Dividerow2by?5
0 4 -10]1 -3 0
(1.0 3]0 1 0
01 -2]0 -2/5 1/5 | Subtract 4 times row 2 from row 3
0 0 2|1 -7/5 -4/5
1 0 3|0 1 0
0 1 0|-1 1 1| Add row 3 from row 2
00 -2| 1 -7/5 -4/5
1 0 3 0 1 0
0 1 0 -1 1 1 |Divide row 3 by -2
0 0 1]-1/2 7/10 2/5
1 0 0] 3/2 -11/10 -6/5
0 10 -1 1 1 | Subtract 3 times row 3 from row 1
0 0 1|-1/2 7/10  2/5




3
Al=
-1
-1 3
b)| 2 4
-4 2
1 -3
2 4
-4 2
1 -3
0 10
-4 2
1 -3
0 10
0 -10
1 -3
0 1
0 -10
1 -3
0 1
0 0

/2 -11/10 -6/5
-1 1 1
/2 7/10  2/5
-4]/1 0 0
1{0 1 O]Startinthe form [A[l]
-910 0 1
4]1-1 0 0]
1| 0 1 O|Multiplyrow 1by-1
-91 0 0 1]
41-1 0 0]
~71 2 1 0]Subtract 2 times row 1 from row 2
-9 0 0 1]
4/ -1 0 O
-7 2 1 0|Add 4 timesrow 1 to row 3
7/-4 0 1
4| -1 00
-7/10|1/5 1/10 0 |Divide row 2 by 10
7] -4 0 1
4| -1 0 0
-7/10|1/5 1/10 0|Add 10 times row 2 to row 3
0] -4 0 1

No inverse exists due to a row of zeroes

S = N = = DN
—_ O AN = O &

Start in the form [A[I]

~N N O
O O =
O = O

0 | Subtract row 1 from row 2 and 3

1
-1

0
0
1
1 00
-1 0 1
0
0
0 1

0
1 Subtract row 2 from row 3
-1




[1 3 311/2 0 0
0 1 0f -1 1 O|Dividerow 1by2
0 0 1 0 -1 1
1 3 0|1/2 3 -3
0 1 0| -1 1 O]Subtract 3 times row 3 from row 1
0 0 1 0 -1 1
(1 0 0|7/2 0 -3
0 1 0 -1 1 O]Subtract 3 times row 2 from row
0 0 1 0 -1 1
7/2 0 -

Al=| -1 1

0 -1

Question #5 (10pts)
The system of linear equations that correlate for all three questions are as follows

X1-X2—0=b1
X1+t X2-X3=bs
X1+X2+X3=b3

Part a) has a vectorb=| 0

Part b) has a vectorb=| 0

Part c) has a vector b =
90

This can be represented in the matrix A and vector b
1 -2 0 0 0 0

A=|1 1 -1 b.=| 0| by=|] 0| b= O
1 1 1 48 66 90



All three of these equations can be solved at once
1 -2 0] 0] 0] O

I 1 -1} 0] O O
I 1 1[/48]66|90

Using elementary row reduction and reducing the first section of the matrix into the
Identity form the respectful vectors will be the answers because x=A"'b

-2 0| 0] 0] O

3 —-1| 0| 0| O]Subtract row 1 from row 2 and row 3
3 1148|6690

-2 0| 0| 0O
1 -1/3| 0| 0| O|Dividerow 2 by3
3 1|48 |66 |90
-2 O 0 0 O
1 =1/3| 0| 0| O|Subtract3 times row 2 from row 3
2148|6690
-2 0 0] 0] O
1 -1/3| 0| 0| O|Dividerow 3 by?2
0 11243345
-2 0] 0] 0] O

1 0] 8 11| 15|Add 1/3 times row 3 to row 2
0 1,24|33]45

16 | 22 | 30

00
1 0] 81 11| 15|Add?2 times row 2 to row 1
0 1]24|33]|45

O O = OO kOO Rk 00 ekm OO, OO0 e
o

Questions #6-7 from 1.7(worth 10pts each)



Section 1.7

Question 7

Show that A and B commute isa-d=7b %

S G N )

Solution

The remark on page 72 of the text says that if, AB = BA, then the product AB will be symmetric.
In other words, the product of two symmetric matrices is symmetric if and only if the matrices
commute. Thus, it is necessary to show that that AB = BA and AB is symmetric.

AB = 2a +b 2b + d
a -5 b - 5d

BA= 2a+ b b - 5d
2b +d b - 5d

Now it is necessary to show that 2b +d = a - 5b.
a-d=7b

d = a - 7b, therefore subsitution gives
2b+a-7b=a-5b
so2b+d=a-5b

therefore, AB = BA and both are symmetric. According to the aforestated theorem,
A and B must commute because the product of the two symmetric matrices is symmetric.

Section 2.1 (handout)
Question

Compute the determinant of matrix A showing the sum of the signed elementary products.

1 2 4
A = 3 2 0
2 1 2
Solution
Defintion 6 in the packet states that det(A) = Zsgn (6)a;g(1) ..
The different o permutations are (1,2,3); (2,1,3); (3,2.1); (2,3,1); (3.1,2); (1,3,2). Therefore,

det (A) = 1°(1)(2)(2) + (-1(2)(3%2) + (-1)(4X2)(2) + (1)(2X0)2) + (1)4)X3)(1) + (-1)(1XO0)(1)
det(A) =4 -12-16 +0 + 12 + 0; therefore

det(A) = -14

s agq(n)



Question #8 (10pts)

f 0 r
For the given matrix A=|k [ m|find the det(A) by cofactor expansion along any
a 0 b

row or column.

Solution:
By cofactor expansion along column two the det(A)

)

kK m
a b

f r
a b

f r
k m

—0e
.
- -

Other solutions for cofactor expansion on other rows or columns include:

_O.‘

flb - D1-rla, by expansion along row 1

fb - ra, by expansion along row2 \__(/ \0—6,. 3“'\"{"
A

-arl + bfl, by expansion along row 3

flb - rla, by expansion along column 1

and

-rla + bfl, by expansion along column 3



Question #9 (10pts)

Find the characteristic polynomial, also known as t

i 31
matrix Q = 5 ol

cteristic equation, of the

Solution:

S
The characteristic polyrnomintass characteristic equation -setisfies-the equation
det(X7 — Q) =0. It follows that the

x O _ 31
0 x 2 2
(x-3) -1 ‘:o
-2 (x=2)

det(XI-Q) =

= (x-3}(x-2)-2=0

=>x’-5x+4=0.

Question #10 (10pts)

Find the Figen Value(s) for the given matrix Q in the previous problem.

Solution:

The Eigen Values of this matrix are the corresponding roots for x in the characteristic

polynomial. It follows that with the quadratic formula, a=1, b=-5, c=4, the Eigen Values
are 1 and 4.



1.) Solve the following system of equations by using Gause-Jordan Elimination:

3x+2z =3
4x+2y+5z =16
3x+y+3z=10

Solution:

First, we need to write this system of equations in matrix form and then reduce it into
reduced row echelon form by using the elementary row operations, which gives us:

3023 3023 30 2 3 1 0 2/31
42516 | 106736 —~1017/66 -[0-1 0 -13
31310 0117 001/6 -1 00 1 -6
1005

=[01013 which gives us our answer that x =5, y = 13, and z = -6.
001-6

2.) Given that A and B are square matrices of the same size and AB = BA show that
(A + B)A — B) = A’ — B? or that (A + B)(A — B) £ A? - B%.

It is easy to see that such a series of operations is defined for square matrices of the same
size therefore we need only determine what the algebraic expansion of (A + B)(A — B) is.
We know that the left and right distributive laws for scalar numbers holds true for
matrices, therefore

(A+B)A-B)=A’-AB+BA-B°.

Since we are given that AB = BA we can simplify by canceling out the two middle terms
Jeaving us with

(A+B)A-B)=A%-B?.
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3.) Ifmatrix A= find the det(A).

—_ O O N
~N O O W

Many different methods can be used to find the determinant but only the most efficient
(as a computer runs) will be shown here.

We know Ne *— Ce MW

-e,)o() Aingyle =
det(A) = a;,Cj +a5Cy +a3Cs +a4Cy and det(A) = a;;C;; +a;;Cpp + a;3C;3 + 2,,Ciyg

i

where a; is the element in the ith row jth column and C;; is the cofactor in the ith row jth
column, so choosing to expand row 2 we have

det(A) = a2,Ca1 + 222C0 + an3Cos + 224Co4 .

Since ayy, a3 and ay4 are all 0 we are left with

2 5 10
det(A) = aCr = det(A)=4(-D*0 0 3
17 9

choosing again to use row 2 we obtain

det(A) = 3(-1)°

25
1 7( = det(A) = (-3)(9) = -27

4.) Find the inverses of the following matrices:

a. [5 8]
17 10]
b. [a bl
lc dl

Solutions: Each of these problems comes from the section 1.4. They can be
easily determined by the theorem 1.4.5.



a. For this matrix you have to find the inverse of the determinant and multiply it
byld -bl. Itshould look like this:
l-¢c al

1/(5%10 - 8*7) [10 -71=[-5/3 7/6]
-8 5] 413 -5/6]

b. This problem is exactly similar to the previous one only with variables. It
requires the 1.4.5 Thereom. The solution should look more like a proof and
look like this:

1/(ad-bc) [d -cl= [d/(ad-bc) - c/(ad-bc)]
[-b d] L-bAad-bc) a/(ad-bc)l

5.) Find the inverse of matrix [A]:

2 1 3 1 0 0
A= -1 2 4 0 1 0
2 6 3 0 0 1
1 3 7 1 1 0]
-1 2 4 0 1 0 we added 2™ row to I row
2 6 3 0 1
(1 3 7 1 0
0 5 11 1 2 0 we added 1* row to 2™ row
2 6 3 o 1
1 3 7 1 1 0
0 5 11 1 2 0 we added —2 times row 1 to row 3
o o -1 2 2 1
1 3 7 1 1 0
0 1 % % % 0 we divided row 2 by 5 and row 3 by
0 0 1 A % i -11
1 3 7 1 1 0
0 1 0 Y 0 yA we added —11/5 times row 3 to row 2
L 0 0 1 A % _%.L
1 0 7 % 1 %
0 1 0 % 0 yA we added —3 times row 2 to row 1
LO ] 1 A % —%L




1 0 0 184s A %
0 1 0 % 0 Yl =A" we added —7 times row 3 to
0 0 1 s % A row 1

6.) Suppose you have matrix A and matrix B. If a =-1, and ¢ = 4 what must b equal for
BA to be a symmetric matrix? What does this tell you about matrix A and matrix B?

A:LMS] Bz[:ﬂ

Solution:
Because A and B are symmetric matrices, if BA is a symmetric matrix that means that

matrix A and matrix B must commute, meaning that BA = AB. This gives us a series of
equations. If a=-1 and our answer matrix is

w X
AB=BA = |: :l then we know that:

y z
AB BA
Bx-1)+b=w=b+(3 x-1)
3b +4 =x =-1+5b
-1+5b =y = 3b+
b+ 20 =z=b+20

Using the equation 3b + 4 = -1 + 5b, we find that b is equal to 5/2, which gives us a
symmetric matrix when AB and BA.

7.) Compute the determinant of the following matrix. What values of a would make
computing the determinant undefined?
T e uw

513
a 00
018

Al



Solution:

There are many ways to solve the determinant of this matrix. One way is to use the
equation for a 3x3 matrix which is:

a b c

aei + bfg + cdh — ceg — afh — bdi, from the matrix def
g hi

This translates as:

5(0)(8) + 1(0)(0) + 3(a)(1) — 3(0)(0) — 5(0)(1) - 1(a)(8) =
0+0+3a-0-0-8a=-5a

The determinant, then, is equal to 5a. If a =0, the determinant i
would be a row of all zeros.

defined because there

5 3 2
8.) Find all x such that Ax = b where A = |:7 4] and b = [ 3}.

We know that if A™! exists it is unique Ax = b has only one solution for every n x 1

matrix b. Since x = A”'b it is also unique, therefore we need only find A™' to find the
solution.

d -b
Because A is a 2 X 2 matrix we can use the formula A~} = L )
ad-bc|l—c a
4 -7 -4 7
Therefore A™! = ——1—— = Al=
ODH-B)NH|-3 5 3 -5

and

A_lbz[—zt 7}[2}[(-4)(2%(7)(—3)} . A”1b=[_29],
3 -50-3] L@@+ 15

-29
Therefore x = .
15



9.) Find A I — A for the linear system:

X, +2x, = Ax,
4x, + 3x, = Ax,
Solution: 1 2 X1 X1
4 3 X2 = A X2
Xt 1 2 X1
A |x2 4 3 Xy | =
or
A-1 -2 X
-4 A-3 X | =
So:

(o)

<o

10.) List how many inversions there are in the following permutations of (1, 2, ,3, 4, 5).

a. (5,4,3,2,1)

b. (2,4,3,1,5)

Solutions: These problems require that the numbers of integers that follow j1, j2, j3, etc.
are added together to determine the total amount of inversions there are. The work looks

something similar to this:

(5.9Y, (5,35, (52 (s,1) G, 5) ) 614/;(3;) (;,)

a. There are 4 less than five, 3 less than four, 2 less than three and less tﬁ ‘ 4 ) )
Once these are added there are a total of 9 inversions.

to H4¥5r2x) =+ =0

b. There are 1 less than two, 2 less than four, 1 less than three and 0 less than one
or then five. Once the inversions are added together there becomes 4

inversions total.



1. Given the system of equations, find the solution to x,, x,, X3, and x, using Gauss Jordan

elimination.

X+ TXy = Xg3—=2X4 =2

- 6x2+4x3 + X4

x1+2x2 —-4x,
3x2—-9x3
ANSWER

37 -1 =22

0 -6 4 1 1

1 2 0 44

03 40 6

[ 12
3 3

-2 -l

01 — —

3 6

-1

00 1 —

14

-61

0o o L 1

9 18

A

3 3 3

-2 -1

01 — —

3 6

1 0

0 0 1

-1 -2

1 0 — —

3 3

01 0 0

1 0

0 1

=1

=4

=6

[ Rawd

1—>

[ Rad

1—>

Wl

11—

1—>

11—

L1 d 22
3 3 3 3
o g 2 -1
3 6 6

1
00—7—lg
2 2
-1 1 -10 10
O_.._____._

3 3 3
7122
3 3 3 3
-2 -1 -1
01 = — —
3 6 6
-1 -1
00 ———3
14 14
00 0 1 -l
722
33 3 3
o1 0 0 -1
0 0 1 0 -1
0 0o 1 -1

1000 2

01 00 -1
| R d

0010 -1

0001 -1

1>

11—

1>

Xy= 2
Xy= --1
X3= --1
X4= -1



2. Solve for the equation using gaussian elimination.

5x4 +4x, +3xg = -3
Xy +2X, +3x3= 3
33Xy + 2%, + Xx3=-3

ANSWER

543 3 '_)1233 . 1 2 3 3 1233
123 3 3213 0 -4 -8 -12 1> 0123 -
391 3 5433 0 -6 -12 -18 0123

Xy +2Xy +3x3=3
Xy +2X3 =3
Xz =t
X,=3 -2t
X, =3-3t-2(3 - 2t)
=t--3

3. Solve the systems in all parts simultaneously

a) X + 3xy-- Xz =-1 | b)x, +3x,—- x3=6
5x, + 6x5 =1 | 5%, + 6x5 =2
-2X4 +4x; =3 | -2X4 +4xy =-3
ANSWER
13-1-16 '3 -1 -1 6
1 3 -1 -1 6 s 1 o
6 1 2
056 1 2 |i> 01 = = =] 1> 0l - < Tl
5 5 5 5 5 5
20 4 3 -3
-26 -1
062 1 9 oo 226 -1 3_53
13-1-1 6 13 -1 -1 6
o1 & L 2 01 0 =2 2 Lo 2
s 3 S N TR EE 13 13 o
b0 1 LB 0o 1 L 2 010 = 2
26 26 26 26 B3 1
1 -33
~ _ 00 1 — —
1 oo 2L 2 26 26
26
010 % % a) x, = -491/78 | b)x, = -27/26
x, =2/13 | X, =25/13
001 L 3B X, = 1/26 | X, = -33/26
26 26



4. Given the matrices:

1 4 -6 2
364) L ., . s 0 1 35
/&v'_ 12 7 '_ 'gv._ -6 -1 0 2
16 9 -8
Find (AB)C!
ANSWER
1 4 -6 2 41 54 42 4
364 1> AB:= j
/&v::127"'/§~/2= 7 3 4 5 8 52 65 —-44
-1 6 9 -8
0 -6
200 -292
(s 4y a1 s (AB)CT=(2070 188)
8§ 52 65 44 30 B
5 2

5. Given this 3x3 matrix, find the determinant

368
274
9135

ANSWER

(3:7-5) + (6-4-9) + (8:2:1) — (8:7-9) — (3-4-1) — (6:2-5) = —239



6. Find the Determinants

—
~1

1 — 201
4
8
25103 L2001
210 3 b2l
D=3 7 5302 E:= F=|21 3
5 33002 A
332
1 4 42 4
4 — 42 4
3
01 000

ANSWER = 12

det D = DgCgy + D5yCsp + D53Cs3 + D5yCsy + D5sCss = D5 Csp = Csp=det (E)
det E=E3Cq3+ Ep3Cyy + Eg3Cas + Eg3Cys = E43C4372C, 5 =2det (B

det F= (1.1.2) + (2:3-3) + (1-23) — (2:2:2) = (1-3-3) - (1.1.3) = 6
SincedetD =detE=2det F=2x6 =12

23
7. Find ( . 2T)‘1 When AQ,F( j
(G— ,G) 1 4

ANSWER

(esa) -l T - [T -



8. Find the Cofactor of the entry m,,

1 362
4876
m =
13222
1 6 53
ANSWER

Remove row 3 and column 2 and find the determinant for the resulting 3 x 3 matrix.

(A3 X Ax X Ag) + (Agy X Agg X Agg) + (Agy X Apy X Agg) = (Aqg X Agp X Ags) = (Agp X Agy
X Agq) = (Azq X Ayy X Agy) = minor and since 3+2 (entry) is odd the cofactor is (-1) minor so
(-1)19=-19

9. Find the trace of the identity matrix I .
ANSWER

The trace of a square matrix is the sum of the entries on the main diagonal. The identity
matrix |, has n entries on the main diagonal, each of which is equal to 1. Thus, the trace

Tr{,)=1xn=n

-1 b
10. Find (kAT> Where k is a nonzero scalar and A is the matrix (a )

c d
ANSWER |
! - 1 ( AT)_
From Theorem 1.4.8c we know that {kA - From theorem 1.4.10 we know
k
-1 T -1 T
va () e ) e L)
_ d -b d -c¢
A ! = ! 8> ( - 1)T = ! 11—
ad - be - a A ad — be -b a
d -c
kad — kbc kad — kbc
-b a

kad — kbc kad - kbe



1. (10 points) Solve the following system of linear equations:
2X1+X-X3=2
3x5+5x3=2
3x-2x3=0

Solution: The augmented matrix for the system is:

21 -1 2
03 5 2
30 -220

Reducing this matrix to reduced row-echelon form, we obtain:

21 -1 2] 1 1/2 -1/2 1] 1 12 -1/2 1
03 5 2|~/0 3 5 2|~l0 3 5 2 |~
30 -2 0] |3 0 -2 0f |0 -3/2 -1/2 -3

1 1/2 -1/2 1 1 1/2 -1/2 1 1 1/2 0 1/2
0 1 5/3 2/3|~|0 1 5/3 2/3|~{0 1 0 7/3|~
o o 2 -=2f|0 0 1 -1]]0 0 1 -1
1 0 0 -2/3

01 0 7/3

001 -1

The corresponding system of equations is:
X1 =.2/3
X2 =17/3

X1=-1

By inspection, x; = -2/3, x,=7/3, x3= -1

2. (15 points) Find AAT, when A =

WO W
N — W
RO N —
N N S

7



Solution:

—_ N W O
O = N
= NN W

Then, AAT=

W N O W
N = W
N O N
—_— =N
D= N D
- N W O
S5O =N
—_— N N W

(5(5)+T(N+1+2(2)  T3)+5+2 S5 +7+24) 53)+7(2)+2+2
3(7)+6+2 3(3) + 6(6) +1 3+4 3(2) +6(2) +1
2(5)+7 +4(2) 3+4 2(2) +1+4(4) 23)+2+4
L 3(5)+2(N+2+2  23)+26)+1  3()+2+4  33)+2(2)+2(2)+1

(79 29 25 33
29 46 7 19
25 7 21 12
133 19 12 18

3. (15 points) Find A(B+C)-AC, when
01 3 2 01 1 -1 0
A=15 2 41 B=|2 3 1{C=12 4 1
1 21 1 30 3 0 2
Solution:

By the left distributive law, we know that A(B+C)=AB+AC, so the answer will be AB

2+3 3+303) 1 5 12 1
AB={52)+2(2)+4 23)+4(3) 5+2(={18 18 7
2+2(2)+1 23)+3  1+2 7 9 3

Check:



3 -1 1
B+C=1|4 7 2
4 3 2
4 +3(4) 7+3(3) 24+3(2) 16 16 8
AB+C)=|5Q3)+2(4)+4(4) -5+2()+4(3) 5+22)+4(2)|=|39 21 17
3+2(4)+4 —-1+2(7)+3 1+2(2)+2 15 16 7
2+3(3) 4 1+3(2) 11 4 7
AC=|5+2(2)+4(3) -5+2(4) 2+4(2)|=|21 3 10
1+2(2)+3  -1+24) 242 8 7 4
5 12 1
AB+C)-AC=[18 18 7| =AB.
7 9 3
4. (15 points) Solve the systems:
a) 2x+ y+4z=10 b)2x+ y+4z=6
x+3y+2z=7 x+3y+2z=9
2y+ z=5 2y+ z=11
Solution:
(2 1 4 100 6]
1 3 2| 7[ 9 | Switch with second row.
0 | 5 11
(132 7 9]
21 4| 10] 6 | Add -2 times first row.
0 2 1 5 11
13 20 7 9
0 -5 0 -4 —12|Multiply by —(1/5).
0 2 1 5§ 1




320 7 -12
0] 4/ 5| 12/5 | Add -3 times second row.

2 1 5 11
Add -2 times second row.

1 0 2/ 23/5 9/5
0 1 0 4/5] 12/5|Add -2 times third row.

0 0 1 17/5 31/5

1 0 0 -11/5 -51/5]
0 1 0 4/5 12/5 |Add -2 times third row.
0 0 1] 17/5] 31/5 |

1 0 0 -11/5] -51/5]
0 1 0 4/5 12/5
00 1 17/5 31/5

a) x=-11/5 b) x=-53/5

y=4/5 y=12/5
z=17/5 z=31/5
Check:

a) 2x+y+4z=10
2(-11/5)+4/5+4(17/5)=10
-22/5+4/5+68/5=7
50/5=10

x+3y+2z=7
-11/5+3(4/5)+2(17/5)=7
-11/5+12/5+34/5=7
35/5=7

2y+z=5
2(4/5)+17/5=5
8/5+17/5=5
25/5=5

b) 2x+y+4z=6
2(-53/5)+12/5+4(31/5)=6
-106/5+12/5+124/5=6
30/5=6



x+3y+2z=9
-53/5+3(12/5)+2(31/5)=9
-53/5+36/5+62/5=9
45/5=9

2y+z=11
2(12/5)+31/5=11
24/5+31/5=11
55/5=11

5. (15 points) Compute the following determinant of A.

7 -5 3
LetA=| 0 8 16
-10 6 4
Solution:

Using the shortcut for a 3x3 determinant, rewrite A as:

7 -5 3 7 =5
0 8 16 O 8
-10 6 4 -10 6

For diagonals which go to the right, multiply the terms and add. For diagonals that go to
the left, multiply and subtract.

The sum is the determinant.

det(A)f5(972?(8)(4)+(-5)(16)(-10)+(3)(0)(6)-(3)(8)(-10)-(7)(16)(6)-(-5)(0)(4)

1 0 0 0 O
59 0 0 0
6. (15 points) Compute the following: ABwhere A=|10 3 8 0 0|and B=AT
2 6 4 1 0
4 7 -3 -5 7]

Solution:

AB=AAT



1 0 0 0 O0]f1 5102 471 5 10 2 4
5 9 0 0 0/{09 3 6 7 5 106 77 64 83
AAT|10 3 8 0 o0||l0 0 8 4 -3|=[10 77 173 62 37
2 6 4 1 0/|0 0 0 1 =3[ 1|2 64 62 57 33
4 7 -3 -5 7/]|0 0 0 0 7] |4 8 37 33 158

123
7. (15 points) Find the inverse of A where A={2 2 0
301

1 2 3 1 0 0

2RHR[0 -2 -6 -2 1 0

30 1 0 01

(1 2 3 1 0 0]

3Ri+R3|0 -2 -6 -2 1 0

0 -6 -8 -3 0 1]

12 3 1 0
3Ry+R310 -2 -6 -2 1
0 0 10 3 -3

1 2 3 1 0 0

-1/2R5, 1/10R3{0 -1 3 1 -1/2 0
0 10[ 3/10 -3/10 1/10

0
1 2 0 1/10 9/10 -3/10
Ri-3R3, Ry-3R3|0 1 0] 1/10 4/10 -3/10
0 0 1 3/10 -3/10 1/10
1 0 0 -1/10 1/10 3/10
Ri-2R3{0 1 0 1/10 4/10 -3/10
0 0 1 3/10 -3/10 1/10
-1/10  1/10  3/10
A'=| 1710 4/10 -3/10
3/10 -3/10 1/10

8. (15 points) Find the determinate of matrix 4.




det 4 = —6det

01 0 5 0
6 2 1 3 4
A={0 7 0 2 0
511 31
102 0 6 0]
Solution

1. Cofactor expansion along row 2.
0050

wnm O O
~]

5
2
3

—_— o O
wn O O
™
- o O

0
0
1

wnm O O

+3det —4det

AN W N W
S w»n O
S = O
W N W
S = O
DO == N

0 26 0 0200 0

Next using the idea that det4 = det SAT), transpose several sub-matrices to give easier

det 4 = —6det

, and 5" matrices. Such that
[0 0 5 0

0

0 1 7 1 2
—det

1 5 2 3 6
0O 0 3 0 0 01 O

Now evaluate each new determinate with cofactor expansions.
1 7 2]

1* matrix along row 2: (=6)(1)det| 5 2 6|=0, due to the row of zeros in the matrix.
0 00

determinates, specifically the 1%, 3"

7 1 2 0 0 5

0 0 0 3
+ 3 det — 4 det

6 2

0

(4]
[a—

1
0
5
0

—_— )

0
0
5
0

[ NG J S, RN
o = O O
S = O O

S O

0 0
2" matrix along row 1: (2)(-5)det| 5 1 } , due to the rows of zeros in the matrix.
0 0
1 7 2
3" matrix along row 1: (—=1)(-5) det[ 2 6=0, due to the row of zeros in the matrix.
0 0

0

0 00
4™ matrix alongrow 1: (3)(—-D)det|5 1 1 , due to the rows of zeros in the matrix.
0 00

5™ matrix along row 1: (—4)(-5)det| 0 0 0|=0, due to the row of zeros in the matrix.
5 2 6
Finally add all the final values of cofactor expansions to get the det 4. 0+0+0+0+0 =0

o = O O

w O = O

AN LW N

N O 3 O

L = = N

AN O N O



9 & 10. (35 points) Given:

2 4 —1 0 * * * *

0 0 -2 1 . -43 -16 -30 -5
B= and B’s matrix of cofactors=

31 -4 1 22 =11 0 0

1 2 0 -3 -7 1 -10 =20

a) Find the adjB. b) Find detB using the cofactors from row one. ¢) Find B™.

Solution
a) The column missing needed for adjB is the cofactors of the first row of B.
[0 -2 1 [0 -2 1
Ch=det]1 -4 1 |=-2 Cip=det|3 -4 1 |=16
2 0 -3 10 -3
[0 0 1 [0 0 -2
Cp=det|3 1 1| =5 Ciy=det|3 1 -4| =10
12 -3 2 0

Using these values for the first row then transposing, then
-2 -43 22 -7
) 16 -16 -11 1 i
adjB = (see last page for rest of the cofactor determinates)
5 =30 0 -10
10 -5 0 =20
b) Using the cofactors solved for in part a,
detB =b11Cy; - b12C12+ b13Ci3 - b14C14= 2(-2)+4(16)+(-1)(5)+(0)(10) =55

c) Using the detB and the adjB solving for B

-2 43 22 -7
16 -16 -11 1
5 =30 0 -10
10 -5 0 -20
-2/55 —43/55 2/5 -7/55
16/55 14/55 -1/5 1/55
1/11 -6/11 0 -2/11
2/11 -1/11 0 —-4/11

B'=(1/ detB)*adj(B) =1/55
j
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For problems 1-4, given that:

1 2 4 1 0 1 4 8
1 3 8 2 4
A=16 8 1{ B=|2 4 4| C=|-3 -9 D= E=
4 6 1 51
1 2 3 4 8 -2 6 5
Compute the following:

1. A'B (15 pts.)

a) First we find A™
1 24100 [1 2 41]1 00 [1 241 0 0
6 8 1{0 1 0/~|0 -4 -24|-6 1 0|~|0 1 6|3/2 -1/4 0
1 2 3|0 0 1 0 0 1 |-101] [001]1 0 -1
1 2 0] 1 0 0 1 0 0| -6 25/2 -8
~{0 1 0|-9/2 -25/4 6| ~|0 1 0|-9/2 -25/4 6
0 0 1| 1 0 -1 0 0 1| 1 0 -1
b) Now we can find the product
-6 25/2 -8][1 0 1 -1 14 34
A'B=[-9/2 -25/4 6 ||2 4 4 |=|-7 -25 -37
1 0 -1||4 8 -2 -3 -8 3
2.B'C-D" (15 pts.)
1 2 4 1 4
a) First we find that BT={0 4 8 | andD""|3 6
1 4 -2 8 1
1 2 47[4 8 22 10
b) Next we find the product B'C={0 4 8 ||-3 -9|=|36 4
1 4 2|6 5 -20 -42
22 10 1 4 21 6
¢) Finally we find the difference B'C-D'=| 36 4 |-|3 6|=| 33 -2
-20 —42| |8 1 -28 —43

3.C™D' + 5E (15 pts.)

/Y



1 4

4 -3 6
a)FirstweﬁndthatCT-—[g 0 5} andD"=1[3 6
g8 1

b) Next we find the products of C'D" and 5E
4 -3 6 b4 43 4
C'D'= 3 6|=
8 -9 5 21 17
8 1
2 41 [10 20
5E=5 =
5l 5
¢) Finally we do the summation of C'D" + 5E
CTDT + SE = 43 41 [10 20] [s3 24
21 -17| |25 5 46 -12
4. (E*-10I)(-D) (15 pts.)

2 412 4] [24 12 1 0] [10 ©
a) First we find that E* = = 10I=10 =
5 1|5 1 15 21 0 1 0 10

-1 -3 -8
and -D=
-4 -6 -1

14 12
b) From part a, we subtract E?-10I = [15 ll:l

¢) Last of all we find the final product (E*-101)(-D)

(E-101(-D) = 14 12][-1 -3 -8] [-62 -114 -136
i 15 11|]-4 -6 -1 ~59 —111 -142



5. Solve the system of equations (15 pts.)

X+2y+z+3w=4
X +3z-w=-4

y—-2z+5w=3
3x+4y+6z =7

a) To solve the system of equations, we set up the equations in a matrix and solve for the

variables
1 2 1 3 4 12 1 3 4 1 2 1 3 4
1 0 3 -1 -4 01 -2 5 3 0 1 -2 5 3
01 -2 5 3 1 0 3 -1 -4 0 -2 2 -4 -8
34 6 0 7 34 6 0 7 0 -2 3 -9 -5
(1 2 1 3 1 2 1 4 1 2 1 4
01 -25 3 01 -2 5 3 01 -2 3
00 =2 6 =2 00 1 -31 0 0 -3 1
00 -1 1 1 00 -1 1 1 00 0 -2 2
1 2 1 1 2 1 0 1 200 9
01 -2 3 01 -2 0 8 01 00 4
00 1 =2 00 1 0 -2 001 0 -2
00 0 1 -1 00 0 1 -1 0001 -1

1 000 1

0100 4

0010 -2

0001 -1

From this matrix, we find that: x=1,y=4,z=-2, and w=-1

6. Compute the inverse of the following matrix: (15 pts.)

— O = 9
o o o o
-0 o o
QU o o o



2 00 0|1 000] [10OGO|1l/a 00O
1 500/01 00| |0sd0O0|-1/a 100
00c0{0010/ [00co0|l 0 010
1014|0001} [001d|-1/a 001
1 0 0 0] 1/a 0 0 O 100 0] 1a 0 0 O
010 0|=1/ab 1/b 0 0 [0100—1/@1/1)00
00c0f 0 0 10/ (0010 0 0 1/ 0
001 d|l-1/a 0 01] [001 d|-l/a 0 0 1
1000 1/a 0 ©0 0] [toO0OO] /a 0 0 0
010 0|-1/ab /b 0 O] |01 0 0|-1ab /b 0 0
“loo10l o 0o e ol joo10l 0 0 1e 0
000 d|-1/a 0 -lc 1| [0 00 1|-1/ad 0 =-l/cd 1/d

7. Solve the systems in all parts simultaneousty (15 pts)
2x,+x, +4x, =0

4x +3x, +8x; =1
6x,+3x, +13x, =0

Solution:
Use the identity that Ax=b has one solution that 1s x= Ay
21 4 X, 0
A={4 3 8| x=|x,| b=l
6 3 13 x, 0
Take the inverse of A
L1,
» 2 2
A7={-2 1 0
-3 0 1
By the identity the solution of the system is
15 -1 -1
. 2 2 2
x=4"b|-2 1 0 = 1

(98]
o
—
O =

0



8. Factor A into the form A= BD, where D is a diagonal matrix. (15 pts)
[2a 5b 3¢ -4d

2¢ 5f 3g —4h
2i 55 3k -4l
2m 5n 30 -—4p

S_olution:

a b ¢ d||2 0 0 0 2a 5b 3¢ -4d
e f g h{|0 50 0| |2 5f 3g -4k
i j ok 1lloo3 ol |2 55 3k -4
im n o p||0 0 0 -4 2m 5n 30 -—-4p

9. Find det of A™: (20 pts.)

13 7
1 .
173

W N O

0 L O
[\

I_-bC\\l

r
3
A= 2
3
1
L

3
73

+(R1--3) 1

23
7 +(@R1--2) 1
6
4 +([R1--1) 1

9
5
8

M o =
W N DN

q
7/3  2/3

0 13/3 1773 switch R2 with R4 -1
4 -2 4

1 1773 10/3_I

N

Frococo~"1
1

2 w3
1 17/3 1053
2 4 +(R2-4) 1
0 13/3 17/3J

Troco o~
1
S

1
2 .73 23

17/3 10/3
0 62/3 5273

co =1
U



0 0 1373 17/3_] +R3 - (-13/62) 1 C=11-1-111-(1/3)=-1/3
L

r 1 det(B)=1-1-62/3 - 17/3 =1054/9
12 73 23
01 17/3 10/3 det(A)= 1054/9) /C = -1054/3
B= 00 623 523
00 0 173 det(A™)= 1/ det(A) = -3/1054

10. Compute the determinant of the matrix: (10 pts)

136 7 2 00
0 008 00O
7 0 3 2 6 40
A=[5 01 6 4 0 0
24031 3 4
5004000
9 02 5 7 0 0]

det(A) = Y (-1)" - a;- C;

1 36 2 0 0} ~ i}
1 36 20
703 6 40
501 40 0 70364
det(A) = (-1)*** - 8 - det =18 ((-D"%4det|5 0 1 4 0
(A)=(-1) 5 4013 4 (-1) )
5000 0
50000 0
9 0 2 7 O
19 0 2 7 0 0] - -
7 3 6 4
51 4 0
=1-8-1-4-((-D'"?-3 - det
(-1 5000)
9 2 7 0
3 6 4

=1-8-1-4--1-3-(-1)*"-5-det|1 4 0
2 70



1. 1+3 1 4
S8 1413015 () A det |

=1-8-1-4--1-3-1-5-4-(7-8)

= 1920 = det(A)



)7

1. Consider the system of equations

x =y 12z =0
21 e =1
xr o =y —r =3

—2 12y 12z =0

() Write the angmented matrix for this system.
(b) Use elementary row operations to reduce the augmented matrix to row echelon
form.

(¢) Classify this system as inconsistent or consistent, and give a solution if consistent.
Solution

(a) The angmented matrix is

I -1 2 0
2 0 11
1 -1 -1 3
-1 2 2 0

(b) We can reduce the angmented matrix as follows:

I -1 2 0 1 -1 2 0 I~ 2 0
2 0 1 | 0 2 =3 I 0 2 -3 1
L -1 -1 3 0 0 -3 3 0 0 -3 3
12 200 0 1 4 0 0 0 —11 1

I -1 2 0 -1 2 0

¢ 5 3 1

I T A U O MU R

0 0 -3 3 0 0 -1 1

0 0 0 -30 0 0 0 =30

This last malrix is in row echelon form, so we are finished. Note, however, that
there are many other possible solutions.

(¢) As the last row of the row-cchelon form matrix we gave above represents 0 = —30,
which is patently false, it is clear that this system of equations is inconsistent.

2. (a) What is the determinant of the matrix /5,

1 00
01 0|7
0 0 1
(b) Find the determinant of
1 2 5
A=12 1 0
0 —1 1



by reducing it to I3, List cach necessary elementary row operation and its effect
on detA; then solve the relation between det A and /5.

Solution

(4) As the determinant of a diagonal matrix is the product of the diagonal entries,
detly = 1.

() The following clementary row operations, with their corresponding effects on the
determinant, will transform A into /5:
e add —2 times the first row to the second: determinant unchanged
o add —_'7 times the second row to the third: determinant unchanged

f—(; times the third row to the second: determinant unchanged

e add
o add % times the third row to the first: determinant unchanged
e add % times the second row to the first: determinant unchanged
o multiply sccond row by ~%: determinant multiplied by ~%

3

13"

e multiply third row by T: determinant multiplied by

W

We have now reduced A to Iy; the relation between detA and detly = 1 is

<

1 \g
—— x —xdetA =1

3 13
o 13 )
detA =1%(=3)% —=—13
3. Consider the matrix
a b ¢
A=1d e f
g h i
Find
(a) AT
(h) The trace of A.
Solution
(n) The transpose of a malrix is defined as 4,[, = Ay, 50
a d g
Al=110 ¢ h
c f i

(h) The trace of A = A, is given hy the swn of the diagonal entries (327

i=1 i) SO
the trace of Ais given by a | ¢ | i



4. Consider the matrices

2 1 4 —1 1 3 3 0 1

A=10 1 1]|: B= 0 -2 3 1:C= 2 =2 1

3 —1 2 2 1 0 —1 =2 3

and their inverses

-1 9 1 S - z L]
=1 -1 8 2 B! = PR I | = (L) 95 L()
‘ 3 3 ) T 7 7 - - 18 { 1%
R S PR [
3 3 21 7T 3 303

a) Ixpress (ABC)™" as a product of 3 matrices (do not actually multiply).

Find the inverse of 3A.

() 1
(b) Express (A™'B7'C™HT as a product of 3 matrices.
(¢)
(d)

d) Find any matrix DD such that B='D = (.
Solution

(a) The inverse of the product of several invertible matrices in the product of their
inverses in reverse order, so (ABC) ™! = C7'B7PATY which is expressed as

2 l | 1 1 3 ¢

9 9 9 7T 7 L2 !

L S 2t Sl or 2

18 ) 18 7 7 1 3 3

A G| PO 1 | b 2
3 3 3 21 7 21 3 3

(b) Similarly, the transpose of a product of two or more matrices is equal to the
product of their transposes in reverse order. Thus, (A7'B7'C~NT =

(C=HT(B=HY" (AT which is

2 | 177 1 I 3 17 ‘ 71
9 0 9 77,7 b2 L
S5 L 2 2 1 -1 8 2
18 5 I8 7 T3 3 3
L1 E T ] R
3 3003 21 T 20 L 3 .
or 2 1 L2 4
‘ . 2 a4 .
9 I8 3 77, 21 ! l 1_
S S R A 9 8 D
9 9 3 7 77 : 3
AL § 00 4 [
9 18 3 7 7 20 L 3 3

(¢) We know that for any non-zero scalar and any invertible matrix A, (kA4)~" =

A7 Since 3 is a non-zero scalar and A is invertible, (34)7 = 4471 or
. L2l
| b2l 53 3
L I S A N R
3 3 3, - 3 9 9,
31 s IR T
E 3 9 7o



() H B™'D =, then BB™'D = BC = ID = BC = D = BC. Given I3 and (',
we find that

-1 1 3 3 0 1 -4 -8 9
D= 0 -2 3 2 21 |\=|-7-217
2 10 -1 -2 3 8§ =2 3

5. Which of the following are clementary matrices?

(a)
1 2
0 1
()
1 0 1
0O 1 0
0 0 2
(¢)
3 0 0 0
0O 1 00
0 0 1 0
0 0 0 1
()
Il =1 0
0O 1 0
(e)
0 0 1
0 1 0
1 00
(f)
0 0 0 1
0O 0 1 0
01 0 0
1 0 0 0
Solution

(1) YIS  corresponds to adding two times the second row to the first row.
(h) NO requires two clementary row operations.
(¢} YIS multiply first row by three.

(d) NO mnot square.

(¢) YIS switch first and third rows.

(f) NO requires two elementary row operations.



6. (a) Consider the system Ax = b, where

100 2 3
A=12 2 2| .x=1|a2y |,andb=| 2
3 4 2 ry 3
Solve for a:, xy, and ay.
(b) Later it is found that

2

b=|1

2

Solve for -, a,, and 25 with the new b.

Solution

(1) If we combine A and b and reduce A to reduced row echelon form, we will obtain
x where b was:

1 0 03 1 0 0] 3 1 003
[Abl =12 2 2|2 |~ [0 2 2|=4 | ~]0 1 1|2~
34 203 0 4 2|-6 02 1|-3
1 0 0] 3 1 0 0] 3 ]
0O 1 1]=2]~]010|-1|=2=31=—La,=—1
0 0— 1|1 00 1|-1

(b) We follow exactly the same procedure as in (a):

1 0 02 I 0 0] 2 I 0 0] 2
Abl=12 2 2]1 | ~]0 2 2/=3|~|0 1 1|-3 ]~
3 4 212 0 4 2)-—4 0 2 1|2
I 0 0] 2 1 0 0] 2 7 |
0 1 1 —5 ~ 1010 —% = a1 = 271 —5:.1;~—1
0 0— 1711 00 Lj—1]
7. Clonsider the matrix
1 0 0
B=1000
00 6 e,

(a) Is 3 invertible? If so, calculate B If not, wlli(th/(‘,lltlj\,f should be changed to
make f3 invertible?

(b) Calculate 3*

Solution



(a) Because B is a diagonal matrix with a 0 entry on the main diagonal, it is not
imvertible. Noting that B has a row and/or column of 0 entries is also an aceeptable
explanation for why it is not invertible.

To make B invertible, the entry by, should be changed to any non-zero real munber.
Changing any other entry would leave an empty row or column, so that 13 would
still not be invertible,

(b) Becanse B is a diagonal matrix, 3" is caleulated by raising cach diagonal entry
to the nth power. The resulting matrix would be:

%, Consider the matrix

13 2
A=12 2 3
31 1

(a) List all possible permutations o in the set Sy, along with sigu(e) for cach one.

(b) Use these to find the determinant ol A.
Solution

(1) S = {(1.2,3). (132)( 3),(2,3.1), (3, 1,2), (3,2, 1)}

sign(1,2,3) = 1: sign(1. 3. ) —1; sign(2. 1 3) —1 sign(2.3,1) = 1
sign(3,1.2) = 1; sign(3,2,1) = 1.

(h) The definition of determinant states that
detA = Z SigN(0) Q1o (1)@20(2) @30(3)
oes
Applying this to A, we have
detd = (ay) % agy * asz) — (a1 * agy * age) — (a2 * az) * ayy)
Flagg * agy +azy) | (aps* ayp % ag) — (s * apg * ag))
= (1«24 1)~ (1x3%1)— (32 1) 4 (3x3«3) 1 (2+2=1)—(2x2x%3)
=2—-3—-612Tt4—-12=12

9. Consider the matrix

14 =2
A=12 =3 5
0 0 2

(a) What is M,?
U)) What is (,yzz?

6



(¢) What row or column should one expand on to calculate detA as clliciently as
possible?

(d) Calenlate detA by cofactor expansion, expanding on the row or column in (c).

Solution

()

()

o I -2
Y 242 ., ‘ ‘

(¢) To calculate detA most efliciently, one should expand on the third row, as it has
2 70108,

()
1 4 .
detA =0+ 01 2= det { 5 _3 } =2%(=3-8)=2x%—11l =22

10. Consider the matrix A and its inverse, A '

2 0 1 4 L

‘ ST ) %

J B U B N B R Tt AR
‘ I =20 2 ]
-1 -1 3 1 -1 -z

(a) Find detA using clementary row operations
(b) Find the adjoint of A

(¢) Find the determinant of 24

Solution

(a) Llach elementary row operation is associated with some operation on the value
of the determinant, so we can reduce A to upper triangular form, keeping track
ol each elementary row operation, find the determinant of the upper triangular
matrix, and then apply the appropriate operations to obtain detA.

bo

0

I 4 I =2 0 2 I =2 0 2
0 2 31 0 2 31 0 2 31
I =20 2 2 -0 1 4 0 4 0
-1 -1 3 1 -1 -1 3 1 0 =3 3 3
1 -2 0 2 1 =2 0 2
O L3 5| _lo v 3 5|
0 4 10 0 0 —H =2
0 -3 3 3 0o o0 P 3

=1



I -2 0 2 I -2 0 2
U T U I B
0 0 1 2 0 0 1 2

9 3
0 0 2 3 0 0 0 3

As the determinant of the upper triangular matrix is 1= 1 = | = } = 5‘ and
we multiplied detA by —1 and divided by 2 and =5 to obtain that detA =
Sa(—1) % 2% (=D) = 15.

(b) Since Aadjd = detAx 1, adjA = A7 detAx T = detA™'. We know det A and A7,

S0
-8 & L= —18 24 33 I8
2 1 1 1 : ‘
. I 6 -3 —I1 1
adjA =15 », &5 P % | = ) ,
-2 F B -9 12 14 —d
1 -1 -3 2 15 —15 =20 10
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Math 343 Exam 1

1. (30pts) For the following problems, let matrices A through F be equal to the following:

[23
A= =
4 7

| 2

N O -

2 1 2

s| -, 3]
2 4

5

pad N

2 3 3210
1 3] F=|0 5 6 7
2 2 8 3 05

Based on these values, compute the following:

a)2A + C*
b) A"
c) C!
d)E!
e)BAT
) BC)
g) Assuming that F represents a system of linear equations, solve the system using Gauss-
Jordan Elimination.
Solution:
4 6 , [1 21 2] [5 10 , [4+45 6+10 9 16
a) 24 = C* = = =24+C* = =
8 14 2 4]2 4 10 20 8+10 14+20 18 34
7 =3 |1, -
b) -1 1 = A A
2xT-4x3|-4 2| |[-2 1
-1 1 4 _2_ . .
¢c) C' = =1x4-2x2=0..Cis singualar
I1x4-2x2[-2 1 |
1 2 3|1 0 O
d) E'9/2 1 30 1 0
1 2 2|0 0 1
1 2 311 0 O
E'2/0 -3 -3/-2 1 0
0 0 iI{1 0 -1

*Continued on the following page.



1 2 ol-2 o0 3
Ell 0 3 0|-1 -1 3
0 0 11 0 -1
1 2 o] -2 0 3
E‘L{o 1 ol-1/3 -1/3 1
0 0 1| 1 0 ~1
1 0 0]-4/3 2/3 1
E'bklio 1 ol-1/3 =-1/3 1
lLo o 1| 1 0 -1
1 2 10 17
2 3
) BA=|0 3 =12 21
4 7
2 5 24 41
1 2 " (s 107
. 1 2 5 6 12
f (BCY =||0 3 - 12]] =
2 4 10 12 24
2 5 12 24

Firstrow- reduce matrixF

3210 [3 2 1 o] [3 2 1 0]
g) 056 7|=>|0 5 6 7|=l0 5 6 7
8 3 05| |0 -7/3 -8/3 5] |0 -7 -8 15]
320 -62]7 [320 -62] [3 00 84]
=[0 5 0 -365|=>(0 1 0 -73|=|0 1 0 -73
001 62 001 62 001 62

>

o o ~"o o w

2. (15pts) For the following problem let matrix B equal the following:

2 6 3
B=14 7 5
1 0 2

O = O O wn N

1 0
6 7
2/5 124/5

0 28

x, =28

0 -73|=>x,=-73

1

62

Show how you would find the determinant of B using the following theorem:

det(B) = Z sgn(o-)B]a(l) p .Bno-n

oesS,,

x, =62



Solution:

LA

det(B) = > sgn(0)B,o,,® B,0,

oesS,
= sign(1,2,3)*2*7* 2 + sign(1,3,2) *2*5* 0+ sign(2,1,3) * 6 * 4 * 2 + sign(2,3,1)) *6 * 5* 1 +
sign(3,1,2)(3 *4*0) + sign(3,2,1)*3* 7 *1
=28-0-48+30-0-21
=-11

3. (15pts) Using the method of cofactor expansion, compute the determinant of the following
matrix:

226 5 3 2]
070 8 01
4 6 7171715 4
09 0200
1 508 23
0 3 00 0 O]

Solution:
By expanding on the sixth row :

2 2 6 5 3 21

M2 6 5 3 2])

070801
00801

46 775 4
det =(+3)det| |4 7 7 5 4

090200
00200
1508 2 3 o8 2 3
03000 0 N Y
2 6 3 2
(+3)(2)dt0001

= —2)de

475 4
1023
2 6 3
= (43)(=2)(+1)det| |4 T 5
102

= (+3)(-2)(+1)(~11), (according to problem 2)
=66



b . .
4. (10pts) Prove that the matrix A = [a } is invertible if, and only if, ad —bc=0.

cd
Solution:
L [ab}
By definition, if A = , then
cd
d -b
R {d —q::mﬁbch—w.
ad—-bc |—c a -C a
ad—-bc ad-bc

If ad —bc =0, then we will be dividing by zero, causing the solution to fail.
5. (10pts) For the following problem, let A be a square matrix that is equal to the following:

112
A=(211
010

Determine whether A is invertible, and if so, find its inverse.

Solution:

If A is invertible, then 4™ can be found by using row operations and the identity matrix /,,.
1 1 271 o 0]
1 1/0 1 O

ot

o = O N
Lo Y
N o
1

o

1| — Interchange rows2and 3.

r

—
SO O = N O = N

1| — Add -1times row 2 torows1land 3.

010 0 1| —> Add-2timesrowltorow3.
-3)-2 11

Q;—AOo»—AO»—Ar—-
[
==
o
pund
|
oy

r

Tt o -1

0 1 0[0 0 1| —Multiplythe3™ rowby ‘%.
0 0 1 . R

i 1% 7 %

*Continued on the following page.

1

—
(e}
N




1 0 0 i
0 1 0J0 0 1 |->Add-2timesthe3™ rowtorowl.
0 0 1 i

Thus, A7 = 0
100
6. (10pts) Show that for matrix A=|0 1 0 |, if A is an elementary matrix (E, ), then at least 1
abec

entry in the last row of A must be zero.

Solution: By definition, an elementary matrix (E_) is a matrix that can be obtained from the
nxn identity matrix /, by performing a single elementary row operation.

For the possibilities:

(a) If ¢ =1 then either a or 5 may be any value, while the other is zero, and
the single elementary row operation will be performed on the nonzero value to
make it zero by adding a multiple of another row to the last row.

(b) If ¢ =1;a,b =0 then the single elementary row operation would be to multiply

the last row by the constant 1.
(c) If ¢ #1,0thenboth a and b must be zero and the single elementary row

operation will be performed on ¢ to make it 1.
(d) If ¢ =0 then the matrix A is no longer able to take on the form of an

elementary matrix (E_), regardless of the values of a and b
Thus we see that in order for A to be considered an elementary matrix (E_) a or b must

be zero.
Al C.
7. (15pts) For the following system of equations, what conditions must X ﬂmd #Aatisfy for the

system of equations to be consistent?

Xxty-z =a
z=b
2x+y+2z=c¢



Solution:
The augmented matrix would appear in the form:

11 -1 a
0 0 1 b
21 2 ¢

Reducing this to row-echelon form yields:

1 0 0 -a-3b+c
0 1 0 2a+4b-c
0 01 b
- 5 h e
As we can see, there are no restrictions on a, b, and c; hence the coﬁhﬂons_m@mg
X, yramd-z-are. \ S
x=-a—3b+c
y=2a+4b—
Zz=Db

8. (10pts) If A is a symmetric n x n matrix and B is n x m, prove that BTAB is a symmetric
m X m matrix.

Solution: A is given as a symmetric matrix; therefore, A™=A. Assuming that AB is defined

then:
(BT AB)T =BT AT(BT)T - BT AB,

From this we see that the transpose of BTAB is simply itself, which illustrates its

symmetry.
Nt
\'ad

2
9. (15pts) Show that the following eaepses&n is true.

2a 2b b-c
det(A)=| 26 2a a+c/= -2(a-b)’(atb)
a+b a+b b

Solution:
2a 2b b-c 2a+2b 2b+2a b+a 2 2 1
2b 2a a+cl~ | 2b 2a a+c| ~(atb) | 2b 2a a+c
a+b a+b b a+b a+b b a+b a+b b

*Continued on the following page.



0 2 1
~(atb) 2(b—a) 2a a+c| ~2(atb)a-b)

l = —2(at+b)(a-b)’
0 a+b b

2 1
a+b b

First add row 2 to row 1. Then take a common factor of (a+b) through the determinant
sign. Next add subtract column 2 from column 1. Then take the determinant through
column 1.

10. (20pts) Given the formula det(B) = Z sgn(a)Bla(l)ZK) B o, derive a formula for the

n~n?
ocS,

determinant of the following matrix:

S N0
Q oo [

QU o o 9
o N & o

Solution: You can find the signed elementary products by setting up the following table.

Associated s@(c) sign(ms Elementary Signed
Permutation Product Elementary P.
(1,2,3,4) 0 + a*e*e*a +a*a*e*e
1,2,4,3) 1 - a*e*c*c -a*c*c*e
(1,3,2,4) 1 - a*f*f*a -a*a*f*f
1,3,4,2) 2 + a*f*c*b +a*b*c*f
(1,4,2,3) 2 + a*b*f*c +a*b*c*f
(1,4,3,2) 3 - a*b*e*b -a*b*b*e
2,1,3,4) 1 - b*b*e*a -a*b*b*e
2,1,4,3) 2 + b*b*c*c +b*b*c*c
2,3,1,4) 2 + b*f*c*a +a*b*c*f
2,3,4,1) 3 - b*f*c*d -b*c*d*f
2,413 3 - b*b*c*c -b*b*c*c
2,4,3,1) 4 + b*b*e*d +b*b*e*d
3,1,2,4) 2 + c*b*f*a +a*b*c*f
3,1,4,2) 3 - c*b*c*b -b*b*c*c
3,2,1,4) 3 - c*e*c*a -a*c*c*e
3,2,4,1) 4 + c*e*c*d +c*c*d*e
3,4,1,2) 4 + c¢*b*c*b +b*b*c*c
3,4,2,1) 5 - c*b*f*d -b*c*d*f
(4,1,2,3) 3 - d*b*f*c -b*c*d*f
“4,1,3,2) 4 + d*b*e*b +b*b*d*e
4,2,1,3) 4 + d*e*c*c +c*c*d*e
4,2,3,1) 5 - d*e*e*d -d*d*e*e
“4,3,1,2) 5 - d*f*c*b -b*c*d*f
4,3,2,1) 6 d*f*f*d +d*d*f*f




From here you simply combine the signed elementary products and simplify. The final answer
should be:

det(B) = a%¢? - 2ac’e — a’f + 4abcf - 2ab’e - 4bedf + 2c’de + 2b%de — d%e? + d*f



1

Theorem 1.4.6
If A and B are invertible matrices of the same size, then AB is invertible and

(AB)'=B"A"

Use matrices A and B listed below to verify this theorem.
1 3 3 2

A= B=
2 1 2 3

1 313 2 3+6 2+9 9 11
Solution: AB = = =
2 11{2 3 6+2 4+3 8 7

(AB)'= -7/25 11/25
8/25 -9/25

A {—1/5 3/5] B_12[3/5 -2/5]
2/5 -1/5 -2/5 3/5
B'IA'1=[ 3/5 —2/5] [—1/5 3/5] _ [—7/25 11/25}
-2/5 3/5 || 2/5 -1/5 8/25 -9/25

L T=7/25 /257 . [-7/25 11725
1 1A-1
(ABY'= A=

8/25 —9/25

8/25 -9/25

2.
Solve this system of equations using Al

2x+x+H4x3 = -1
X1 +5%2-2x3=12
X +HXotx3 =2

Solution: Ax=Db
X= Alb

—7/5 =3/5 22/5
At=|3/5 2/5 -8/5
4/5 1/5 =9/5

X, -7/5 =3/5 22/5]||-1 7/5-36/5+44/5 3 X,
x, |=| 3/5 2/5 -8/5 12 |={-3/5+24/3-16/5|=| 1 |=|x,
Xy 4/5 1/5 -9/5]|{2 —4/5+12/5-18/5| [-2] |=x;

So X1=3, Xz:l, and X3= 2



3.
What conditions
consistent?

X1+X+X3 = by

X1+2X3 = b,
-Xo+2X3 = bs

1 1
Solution: (1 O
0

0 0 -1 b,—b b,

1 0 0 —2b +3b,—2b,

0 0 -1  b,—-h-b

Therefore: x1= —2b, +3b, - 2b,
Xy = 2b, —2b, +b,
x3= —b,+b +b,

4.
Solve by Gauss-Jordan Elimination

6 12 -2 -30
10 6 4 0
6 2 6 22

-12 -8 4 60 7

Solution:
X1 = -4
X2 = 2

X3 = 7

1
~l0 =1 0 —2b+2b,—b, |~|0
0

ust by, b, and b; sapiéfy in order for this system of equations to be

1 b 1 1 1 b
2 b |~|0 -1 2 b,
2 b |0 -1 1 b,-b
3 b +b,

2 b,

-1 b,-b -b,

0 0 -2b +3b,-2b,
1 0 2b-2b,+b,
0 1 —b,+b +b,



S.

Find A using its Adjoint

2 -1 1
A= 1o 1 4
o 2 0O
Solution:
det(A) = 4

~4

AT = ——adi(a) _ @ (220 220
0 -4 2 0 -1 1/2

6.

Solve the system of equations using matricies:

2x, +2x, +4x, +2x, =42
-2x, —1x, —2x, —6x, =143
~1x, —1x, —5x, + 5x, =123
4x, + 4x, +8x, + 6x, +4x, =138
—2x, —2x, —4x, +2x, =58

%xl +1x, -2x, = —10%

Solution:



Take the system of equations _

2 2 4 0 2 42
2%y +2x, +4x, +2x, =42 7 -1 =2 0 -6 143
-2x, —1x, —2x, — 6x, = —143 -1 -1 -5 0 5 123
—Lx, —Ix, = 5x, +35x, =123 and put it in Matrix Form = 4 4 8 6 4 138
4x, +4x, +8x, +6x; +4x, =138 2 =2 4 0 2 58
_2x0 --2x] —4x2 -+ 2x4 = 58
o 1 1 o —2 -101
Vo +1x, —2x, =-1017 R i
"2 2 4 2 42 ]
0o 1 2 -4 -101

Times the first row by 1 and add to the 2nd row = 4 4 8 4 138
2 58

) _10%

0
0
-1 -1 -5 0 5 123
6
0
0




2 2 4 0 2 42
0 1 2 0 -4 -101
0 0 -3 0 6 144
Times the first row by yz add it to the 2nd row = 4 4 8 6 4 138
2 2 4 0 2 58
1 _» _101
0} 0 2 10
(2 2 4 0 2 42 ]
0 1 2 0 -4 =101
0O 0 -3 0 6 144
Times the 1st row by -2 add it to the 3rd row = 0 0 0 6 0 138
2 2 -4 0 2 S8
1 - _101
KA 0 -2 -10)/1
2 2 4 0 2 42 ]
o1 2 0 -4 -101
0O 0 -3 0 6 144
Add the first row to the second Sth row = 00 0 6 0 54
O 0 0 0 4 100
1 - _101
L o102 A
(2 2 4 0 2 42 ]
0 1 2 0 -4 -101
O 0 -3 0 6 144
Times the 1st row by - % add it to the 6th row = 0 0 0 6 0 54
0 0 0 0 4 100
1 -5 -
-¥% 0 0 0 55 61 |




21

-101

144

—4

54
100

L—% 0 0 0 —% -61

0

Divide the 1st row by 2 =

1
—
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_— O -
<t o O
(@]
14404?
|
o O o v o O
NN - O O O
—_— o O O O
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-0 o o o -
|
1 )
o
1
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3
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el
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o
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1 1
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m1490r_oﬂ_149%£_u
I — Pl
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21
-101

-2 48
9

0

2 0 1
120 4
1

-5

1

0

0 01 0
0 0 01

25
-122

0 00O

-1 0 00

122

-101

2 0 4
1 -2 48
9

1

0
0

0

1
-5

0

0
0 0 01

25

0 0 00
-1 0 00

-122

Muttiply the 6th row by 2 =

Times the 2nd row by -1 add it to the first row =

| o ~
87Fo&%
n o Go~%
c oo ~o o
c o~ oo
o~ o o o o
- o oo o 7

Times the 3rd row by -2 add it to the 2nd row =

122 ]

0 00 5

1

0

1
0
0

-5

0 0 O

2
9

25
-122

0 0

1

1
-5

0 0 00
-1 0 0 0

We times the 5th row by 2 and add it to the 2nd row =
0 001 O

0 0 0 5 122]

01000

1

-5

2

1 00

0

25

00001
00000

0

We add the 1st row to the 6th row =
00 010 9



We times the 5 row by -5 and add it to row 1 =

S O O O -

|0

o O O O = O

And the answerisX; =-3x=-5x3=2X4=9%x5=25

7

[N R =

oo = O O O

Compute the determinate by using cofactors of the matrix A.

3 2 1 0 4]
0 2 0 00O
A=(-3 1 =5 2 1
3 9 5 00
|5 3 1 0 0]
Solution:
We can take out the second row because all are zero except one
3 1 0 4
-3 -5 21
det(A4) = 2 xdet
5 00
5 1 00
3 1 4]
det(A)=2%2)xdet 350
510

1

det(A) = 2 ¥ 4 x det [3

det(4) = 2k 4x (25-3)
det(4) = 352

8.
Consider the following matrices:

ol sl el

Compute the following:
(4+ B)C

o - O O O 2




Solution:

1 4] [2 5Y[8 6 2]} _[3 9]8 6 2
(B | R P e
3.8+49.2 3.6+9-5 3-2+9-1] [42 63 15
{4~8+5-2 4-6+5-5 4-2+5-1]:[42 49 13]

9.
Find the inverse of the following matrix A

k 0 0
A=10 1 0
0 0 k

Solution:
Reduce A4 to the identity matrix while simultaneously applying the same row operations to

Ito produce 4~' using an augmented matrix . Start with [A | 1 ]

00 k|1 00] oo 1]+ o00]foo1|L00] 1 00]00
010/010|[~l01 001 o0[~l01 0[010[~010j010
k 0 0lo o0 1| [k 00|00 1 [1 00j0O0L [001{Lfo00

Now that the left half is equal to I, the right side must equal A", so the matrix is in the

0 0 +
form |1 | 4™ |and 47 =0 1 0
+ 00
10.
Determine whether the following matrix is invertible, and if possible, find it’s inverse:
1 00
A={0 2 0
5 0 3

Solution:
A is an invertible matrix because it is triangular and all the entries on the main diagonal are

non-z<ro.

Find it’s inverse using an augmented matrix in the form [4]1 ]

1 001 00 [t oojtoo]ftooj1 oo]f[too}jl 0

0 2 0/01 0l~[0 1 0/0 L 0o[~l0 1 000 L o0|~f01 00}

5 03/00 1| |503/0oo0 1] joo03|-501] ({001}50
0

0
Now, the matrix is in the form l] I A’IJ, so A" = 0

wl",‘ o
[ S

L
3

o O

o fe—
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Math 343 Midterm 1 Exam Key September 2005

Problem 1:
8 6 7 2
Find the Transpose of A = 4389 .
1 05 7
4 3 2 9
Solution 1:
All A12 A13 A14
A21 A22 A23 A24 T -
If A= Py then the transpose of A, denoted as A, is found by
31 32 33 34
A41 A42 A43 A44
interchanging the rows of A with the columns of A.
4, Ay 4 A4, 8§ 41 4
Thus AT= 4, 4y 4, 4, — AT= 6 30 3.
4y Ay Ay Ay 7852
A, A4, 4, A, 2979
Problem 2:
5149 51 4 9
Consider matricesC={1 0 3 2|andQ=|1 0 3 2| Find the elementary
4 211 8 2 13 8

matrix E such that EC=Q.

Solution 2: <’—5-*A.‘

The elementary matrix E will perform one elementary row operation on C. This
elementary row operation performed on the identity matrix, I, is the same elementary
row operation that is performed on C. The elementary row operation performed on Iz is
4 times the second row added to the third row.

1 00 1 0 0|51 4 9] 1|51 4 9
E=10 1 0|.Check: EC=Q = EC=|0 1 0|[1 0 3 2i=|1 0 3 2|=Q.
0 4 1 0 4 1|4 2 1 1 8 2 13 8



Problem 3:

2 3 6 71
Consider matrix A= (4 6 5 4 4. Find the reduced row-echelon form of matrix A
1 5 3 21
Solution 3:
1 5 3 21
4 6 5 4 4| isobtained by swapping row 1 and 3 of matrix A.
2 3 6 71

1 5 3 2 1

0 -14 -7 -4 0]Add the second row to -4 times the first row.
2 3 6 7 1

1 5 3 2 1

0 1 1/2 2/7 0 | Add the third row to -2 times the first row.
0 -7 0 3 -1

1 5 3 2 1

0 1 1/2 2/7 0 | Add the third row to 7 times the second row.
0 0 772 5 -1

1 5 0 -16/7 13/7

0 1 0 -=3/7 2/35] Add -1/2 times the third row to the second row and -3
0 01 10/7 -2/7

tir;les the third row to the first row.
1 0 0 -1/7 11/7]

~[0 1 0 =3/7 2/35| Add 5 times the second row to the first row.
0 0 1 10/7 -2/7]
(1 0 0 -1/7 117
~[0 1 0 -3/7 2/35| Isinreduced row-echelon form because all the leading ones
0

0 1 10/7 -2/7]

are in columns where ever other entry is equal to zero, and starting with the leading one
of row one, every other leading one below it is to the right.



Problem 4: Solve by Gauss-Jordan elimination:

x,  +3x, —2x, +2x; =0
2x, +6x, -5x, —-2x, +4x;, -3x, =-1
4x, +8x, +12x, =4
2x, +6x, +8x, +4x; +18x, =6
Solution 4:

The augmented matrix for the system of linear equations is
13 -2 0 2 0 0]

2 6 -5 -2 4 -3 -1
00 4 8 0 12 4/
2 6 0 8 4 18 6

Addmg -2 times row 1 to rows 2 and 4 gives
13 -2 0 2 0 0]

00 -1 -2 0 -3 -1
00 4 8 0 12 4/
00 4 8 0 18 6

Multlplylng row 2 by -1 and addmg -4 times the new row to rows 3 and 4
13 -202200

00 1 2031
00 0 000 0]
00 0 00 6 2

Interchangmg rows 3 and 4 and multiplying the new row 3 by 1/6 gives row-echelon

1 3 -2 020 O
00 1 203 1
form: ;
00 0 001 1/3
00 0 00O O

Adding -3 times row 3 to row 2 and adding 2 times row 2 to row 1 gives the reduced row-
30020 0

01200 O

0000 1 1/3
0000O0O0 O

The corresponding system of linear equations is:

[« el

echelon form:



x, +3x, +4x, +2x =0
.x3 +2.x4 = O

x, =1/3

Solving for the leading variables yields

x = =3x, —4x, -2x
X, = —2x,
x, = 1/3

By assigning x,, x,, and x, arbitrary values, s, and t, respectively,
the general solution is given by
x,=-3s-4r-2t, x,=r1, x,=-25, x,=5, x; =t, x, =1/3.

Problem 5:

1
Realizing [A|I 1~ |A'1 ], find the inverse of A= | 0
3

v N
[N~

Solution 5:
Setting matrix A side by side with the identity matrix I343 and applying elementary row
operations to both matrices simultaneously will yield A’ (ie. [Al 1 ] ~ [I |A'l ].)

1 2 41 0 O 1 2 411 0 O 1 2 41 0 0
0 4 40 1 0|=|0 1 1]0 % o|l=j01 1|0 % o|=
_3 5 200 0 1 0 -1 -10-3 0 1 0 0 -9-3 4 1
1 2 41 o o 1 0 2/11 =% 0 1021 -4% o0
01 110 X 0 (=10 1 1|0 A 0 |=(0 1 0-4 Y% %
10 0 1))5 -X —-% 0 0 W4 K — % 0 0 Y¥ W —%
1 0 0% —1636 % % “1636 %
=10 1 0-4 % % | = Al ==Y % %
0 0 1% _%6 '"% % ~ /36 "%



Problem 6:

1 3 . 5
LetA= . Find A
1 2

Solution 6:
There are two ways to solve 4~ because 47> = (47)® = (4°).

, [1 3} [1 3] {1 3} [13 30} \ ot [23
A = = = A= L)'=
1 2|t 2]t 2| [10 23 -10

The second possible way to solve for 4™ is similar, except that, first, find the inverse of
A and then, multiply that matrix by itself three times. It yields the same result.

Problem 7:

Find the determinant of A =

wn O W
&~ 3 0
=N

Solution: det (A) can be found be by copying the first two rows of A to the right of A in
Ay A, A4y A4, A4y

this manner: Ay Ay Ay Ay Ay . Then multiply each diagonal of three
Ay Ay, Ay Ay Ay
entries from left to right and from right to left. Finally sum these terms adding the left to
right terms and subtracting the right to left terms (this is the short-cut discussed in class)
e Ay Ay Ay + Ay Apdy + 434y Ay, — Ay An Ay — A A5y 4y, — A, Ay, 4y, Thus for A
39232
the arraignmentis 0 7 1 O 7 and the det(A)
54 2 5 4
=34T*24+9%1*54+2%x0*4-2*%7*5-3%1%4-2%0=*5=5=det(A).

Problem 8:
2

3
Consider the matrices A= [2 1

2 -1
]andB=[ ) 3:I.DoAandBcommute?

Solution 8: A and B will commute if AB=BA, by definition. Therefore, yes, A and B do

3 2112 -1 4 3 2 -1113 2
commute because AB = = = =BA.
2 1]|-1 3 31 -1 312 1



Problem 9:
Solve the systems of (a) and (b) simultaneously/

x, -=5x, = d, (@ d =1 d, = 5
3x, -13x, = d, b d = 2 d, = 12
Solution 9:

The two systems have the same coefficient matrix. If we augment this coefficient matrix

with the columns of constants on the right sides of these systems, we obtain
1 =527 [1 =321 1 -sp2] 1 ole
3 13502 {0 226f |0 1{3] |0 1

1 =502
3 —13/5/12

17
5 13

Reducing to reduced row-echelon form yields
It follows from the last two columns that the solution of

(a)1 1s = 0, % = 1, and the solution of (b) is X = 17, % = 3.
Problem 10:

2 45

1 31
For the matrix A= 268 find the cofactors.

Solution 10:
The cofactor C;j of A = (-1)™ M; thus,
[3 1]

8

Ci=det =3(8)-1(6) =18

| 1
11
Comdetl® 1= (1(18)-12)) = -6
1
2

3
6

C13= dethb

=1(6)-3(2)=0

9}

4
= det [6 8:| =-1((4(8) - 6(5)) =-2
{2 8} — =
= det =2(8)-2(5)=6

[2 4
Cp=det L2 61 =_1((2(6) - 2(4)) =-



—

Csi=det L =4(1)-3(5) = -11

Cap=det L = 1(2(1)-1(5)) =-3

W K = O

Co=det L' °1=2(3)-1(4)=2

Problem 11:

=N
AN W s
o = W

Given A = Find det(A).

Solution 11:
Using the cofactors found in problem 10 and theorem 2.4 which states: det(A) = Z 3;C;
i=1

we choose to expand the determinate on row 2. Then we have that

{4 5] {2 5] [2 4]
det(A)= (1) det L& 8] +(3)detl? 8l 4+ (1)det 2 ©
= 1(-2) + 3(6) + 1(-4)
=-2+18-4
=12

.



<3

1) Calculate the cofactor, adjoint, determinate and inverse of matrix A. Check your
answer.

3 2 -1
A={1 6 3
2 -4 0

Solution: (20)

The cofactor if A is found for each row/column combination by crossing out the row and
the column and taking the determinate of the remaining matrix times the sign change of
the checkerboard matrix.

+ - +
6 3
Checkerboard Matrix = |- + - C11=det[ 4 O} = (6x0)+(—4x3)=12
+ - +
Ci1=(6x0)—(-4x3)=12 Ci3= (I1x0)—(-2x3)=—(-6) Ci3= (1x4)—(-6x2) =16

Ca1 = (2X0) = (-1x-4) =-(-14)Cpy = (3x0) ~ (-1x2) =2 Cy = (3x-4) — (2x2) = (16)
Csi=(2x3)—(-1x6) =12 C32=(3x3) - (-1x1) =-(10) C;33=(3%6)—(1x2)=16

12 6 -16
Cofactor Matrix= | 4 2 16 |. To get the adjoint, transpose the cofactor matrix.
12 10 16
12 4 12
Adj(Ay=| 6 2 -10|. To calculate to determinant, select a row and add the minor
-16 16 16

of each column in that row.

det(A)= 2det] - M|-(-apdet] > M|rodet] > ?|=(@2x12)— (ax10)+0= 64
CHASm 2det) o |m(A)det M 6|=¢ ( -

To find the inverse, use the equation A™'= adj(A).
det(A)
3 1 3
12 4 12 16 16 16
A=l 6 2 -10|=|2 L =3
64 _16 16 16 32 32 32
1 -1 1
4 4 4

Check: A A'=1

3 2 -1
1 6 3
2 -4 0

Al»—-ﬁlwalw

i—l'_l
[«
Wil =

il
-
oo
O = O
—_o O
| |



2) Solve the following equation by GL%SS elimination and back substitution.
10y—-4z+w=1

x+4y—z+w=2
3x+2y+z+w=5
—-2x-8y+2z+2w=—-4
x—6y+3z =1

Solution: (15)

First, transcribe this into an augmented matrix, then row reduce but trading rows, and
adding multiples of one row to another.

0 10 -4 1 1 1 4 -1 4 2 N

1 4 -1 4 2 0 10 -4 1 1| B=R+ER
32 1 2 5|ReoR|3 2 1 2 5| Re=Re+ (R
T S S, R 2 8 2 2 Za|

1 -6 3 0 1 1 -6 3 o0 1| RB=R+CDR
1 4 -1 1 2]Re=R 1 4 -1 1 2]

0 10 -4 1 1 10 01 # & &

0 -10 4 -1 —1|Rs=Rs+Ro1 Ri=Ri+(—4)R
S S 00 0 0 0

0 %% % % OlR=R+R: [0 0 0 0 0

0 -10 -4 - 00 0 0 0]

% % 5

5 /10 /10 | Now, plug these back into the original equation,

SO O =
OO = O

0 0 0
0 0 0
0O 0 0 |

substituting r, s, and t for y, z, and w.

R e L
yzéz‘ﬁo /0 =‘/0/ /o

3) Solve the following equations simultaneously.
a)b1=0,b2=1

dx1—Tx2=b for b)br=-4,b2=6
x1+2x2=b2 cobi=-1,b2=3
d)Ybr=-5,b2=1

Solution: (15):
Write this into an augmented matrix, then row reduce rows as follows.




4 70-4-1-5
[1 2|1l 6 1 3 ‘ 1 }, swap the two rows, and add to the bottom row by -4 times the top to
1

get [(1) _21 s_4 —628\—31) 3’_19} . Now extract -15 from the bottom row and add -2 times

/ /54/5 /5

the bottom to the top row to get |: 11— / _28/ |- / / . From this
15 15 15

a)b1=%5,bz=_%5
BYor =34/ b == 28/
b =43 =13/

=1/ -3
d)br = S,bz—é

4) To demonstrate your knowledge of inverses and transpose, prove the following:
a) If Ax=b, thenx = A™'b

b) If A= AT then AAT is also symmetric.

¢) (A =(A™)"

extract the answers to each equation to get

Solution: (15)
a) Use the inverse properties (AA™'=I) and also remember that matrix algebra is not
commutative for multiplication.
Ax=b, A Ax=A"b, Ix=A""b, x=A""b
b) To find if AA" is symmetric, take the Transpose of both sides. (Remember that AT =
A and (AB)"=B'A").

(AAT)T = ATTAT = AAT

¢) To find if (AT)!' = (A™)", show that AT(A)'=(A)'AT=1L (,VL
ATAY'=(A'A)T=1"=1], and
AHA'=AAH)=1T=1

5. Show that if a square matrix satisfies A3 - 3A%2 + 4A — 1 =0, then
A'1=A%2-3A+4lL

Solution (10)

: A-3A%+4A-1=0 >
ATTA3-3ATTAZH4ATTA AT =0
[A2-3JA+41-A"'=0->
A2-3A+41=A"

6. Solve each of the following systems by Gauss-Jordan elimination:



a. Xx—4y+3z=2 b. 4x+y—-z=1
2x *3y—-z =5 3x + z=4
2y—5z=3 x+2y =

Solution: (20)

Solutiona: [1-432] [1-432] [1-4 3 2] [1-43 2 ]
[23 15]—>[o 71]- [0 1-7/11 /11]= [0 1 -7/11 1/11 ]
[02-53] [02 53] [01-52 3/2] [0 0-41/22 31/22]

[1-4 3 2 1 [1-4017541] [100 111/41] x=111/41
- [01-7/111/11 ]=[01 0 -16/41]— [0 1 0 -16/41] y=-16/41
[00 1-31/41] [00 1 -31/41] [001-31/41] z=-31/41

Solution b [41-11] [12 3-3 3] [123-33] [123-3 3]
[301 4]-[12 0 416]= [0 -3 7 13]- [0 21-49-91]
[120 2] [1224024] [021321] [021 3 21]

[123-3 3] [123 -3 3 ] [123012313] [120 0 96/13]
- [021-4991]—- [0 1-49/21-91/21]-[0 10 913 ]=[0 1 0 9/13]
[00 52112] [0 O 1 2813] [0 01 2813] [0 O 1 2813]

[100 813] x=8/13
>[010 913] y=9/13
[0012813] 2z=28/13

7.Compute the determinants of the following matrices using cofactor expansion,;

a.  [315] b.  [5124]
[240] [201 3]
[163] [4823]

[0567]

Solution: (15)

Solution a: det ([315])=3det ((407])~det ([20])+5det ([24])=36—6+40=80

([240]) (63D 13D ([16))
([163)

Solutionb: det([5124])=5det([013])—2det([124])+4det([124])

([2013]) ((823]) ((823)) ((013])

((4823]) ((567]) (567D ((567])
([0567)

= 5((-1)det ([ 8 3 ]) + 3det ([ 82 1)) — 2(det ([ 23 ]) — 2det ([ 8 3 ]) + 4det ([ 8 2 ]))



57D ([56) (670 57D (561

+4(det ([137])+5det ([247)=5(-41+114) — 2(-4 — 82 +152) + 4(-11 + 10)
([67]) (13D

=365-132-4=229

1 2 3 1 23
8. a) Find the inverseof B={4 5 6| andC=|1 3 2| ifitexists. If not prove that
7 8 9 321

the matrix is singular

Solution: (15)

1 2 3[/1 00 1 2 3 1 00
b)J4 S 6/0 1 0|~0 -3 -6|-4 1 0
7 8 9/0 0 1 0 -6 -12|-7 0 1
1 2 3 1 2 3|1 0 0
~lo 1 / / ol~0 1 2{4% -} o0
0 -6 -12|-7 110 0 0] 1 -2 1
because the third row is all zeros, B is singular.
1 2 3j1 00 1 2 3|1 0O 1 2 3 1 00
ot 3 2101 0|~{j0 1 -1|-1 1 0|~0 1 -1}-11 Of~
32 1]0 01 0 -4 -8|-3 01 0 0 -12|-7 4 1

12 3|1 o0 0 120|-3 1 %_
01 -1|-1 1 0 |~lo1o0|l~%, % -W|-
00 1|7, T M) oo %2 % M
Lool My KA, 1 )5 N
010 _%2 % —%2 soC" = /2 / 42
001 N M o -0 Mo

1 2 5 6 1 2 3]
9. Let A= ,B= ,and C = . Find (2) AB, (b) A+B, (c) AC, (d)
3 4 7 8 456

A', and (e) tr(A).

Solution: (15)

(2) AB 1 2|5 6 5+14 6+16 19 22
a — = =
3 4(|7 8 15+28 18+24 43 42



[1 2} {5 6} [6 8}

(b) A+B= + =

3 4| |7 8 10 12

(C)Ac[l 2“1 2 3}2{1+8 2+10 3+12}=[9 12 15}
3 4|4 5 6 3+16 6+20 9+24 19 26 33

d) A'= b3

@ 2 4

) tr(A)=(1)4)=4

10. Find det(A) if

a b ¢ d
@A=|0 ¢/ 8
0 0 A~ i
00 0
[a 0 0 0 O]
0 b 000
®A={0 0 ¢ 0 0
0 00d O
0 0 0 0 e
(a 0 0 0 O]
b f 0 0 0
(©)A=|c g 0 0 0
d h j I 0
e I k m n

Solution:(10)
In triangular and diagonal matrices the determinant is the product of the entries in the
main diagonal.

(a) det(A) = a*e*h*i

(b) det(A) = a*b*c*d*e

(c) det(A) = a*f*0*1*n=0



Sy

2y

1) Solve the following systems of linear equations by reducing the augmented matrix to
reduced row-echelon form:

(a) w+x —y+2z =10 b) 3x-y + 7z = 0
3w - x+ 7y +4z =1 2x —y + 4z =1/2
Sw+3x —15y — 6z = 9 X—-—y t+ z =1

6x — 4y +10z 3

(©) 2x+3y—-4z=1

2y +3z=4
2w +2x - S5y +2z=4
2w -6y +9z=7

Answer:

(2)

1 1 -1 2 10
3 -1 7 4 1 | Solving by Gauss—Jordan

| -5 3 =15 —6 9
Elimination...

1 1 -1 2 10
0 —4 10 —2 —29| Adding (—3 times row 1)

0 8 —-20 4 59
to row 2 and (5 times row 1) to row 5



(b)

| 6

11 -1
5
01 —2
2
0 8 —20
11 =1
5
01 —=
2
0 0 0

2 10

% 24-2 Multiplying row 2 by —41
4 59 |

2 10 |

L 2 Adding (—8 times row 2)
2 4

0 I

to row 3 — Inconsistent!

—1 7
—1 4
—1 1
—4 10
1 —1 1
2 —1 4
3 —1 7

—_— DN o

Solving by G — J elimination

Swap rows 1 and 3




()

2 | Add (—2 times row 1) to row 2,

(—3 times row—l) to row 3, (—6 times row 1) to

(1 —1 1
0o 1 2
0 2 4
0 2 4
row 4
(1 —1 1
0 1 2
0 0 O
0 0 0

[\ 2 \S T e R )

1

S NO N

0

1
_3
2 | Add (—2 times row 2) to both
0
0 |
_1
2
3
— 5 | Add (1 times row 2) to row one
0
0

L

= =1} _
2) 2t,x—(2)3t

Solving by G — J elimination




2 2 -5
0 2 3
2 0 —6
00 2
then 3 & 4
i 5
1 1 —=
2
3
1 il
0 2
2 0 —6
0 0 2
i 5
1 1 —=
2
3
0 1 =
2
0 —2 —1
0 0 2
5
1 1 —=
2
3
0 1 2
0 0 2
0 0 2

S N S

EEN W N

Swap rows: 1 & 2, then 2 & 3,

Multiply rows 1 and 2 by ( —;—)

Add (—2 times row 1) to row 3

Add (2 times row 2) to row 3



0 0

0 0

to row 2 and ((

N |

N | W

I
M|

N |

1

0

3
2
0

N o

N —

Multiply rows 3 & 4 by (

N |—
~——

N[ —

Add (—1 times row 3) to row 4

5
2 | Add ((—%31) times row 3)

)times r0w3) to row 1



2)
1 1 —1
Let A =10 0 1
2 1 2

(a) Verify that A’=3A*-3A+T
(b) Calculate A* explicitly.

(c) Find A™" explicitly.

Answers:

(2)

Add(—1 times row 2) to row



-1 0 -2
Aa=4=] 2 1 2 o
6 4 3 ||2
—5 —3 —3
6 4 3
12 9 4 .
-1 0 =2 11 —1
32 1 2 |-310 0 1
6 4 3 21 2
10 0] [=-5 —3 =3
+101 0f|=|6 4 3
00 1 12 9 4
11 =111 1 —1
m 4*=]10 0 1 |0 0o 1
21 2 |21 2
—11 —8 —4
=l 12 9 4
| 20 16 5
~1 =3 1 7
© 4" '=| 2 4 -1
0 1 0

3. LetA=1,-XX"X)'X"T. =

<=0

(@)  What are the dimensions of X (X "X)"' X T2

(b) Must X "X be square?



(¢) Show that A is symmetric.

Answer:

(a) Since X (X TX)!' X T must be conformable with I, for addition, it must be n x n.

(b)  Since a matrix must be square to have an inverse, X TX must be square although X by
itself need not be.

(¢) For A to be symmetric, A=A"
So:

L-XX™x)'xMT
LT - [X X X)'XT]T
IL— [X (X "X)"} "X ]
L-XX™xX)'xT

Therefore A is symmetric

4)  Solve the following system of linear equations by using Gauss- Jordan elimination:

a +3b + 2c+ 6d =0

-2b - 3d = -1
32 - b + 4d = 3
-4a + 2b - 5d =17
Answer:
1 3 2 6 0 |
0 -2 0 -3 -1
Insert equations into a matrix
3 -1 4 0 3
-4 2 0 -5 17]




1 3 2 6 0 |
0 1 0 3/2 1/2
Add (-3 times row 1) to row 2 and (4 times
0 —10 ~2 —-18 3
0 14 8 19 17
row 1) to row 3, and divide row 2 by -2
1 3 2 6 0 ]
0 1 0 3/2 1/2
Add (10 times row 2) to row 3 and (-14 times
0 0 —2 -3 8
0 0 8 -2 10
row 2) to row 4
13 2 6 0 |
0 1 0 3/2 1/2
Divide row 3 by -2
0 0 1 3/2 -4
0 0 8 -2 10
1 3 2 6 0
0 1 0 3/2 1/2
Add (-8 times row 3) to row 4
0 0 1 3/2 -4
0 0 0 —14 42




1 3
0 1
0 0
0 0

1 3
0 1
0 0
0 0

row 4) to row 1

(1 3
0 1
0 O
0 0

1 0
0 1
0 0
0 0

S = O O S = O N S = O N

o = O O

3/2
3/2

— O O O - O O

_— o O O

Divide row 4 by -14

Add (-3/2 times row 4) to rows 2 & 3 and (-6 times

Add (-2 times row 3) to row 1

Add (-3 times row 2) to row 1

—»a=2,b=5,c=12,&d=-3

5) Solve the following systems:

(a).

- 3
4r + 55+ 7

t
t

-2
-3



3r + 4s- t =3
(b).
r - s - 3t=26
“4r + S5s+ Tt = -33
3r + 4s- t = -2
Answer:

Both (a) and (b) can be solved simultaneously.

1 1 -3]-2| 6
-4 5 7 |-3|-33
3 ~1|3 -2
1 -1 -3]-2| 6 ]
0 1 -5-11-9
Add (4 times row 1) to row 2 and (-3 times row 1) to
0 7 819 |-20
r;)w3 ]
1 -1 -3]-2|6 |
0 -5-11-9

Add (-7 times row 2) to row 3

L A
1 -1 -3|-2|6 |
0 1 -5-11-9
Divide row 3 by 43.
0 0 1|21

Add (5 times row 3) to row 2 and (3 times row 3) to row 1




1 0 01315
0 1 O-1-4
0 0 1121

Add row 2 to row 1

- (@).r=3,s=-1,&t=2
(b).r=5,s=-4, &t=1.

6)  Given the matrix

0 5 7
AZ|0 0 2
0 0 0

Find A? A%, AM-1, and AT (the transpose)

Answers:
0 5 7110 5 0 0 10
. 0 2110 0 0 0 0
0 0 0110 0 0 0 0
0 10110 5 7 0 0 0
A AZA = 0 011(0 0 2 _ 0 0 0 o

0 0 0110 0 0l (O 0 0

A”-1 does not exist because there is a row and a column of zeros.

0 0 0

o |3 0 0

7 2 0



7) Evaluate Det(A) using co-factor expansion

4 1 3
A=l 5 5
-2 0 6
Answer:

Co-factor expansion along the third row

4 1 3

Det(A)=| 7 5 -1 :_2[1 3}0[4 3}6[4 1}

5 -1 7 -1 75
-2 0 6

=(-2)(-1-15)+(0)+(6)(20-7)
=32+78

=110

8)  Use row operations to find the inverse of

1 s 3
A=19 5  3
- 0 g
Answer:

Letrl =Row 1, Let r2 = Row 2, Let r3 = Row 3

1 3 3 1 00
Add(r1 * 2)tor2| 0 0 -3|-2 1 0
-1 0 9 0 01



Addrl tor3

r
[ R

Swap 12 with r3

(= e

Mult. R2 by (1/3)

S O -

Mult. R2 by (-1/3)

O O =, O O = O O = O O =

Add (r3 *-4)tor2

Add (13 *-3) torl

Add (r2 *-3)torl

O O O e WO R WO = WO "W o W W WO W

6 -3 -1
AN1=|-7/3 4/3 1/3
2/3 -1/3 0

—_ O O = O o = O W = kW

1 0 0]

-2 10

1 0 1

1 0 0]

1 01

-2 1 0]

1 0 0
1/3 0 1/3
-2 1 0

1 0 0
1/3 0 1/3
2/3 -1/3 0
1 0 0
~-7/3 4/3 1/3
2/3 -1/3 0
-1 1 0
-7/3 4/3 1/3
2/3 -1/3 0
6 -3 -1
-7/3 4/3 1/3
2/3 -1/3 0




9

Solve the system of linear equations by finding the inverse and solving Ax = b.

2x+4y+8z=4
3x+4y+4z=5
Ix+8y+8z=15

Answer:
—
2 4
3 4
1 8
1 2
3 4
1 8
~—
-
1 2
0 -2
\1 8
1 2
0 -2
\0 6
=
1 2
0 -2
L0 0
=
1 2
0 1
L0 0
1 2
0 1
0 0
~—
(1 2
0 1
0 0
r1 2
0 1
0 0
e

o0 0

[en N i

o O

pam—y

OO

172

172
-3/2

172
-3/2
-172

1/2
-3/2
-5

172
3/4
-5

172
3/4
1/4

1/2
-1/4
1/4

-172
-1/4
1/4

—~
0 0
1 0
0 1
—
\
0 0
1 0
0 ]
i
\
0
1 0
1
-
=~
0 0
1
0 1
\
0 0
1 0
3 1
0 0
2120
3 1
0 0 )
2120
-3/20 -1/20
_J
-
0 0
1710 1/5
3/20  -1/20
—
\
35  1/5
110 1/5

-3/20 -1/20
—

Multiply row 1 by 1/2

Add -3 times row 1 to row 2

Add -1 times row 1 to row 3

Add 3 times row 2 to row 3

Multiply row 2 by -1/2

Multiply row 3 by -1/20

Add -4 times row 3 to row 2

Add -4 times row 3 to row 1

Add -2 times row 2 to row 1



1 0 0 0 2/5 -1/5
0 1 0 174 1/10  1/5
0 0 1 1/4 -3/20 -1/20

-
—

So the inverse is 0 2/5 -1/5
-1/4  1/10 1/5
1/4 -3/20 -1/20
N -

J

0 2/5  -1/5 4 -1
x=|-1/4 110 1/5 * 5 = -5/2
/4 -3/20 -1/20 15 -172

Sox=-1,y=-5/2,and z =-1/2.

10)  Find the determinate of matrix A by using cofactor expansion along the row or
column of you choice.

- ™
1 7 4 7 8 1
0 6 0 0 0 6
A=|3 2 0 1 0 2
4 3 3 2 9 3
5 6 0 3 5 6
0 4 0 4 0 4 )
Answer:
1 7 4 7 8 1) Expand Along Column 3
0 6 0 0 0 6
3 2 0 1 0 2
4 3 3 2 9 3 -
5 6 0 3 5 6 -
0 4 0 4 0 4
- <
0 6 0 0 6 1 7 7 8 1
3 2 1 0 2 0 6 0 0 6
4 4 3 2 9 3 |- 3 3 2 1 0 2
5 6 3 5 6 5 6 3 5 6
0 4 4 0 4 0 4 4 0 4




The first matri%ll be 0 because columns 4 & 5 are identical.

/‘

1 7 7 8
0 6 0 0
—3{1(}’3 2 1 0
5 6 3 5
L0 4 4 0

0

-3) | 843

5

0

P e N\ o))
W =0

The first matrix

1 7 7
-3)(®) 6 0
3 2 1
0 4 4
6 0 6
-3) (5) 2 1 2
4 4

'\

SN ON -

AN

—

1
6
2
4

+3

Expand Along Column 4
7 7
+5 0 6 0
3 2 1
0 4 4

11l be O because columns 2 & 4 are identical.

Expand Along Column 1

7 7 1
6 0 6
4 4 4

This first matﬂxme 0 because columns 1 & 3 are identical.

7 7 1
(-35)(3) | 6 0 6
4 4 4 |

-3)(5)(3) | -7 [6 6 | -
4 4

—_—

Expand Along Column 2

g

The first matrlx""g/ 11 be O because both g&a are identical.

(-3)(5) 3) (-4) [7 1]
6 6

=(-3) 5) ) (-4) (42-6)

= 6480

BN
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1. Solve the following system of equations using Gaussian elimination.
X; + 5%x; - 7X3 + 6%x5 = 2
Xy — 3x3 = 12
2x3 — 3x5 = 6
2] + 4x; + X3 + 9x4 + 3x5 =9
Solution: Write out the augmented matrix for the system and perform elementary row
operations on the matrix to reduce it to row—echelon form.
Switch the 2nd and 4th row.
Add - 2 times the 1st row to the 2nd.
Switch the 3rd and 4th row.
Add 6 times the 2nd row to the 4th.
Switch the 3rd and 4th row.
Divide the 4th by 21.
Add -1 times the 3rd row to the 4th.
Divide the 4th row by 3/7.
15 -7 0 6 2y (1 5 -7 0 6 2| (1 5 -7 0 6 2
01 0 -3 0 12 24 7 9 3 9 0 -6 21 9 -9 5
0020—36—)0020—36_)0020—36
2 4 7 9 3 9 01 0 -3 0 12 0O 1 0 -3 0 12
1 5 -7 0 6 2] [ 5 -7 0 6 21 [15 -7 0 6 2
0 1 0 -3 0 12 0O 1 0 -3 0 12 01 0 -3 0 12
_)0020—36 0 0 2 0 -3 6 00 2 0 -3 6
0 -6 21 9 -9 5 0 -6 21 9 -9 5 0 0 21 -9 -9 77
15 -7 0 6 2 15 -7 0 6 2 1 5 -7 0 6 2
61 0 -3 0 12 01 60 -3 0 12 o1 o -3 0 12
_)00 21 -9 -9 6 0 0 21 -9 -9 77 00 1 -3/7 =-3/7 11/3
0 0 2 0 -3 6 0 0 0 -3 3 0 0 1 0 -3 3
15 -7 0 6 2 15 -7 0 6 2
01 O -3 01 O -3 0 12
—)O o 1 -=3/7 -3/7 11/3} 00 1 -3/7 -3/7 11/3
00 0 3/7 3/7 -=2/3 00 o0 1 1 -14/9




The corresponding system of equations is

X1+5X2—-7X3+6X5:2
X2 — 3X4 =12

X3 — 3/7X4 — 3/7)(5 = 11/3
X4 + X5 = -14/9

Solving for the leading variables we obtain.

X; =2 — 5x; + 7X3 — 6X5
X2 12 + 3X4

x3 = 11/3 + 3/7x4 + 3/7xs
X4 = ~14/9 — X5

Assigning free variable ¢ to xs the general solution is given

X5 = t
X4 = —14/9 — ¢
X3 = 1173 + 3/7(<14/9 — §) + 3/7t = 3

X =12 + 3(=14/9 — t) = 22/3 - 3t
Xp =2 —-5Q223-3)+7-3 - 6t=-41/3 + 9

Connp X . NS
2. Given the following matrices ﬁnd-tf;e-a&&v&rs—te&he following emens. s

8 9
5 6 3 1 10 6 -3 0 3 7 5 1
A=29—6B=5254C=21D:28—4
5 4 3 -7 7 -4 9 -3 2 9
a) AB
b) BA
c) 2BC
e)SD+A
f) AD + A
Solution:

56 31 10 6 -=-3| [14 8 48 36
a)|2 9 -6/ 5 2 5 4|={8 -4 81 -24
54 3]-7 7 -4 9] |4 79 38 28

b) The product is undefined because the dimensions of the matrices.



- 8 9 .
1 10 6 -3 264 90
10 3
€25 2 5 4 ) =108 112
-7 7 -4 9 o -60 -92

(7 5 1 56 3 40 31 8
d)s| 2 8 —4|+[2 9 -6|=]12 49 -26
-3 2 9 5 4 3 -10 14 48

€)

56 3|7 5 1 38 79 8
AD 2 9 —-6|2 8 -4 50 70 -88
54 3|-3 2 9 34 63 16

3879 8 56 3 43 85 11
AD + 0 70 -88{+|2 9 —-6(=|52 79 -94
34 63 16 5 4 3 39 67 19

3. Use the given information to find A:

T2 -3
GA-T) —L 2}

Solution:

) } can be reduced by taking the inverse of

2
First of all the equality (3A - I)'! = {

both sides. The left hand side following the Law of Exponents reduces to 3A - I, and the
2 3
right hand side becomes [1 2} , using Theorem 1.4.5 from the book; which results in
2 3 ) ) . . ..
3A-1= [1 2} . Next the identity matrix can be added to both sides resulting in 3A =
1 2 0 1

2 3 1 0
[ } + [ } . The sum of these two matrices can be further multiplied by (1/3), as to

3 3
the right to reach A = (l)[ 3} , which when multiplied out gives us the solution, A =

3|1
11
v o)



1
4. Find the inverse of A using row operations, where A = | 0
1

N = W
W

Solution:

In reducing A to the identity matrix by row operations and at the same time applying
these operations to / to produce A™'. We will adjoin the two matrices as shown below and
apply the operations.

1 361 00
0131010
1 2 470 01
13 1 00
0 1 3 0 1 0| «— Weadded-1 times the first row to the third row.
_0 -1 -2 -10
1 36| 1 00
01 3 0 1 0 «—— We added the second row to the third row.
00 1]-111
[1 0 0]-20 -3
01 3 0 1 0 «—— We added -3 times the second row to the first row.
00 1]-11 1
1 00|-2 0 -3
01 o 3 -2 -3| «— Weadded -3 times the third row to the second row.
0 01 ]-1 1 1
’l:hus,
-2 0 3
Al=]3 -2 -3
-1 1 1
7 -1 4 4
S. Find a corresponding elementary matrix suchthat EA=|-1 3 2 —4| whereE s
2 -1 1 3
1 2 1 5
an elementary matrixand A={-1 3 2 —4|.
2 -1 1 3

By examination of EA and A, we see that the two matrices are identical with the
exception of the first row. We can see that the first row has been summed with 3 times



the third row. Based on theorem 1.5.1, a correct matrix would be, E =

multiplying E and A results in the given value of EA.

6. Solve the system of equations using A™

X, +3x,—x, =20
-2x,+3x, =15

—X, +3X, +x, =22

This system can be written in matrix form Ax=b, where

Solution:
1 3 -1
A={-2 3 0
-1 3 1

A 1s invertible and

1 3 -1
At'=[-2 3 0
-1 3 1

X =

1
0
0

X
X,

X3

0
1
0

—_ O O

b=

20

15

22

|
J>|_c\|v—*-l=-lv—*

By Theorem 1.6.2, the solution of the system is

x=A-1b=

X, =3
Therefore x, =7

X, =4

AL~ |—

l

Mlual—n|—

o O -

Gend,

i

(=

-0 W



7. Find the inverse of the given matrix A by using its adjoint and cofactor expansion.

2 4 1
A=l0 2 0
1 3 3
Solution:
2 0 00 0
n- 3 3 = C12=_ 1 3 =0 C13: 1
4 1 21 2
21 = 3 3 =-9 sz = 1 3 = Cy 1
4 1 1 2
317 20 =- C3z 0 =0 Cy = 0
6 0 -21F [6 -9 -2
adj(A)=|-9 5 -2 =10 5 0
-2 0 4 -2 -2 4

det(A) =2(C,,)+4(C,,) +1(C,) =12+ 0+ (=2) =10

32

6 -9 -2 5 10

1 1 . 1 1
AT = adj(A)=—| 0 5 0 |=|0 =
det(A) 10 2

-2 =2 4 -1 =1

5 5

—

wmiNn © Ln||

The first step is to
find the adjoint for
this matrix. To find
the adjoint, first
create a coefficient
matrix for A.

Next, take the
transverse of the

coefficient matrix for
A.

Once the adjoint is
calculated, find the
determinant of the
matrix.

Then combine the
adjoint and the
determinant in this
manner to find the
mverse.

8. a) For the matrix S, using the definition of determinants (dealing with permutations),

find for what values of A det(S) =0

A+1 —-A+1 0
S = (i+_6) A-3 0
A+1
0 0 A+1

b) Check your answer for part a. by substituting the value(s) for A into § and evaluating

det(S).



Solution: a) Since S'is a 3 x 3 matrix, the figure below helps us calculate the

determinant by subtracting the sum of the products of the factors along the left arrows
from the sum products of the factors along the right arrows.

det(S) = (4 +1)(A =3) + (=1 + 3)(0)(0) + (O)( At 8j(O) -

(0)(4 =3)(0) = (A +1)(0)(0) — (-2 + 3)(l+8j(0)

det(S) = 2 — A2 =54—3— (A" =51 +24)
det($) = A -27=0

0=21"-27
A =27
A=3

Note: the expression A= -1 is not a solution, because in the entry of the first column and
second row you would have to divide by zero

b) Substituting A = 3 into S you obtain

4 -2 0
9
S=ilZ1 0 o0
¢ .
0 0 4 ,
5 20 4 -2 C"’]"jtz)’/lx{
det(S):Z 0 0/=0M, +0(~M;)+4M,, =49 | =4-020
0 0 4 4

9. A tetrahedron has the vertices (0,0,0), (1,1,2), (2,0,0), (0,2,0). Find the volume of the
tetrahedron using the determinate. Calculate that determinate using row operations.
(Hint: the volume of the tetrahedron is the absolute value of the determinant of the matrix
that contains the three vectors that begin at the origin and end at the vertices. )

Solution: First write the matrix that includes each vector as a row
1 1 2
2 00
0 2 0



Then perform the following row operations, writing down the appropriate
numbers in the column on the right.

1 1 2 0 2 0
2.0 0 R, <& R, 200 (-1
020 11 2
2 0 o}
R, & R, 0 2 0 (-1
111 2]
(1 0 0]
R — =R, 02 0 G)
11 2]
1 0 0}
R, > —R, 010 Gj
11 2]
1 0 O]
R,=R,-R, —R, 01 0 (1)
0 0 2
(1 0 0]
R, > —R, 01 0 Gj
10 0 1

The matrix that you end up with has determinant equal to 1 and the numbers that you
) 1 ) .
wrote down to the right have the product 3’ so the determinant of the vectors’ matrix is

()

Therefore, the volume is 8 units.

1 3 1 4
10. Let 4 = B=
4 2 3 2

a) Find the characteristic polynomial for A and multiply it by the characteristic
polynomial for B

b) Find the characteristic polynomial for AB
¢) Do the equations from part a and b have the same roots?

Solution: The characteristic polynomial for A4 is simply det(x/-4).



T = et

=(x-Dx-2)-(=3)(-4)
=x*-3x-10
Similarly,

wacr-m=selly 3 3ol )

=(x-D(x-2)-(=3)(-4
=x>-3x-10
Which are the characteristic polynomials. Their product is:
(x* =3x-10)>=x* —6x’ —11x* —60x +100
That is the solution for part a.

For part b, you first multiply the two matrices together.

p| b 3L 4] [+ 4+6]_[10 10
14 23 2] [4+6 16+4] [10 20

The characteristic polynomial for Aks simply det(x/-4§

[ x 0} [10 10]] ([x—lo 10 D
- = det
_0 X 10 20‘ 10 x—20
= (x —10)(x — 20) — (~10)(-10)
=x? =30x =300 0

For part ¢, you see that the equation from part one is simply (x-5)(x-5)(x+2)(x+2) and
setting that equal to 0 gives you roots at x = 5 and at x = -2. The equation from part b has

304307 —4(1)(=300)  30%10V21

4(1)(-300) 600
The answer is that, no, they do not have the same roots.

det(x] — AP) = det

N

roots at x =




