1) Consider the bases A = {u, v} and A’ = {w’, v’} for R2, where (30 Points)
u=(1,0); v=(0,1); v =(,1); v =(2,1)
(a) Find the transition matrix from A’ to A.
(b) Use the equation [v]s =P[v]s to find [vlsif
[-3]
[Vle = 3]

Solution:
(a) First we must find the coordinate vectors for the new basis vectors u’ and v’ relative
to the old basis B. By inspection,
w=u+v
Vi=2u+v
S0

[1] (2]
[Wlp=[1] and [v]s=[1]

Thus the transition matrix from A’ to A is

(1 2]
P=j1 {1
(b) Using the equation [v]s =P[v]s and the transition matrix in part (a) yields

(1 2] [-3] [7]
[vls=[1 11 [5]= [2]

|
/Q\f { C/\“B( | !
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2) Prove that the following statements are equivalent. (45 Points)
(a) A is orthogonal
®) |Ax| = ||x]| for all x in R™
() Ax-Ay=x-yforallxandyinR"

Solution:
(@ = (b)
" Ax " = (Ax - Ax)"? (def. of magnitude)



(g
(Ax - Ax)"* = (x - ATAx)? By properties of Euclidean inner product (Au-v=u-A")

x-ATAX)"? = (x - A"A%)"? Because A is orthogonal AT= A"

x-A'Ax)" = (x-Ix)" = 15 By property of an inverse matrix

x-x)"= H X || By definition of magnitude

(b) = (©)
This is Theorem 4.1.6 with Ax in place of u
Ax- Ay = %||Ax+Ay||* %] Ax-Ay||*  and Ay in place of v. It can be derived
simply by expanding I[ u+v || % and "u -v " 2

using the def. and then simple algebra.

Yal| Ax+Ay || 2 4] Ax-Ay|* =4[ Ax+y) |2 14| Ay Left distributive law.

Ay [P 4] AGep || = 4] e |2 4] w12 ) f|Ax]| = ||x]
2 2 _ ;
Wl |? % c-p?=x-y Again by Theorem 4.1.6
(©) =(a)
Ax-Ay=x'y (b)
x-ATAy=x-y By properties of Euclidean inner product (Au - v =u - A'v)
x-ATAy-x-y=0 Algebra (remember inner products produce scalers)
x-(ATAy-y)=0 Property of Euclidean inner product
x-(ATA-Dy=0 (1) Right distributive law.

Choose x = (A"A - Dy (1) 1s true for any x so lets choose a particular x
(ATA =Dy - (ATA - Iy =0 Substituting the x we chose.

This implies: (ATA - I)y = 0 The inner product of a matrix with itself can only equal
zero if the matrix is the zero matrix.



(ATA-Dy=0

is a homogeneous system of linear equations that is satisfied by every y
in R". Because this is true for every y this implies that the coefficient

matrix (ATA - I) must equal zero. Therefore

ATA =1 /\’“'\), ((\/“o»,e, A Yo be
T -1 : z i~ Jr "“/J\,,_,S (:7%’
A=A Which means A is orthogonal. { 69(:‘-5—5 wt v
e
3) Find the least squares solution of the linear system Ax=b. (30 points)

Also find the orthogonal projection of b onto the column space of A.

A= [1 2 A1
[3 -2 1]
[2 1 1]
Solution:
ATA=[1 3 2111 2
[Z <2 11[3 <
2 4 3131
A= [1 3 2IE21]
2 -2 1]1[3]=
[2 -2 1][2]
ATAx=ATb
[1 3 2] [xi]
[2 -2 1]x] = [0]
[2 2 1] [x3] [5]

[ 15]

b=[2]
[3]
[2]
1] [14 -2
11 = [2 9
1] 4 3
[ 15]
[0]
[5]

Solving the system we find that the least squares solution is

X1= 5/6
X2 = 5/9
X3= 10/9

Using the formula

projuwb= Ax= A(ATA)! A™b

4]
3]
3]

we can solve for the orthogonal projection of b onto the column space of A.

Ax=[1 p
[3 K
[2 1

SV EIR

11[5/9]

—

7



4) (a) Derive the formula for writing a vector in terms of (45 points

an orthonormal basis.
(b)  Convert the formula to that of an orthogonal basis.

Ak
L{W
Solution:
(a) Let S={vy, 2, ..., v} be an orthonormal basis for the vector space V, and let u be a

vector in V. Then we can write:
u=kyv; +kovy + ... + kyvp.
And for each vector v;, we see that:
<, Vi>=<kivi+kova + ... + kovy, vi>
<W,Vi> =K< vy, Vi> 4+ ko< Vo, Vi > 4 L+ Ko< vy, vy >
Since § is an orthonormal set, we know that:
<V, Vi >= ||v12|] =1 and <vj;, v;i>=0forj#i.
Therefore, we see that:
<u,v;>=k;
and so the vector u can be expressed:

U=<W V>V +<U,V2>Vo+..+<U, V>V

(b) We convert this formula to that for an orthogonal basis by normalizing the vectors of
the basis, so that S becomes:

S={vil|vi]l, vol|vall, ..., vo/|Ival[},
and u becomes:
u=<u, vi/||vaf| > vi/|iva]] + <, vo/lIvall > Vol |[va]] + . + <0, Vol|Va]| > Vol vl
or rather:

u=<w, /il > v+ <, vVl > Vo 4+ <1, Vol V)P > Va
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Problem 1

Consider the bases B = { U1, Uz, Us} and B’ = {U’1, U2, U’s} for R* where Ui= (1,0,0)
U2=(0,1,0) Us= (0,0,1) and U’1=(1,2,4) U*2=(2,5,8) U’3=(3,6,13). Find the transition
matrix from B to B’.

Solution
30 Points

We shall solve this problem by finding the transition matrix from B’ to B and then taking
the inverse to find the transition matrix from B to B’. The solution could also have been
found by directly finding the transition matrix from B to B’.

First we find the coordinate vectors for U1, U’2 and U’3 relative to B. This can be done
by inspection.

Ui=U1+202+4U0s = [U1]s=| 1 [U2]s= | 2 [Us]e=| 3
U’2>=2U1 + 5U2+ 8Us 2 5 6
U’3=3U1+ 6U2+ 1303 4 8 13
Thus, the transition matrix from B’ toBis| 1 2 3

256

| 4 81
So the transition matrix from B to B’ is the inverse of that matrix.
1 231 00|R-2RitoR2|{1 2 3|1 0 O|Ri-3R3toR1|1 0 0 [17-2 -3
2 56 1 0|Rz-4Ri1toR3{0 1 021 O|Ri-2R2toR1|0 1 0121 0
4 813p 01 0011401 0 11401

Thus the transition matrix from BtoB’is  [17 -2 -3
2 1 0
-4 01



Problem 2:

Find the orthogonal projection of u onto the subspace
R? spanned by the vectors v, v,, vj.

u= (61,5, 2)
v, = (1,2, 1,2)
v, = (2,3,2,1)

v; = (1,3,3,1)

Solution:
(40 points)

First we set the three vectors up in a matrix as column vectors.

1 2 1

2 3 3
A =

1 2 3

21 1

Then we find what A TA

1 2 1
12 1 2 10 12 12
; 2 3 3
AT4=|2 3 2 1 =112 18 18
1 2 3
1 3 3 1 12 18 20
(2 1 1|

Then we find what 47 u.

of



Problem 3

InR3, with the Euclidean inner product, use the Gram-Schmidt process to transform the basis vectors

w=(1,1,1)
u= (0,2,2)
= (0,0,3)

into an orthogonal basis
["1: V,, vy ]and then normalize the orthogonal basis vectors to obtain an orthonormal basis

(41, 45 4]

Solution
(40 points)

vi=u= (1,1,1)
<u, v >

L\ e ©
Il i (L \\;\\;qu o f\}n \
4 2 2\ - AUN £
=(0,2,2)‘§(1,1,1)=(—5,5,5)“' - \ /

b —u <u3,v1>v <y vy >
37 %3 S
vy I vy I

- (0’0’3)_ (1&151)_ %( _4’ _s%%/:
Producing:
V1= (1: 151)
_ 22
3°3

We must know the norms of these vectors to form the orthogonal basis. The norms are:

v Il =+/3
||v2||=-2—3§é

32
2
so an orthonormal basis is

gt (L 1 1]
Polivll (3743743

vy Il =

_ % (=2 1 1
AT § a6 /6
V3 -1

= 0,—

&)

93

X



Problem 4: (40 points)
Prove the Triangle inequality, Ju + v|| <|ju||+||v|, where w and v are vectors in an
inner product space V.

Solution:
By definition we know that

Ju+v|’=(u+v,u+v)
=<u,u) + 2<u, v) + (v,v)
< <u,u) - 2|(u,v>
< (u,u) + 2||u||

+ (v, v) (property of absolute value)
|v|| + (v, v) (by Cauchy-Schwarz)
=l + 2fuflv] + |4

= (Jul + MY

Now, taking the square root of both sides gives

o vl <l + [¥]



©

Problem 1:
(40 Points)
Let R?, have the Euclidean inner product. Use the Gram-Schmidt process to transform
the basis {u;,u;us} into an orthonormal basis {vy,v2v3}.(W=Span ({vi,vo,v3})
w=(11),1=(110),u=(1,21) d—; 7
NN 7 W ( J‘v\ v,
Solution:

We will use the Gram-Schmidt procedure to find the desired basis
U.], =u :(13 1) 1)

Uy’ = Uy — Projw, Up = Uz - KU, uy’>*uy’ = (-1, 1,0) - (-1,1,0) « (1,11 * (1, 1, 1)
[Jur’[P? (L1,1)*(1,1,1)

=(-1,1,00-0*(1,1,1)=(-1,1,0)
(Since u; and u;’ are already orthogonal)

113’ =uj3- projwz U3 - pI‘ijq U3z =u3 -<1Us, U’ > * ng’ - u;,_u%}_* 111’
Jfuz* o’ |

=(1,2,1)-(1,2.1)(-1.1,00*(-1,1,0)- 1.2, =« (1,1,1) *(1, 1, 1)

(-1,1,0) = (-1,1,0) (1,1,1)« (1,1,1)
: 4 _(11-1
=(1,2,1)- E (-1,1,0)- 5(1, I, 1= (6’6’ 3 J
1 1 1
= = o4 1 | <
Jlu’ll  (@,1,1)+(1,1,1) "
vt
vew'= (11O :[—_1;,9] 7
ol (1,100 (-1,1,0)) " X1 4
P s VO N
e (11—_1)14 _(.LA_—_I)
- B 66 3 W6'V6 3
1 N noc ”Vﬂo’{‘

: 11 -1 (11 1)
o=’ ((6’6’ 3) (6’6’ 3J)

{v1,v2,v3} as defined above form an orthonormal basis for the subspace W.



Problem 2:

(40 Points)

Prove that if S = {vy, v2, ...., v2}is an orthonormal basis for an inner product space V,
and u is any vector in V, then

u=<u, vi>vy +<u, vp>vao + ..., + <u, Vp>vy,

Solution: _
Since S = {vy, v, ...., v2} is a basis, a vector{usjcan be expresses in the form
u=kivi+kovay. . +KaVa

Foralli=1,2,...,n we have

<u, vi> =< kjvi 1 kava 4 4 kov, vi> because the inner products of both sides with
respect to the same vector will remain equal.

=ki<vy, vi> + ko<vy, Vi 4 + kn<Vﬁ) vi> by additivity axiomg
Since S = {vy, V3, ...., V2} is an orthonormal set we know that
[ 15 // e . 7
<vy, vi> = ||vi|| “and <vj, vi>=0if j #1. :

Ao\/\’é’ '
Therefore, the above expression for <u, vi> =k; «

(\ So <u, vi>, <u, V>, ...., <u, Vo> become scalers in the coordinate vecotor u
.| relative to the orthonormal basis S = {vy, va, ...., v2}, and
\(d‘
Ny (0 = (e, Vi L M, s 20, 63)
,O? is the coordinate vector of u relative to this basis. And by definition when

(u)s=(ki, ko, ..... , kp), the vectoru will be u = kyvi + kova + ... + kyvy

Soif (u)s = (<u, vi>, <u, vo>, ...., <u, vy>) then
u =<u,vi>vi+<u,va>va+ ... + <u, V>V,

Finishing our proof.



P4
i1 2 1 2 17
7 1
A u=[2 3 2 1 = | 27
5
1 3 3 1 26
2]
Now we can solve for X5 X9y X3.
_ 1
= = xl —'2—
10 12 12 || *1 17
12 18 18 || x5 | =] 27 Xy = %
12 18 20 | x5 | 26 ) .
X3 =2 B
2

Now that we have our x-values we will multiply our original matrix A by x to find our b.

11
_ T 41 |3 ‘
12 11 =5
2 9 / ;).J\
2 3 3 7 B 2 —
1 2 3 3 8
21 1| -1 d
i L 2] 5
L 6
Therefore the proj, v = (13—1, %, %’ %)



Progiem 3
(35 PounNTS)

Find the least square solution of the linear system given by: ,]

x, —2x, =4 c(’,&\’é{

i/ N—_—
3x,+7x, =0 {7\\;\\(
= B ]
n the column space

And find the orthogonal projection o

1 -3 4 \\‘“-\\_ g

The normal system A’ Ax = A"bis

= o))

Solving this system gives

21

X, =—

10
-201
X, =———
230

The orthogonal projection of b onto the column space of A is

1771
1 =27 21 46

_ x| 10 _ﬁ
=137 am |= 115
-1 -4] |30 ] [321

230 |




4 — 35pts

@ven Af an m X n matrix with row vectors Flpevos Ty

prove that nul(A) and row space of A are orthogonal complements in
R" with respect to the Euclidean inner product

answer :
|
Assume @{@ <nrn,v>=..=<r,, v>=0=vorthogonaltor,... r, and lies in nullspace of
-Lbf”\% — ¥ 2 Sk 9\{m\4d\3
ax=0"" \
4 \I\ e\/ﬂ/ ¢ " e -
\/\(/x\"i JS 7
\per = (st
- A
T

Y vector b in the row space of A:

bxclrl F oo et B F,
thus :

<hov> =ColyF oo F Oy WP

mm?

= gy K By W=t K, ¥2=0

ﬂ/\(s A5 nA A f\mdg, Proots J\Vfw/"@
frecise Covmummnniceon ofrdecs, met™

ok syaalds Fd™ 1l veades

| L\UPKL«\((‘-} fa%v’yud“ a,wﬁo%j

MV\A A% b ?\/"{/&Mﬁ H.e,m A N ((:/M’ﬂL

‘c\.ﬁ/@=



1. Prove thatif A is an n x n matrix and A is orthogonal, then ||Ax“ = ||x|| forallxinR".

Solution :
Assume that A is orthogonal, so that ATA =1

| 2= ) =D A = b = 1

2. Compute < u, v > using the inner product

<u, {vﬂ

o

(
= tr(uT v) =upv; + Uy + Uzvs +u4v4 , -~
—Suan |

1

Solution : (w, v= (1)(6) + (2)(7) + (3)(8) + 4(9)

12
a) u =

34

=6+ 14 + 24 - 36

ls 6] [7 2]
b)) u = , V=
9 12 -1 =20

Solution :(u, vv= (3)(7) + (6)(2) + (9)(-1) + 12(-20)
=21 + 12 -9 - 240

= 216

{0 3] l14]
C.) u= ; V=
-4 12 0 -2

Solution : (u, vy= (0)(1) + (3)(4) + (4)(0) + 12(-2)

=12-24

. 7
ey

—

Y



d) u= 10

3

8 0 3

yi <& [2—1‘

Solution : (u, v)= 2\/'? +\/_2- =24

3. Given two orthogonal vectors :

u=(4,1,2,2) andv=(-2,4,1,1) Calculate|u +f and |||l + ||v]|®

Solution :

[u—

e+l =|[(4+21+42+1L2+1) " & 11(2,5,3,3) Pe (22 +57+32+3%) =47
lull?= (4% + 1%+ 27 +2%) =25
Ivii2= (22 + 42 +12+1%) =22

Nl + ||v]|2=25 +22=47

4. Let R* have the Euclidean inner product. Find the cosine of the angle between u and v.
Find the cosine of the angle @ between w and v where u = (1,-3) and v = (2,4).
0 lies between 0 and T.

Solution :
(u - v)
el 1wl
solve for the norms of u and v.

lul =J 12+ (3 =V149 =J10 , Ivl=y22+4 =J4+16 =20

find the inner product of wandv. u - v = (2 + (-12)) = -10

use the formula cos® =

Therefore, cos® = = ae L) ']
V1020 V2 2




Question #1: (20 points for () and 30 points for (b)) — 50 points total

Suppose S = {uy, u, U3} and 8’ = {vy, v, v3} are bases in R* where

[1} (2] [-1} E34 [5] [1]
u =[2] u; = [4] u; =[3] v1=[2] v2=1[7] v3 =[4]
[} [6] B} 8; [3] [2]

a) Find the transition matrix from S to S°.
b)- Compute the coordinat@vecto;:-[w]sq?/here

[0]

w=[15]

[10]

and-use [wls to comput&%w]se.
Solution #1: |

a) The transition matrix (P) = [3 5 1t n 2 -1]
R 3 4 B 4 9]
[1 3 2] [1 6. 5]
=25 o0 5B 2 -]
[-7/5 1 4/5] 2 4 3]
135 2 1WSE[L 6 5]

=[1/5 -2/5 -1/5]
[-1/5 -18/5. 2/5]
[4/5 52/5 12/5]

b) Write w-as-a.linear cambmation@f.the.-.vectmﬁ inS.
w = kju; + koup + kaus /
[o}- 1 21 [
[15] =ki [2] + ka [4] + k5[ 3]
pelr [} [6k-  [5]

Solve for.the coordinates. (ki, ks, ka) by writing.and row reducing the augmented .n\atrix.

2 1 | 0]
2 4 3 15]
[ 6 5 10]

Row.2 — 2Row.1 in Row 2
Row 3 -Row 1 inRow 1

flie: & de } 0]
o o 5 | 15]
o 4 6 | 10}



Switch Row 2 and Row 3

[ 2 <. | 0]
[0 4 6 | 10]
.. B 3 | 15]
(1/4) Row 2 in Row 2

(1/5) Row 3 in Row 3

n 2 -1 0]
o 1 3. | 5/2]
[0 o0 1 3]

By this reduced augmented matrix we have

ki=ks -2k, =7
k_}; (—5[2-)’~-— (3/2—)1(3\ =.2
k3 =3 }

So[wls=[7]

[-2]
[ 3]

[wls: = P[w]s.using the P. found-in-part 2)

Wle=[lS 25 -5 [l _ [¥s © Vs o e s )
[-1/5. -18/5. 25} [2] — {v%@ L4/ | \1S ( \-, }/, A
[4/5 52/5 12/5] [ 3] 3/ —Z b3l

= [
[7]

[-8]
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Question #2: (35 points) \\L g/u\\ 9.%4) 9

Find the angle 6 (from O to x) between py =1 and p2 = x in P+{0,1) with th+ inner
product of p(x) and g(x)*

| (pe).qt0))= [ pr)a(aras

Solution #2:
I__x l
o (PORAW) (Lx) Hi 3 5
lpCollg et e VLI
A3

5

oos@="" g2
2 6

\ N
; .
‘JG’\ oy VE
Question #3: (40 points) _ 2"

i A
_ oy V%
The following eguation is-inconsistent , \ng)\
[101] (5% %) [3] ’ C éﬁ/""'
[12 1] £Y-3] \ “

V]
(Ax=b) a

find-the-least-squares solution for this equation-(use least-squares method)

Solution #3: HJ\ 7'
\/\(/\}&’ \é (>

Sy
3]

[0.2,0 -6]

e e v Po\fhl_“') WSE{P@ L
é}lf!/‘&wﬂe—» - \C& e 5[/@\,\ ;
111 NJ)( A L

41 ?w\éLew e ek

AITb=[6]



I ) WA i
N A AT |
(o g e
o~
ATA=ATb
[3 4 4]=[6]
[4-8 g] [0]
[4 6 6][6]
Rew--fedueﬁen—leafds to
[1006] ‘
[0.10-3]
[0 010]

1=6

2=-3
X3=0
12/35=10x

=12/350
X—l—% ‘\f\‘e/

N
24x=32/7 4 &

Question #4: (25 points) . z/
Find the eigenvalues of the following matrices:
5 1/2 -2 a0 ~2

,, o 0]
ay A=f06 -1 3 |byA=t3 3 O |crA=] 0 5 0
0 0 2 -4 1 1/2] 0 01

Solution #4:
By Theorem.7.1.1, if A is-an upper triangular, lower triangular, or diagonal.matr.ix,y then
the eigenvalues of A are the entries on the main diagonal of A.

a) A.is.anupper triangular matrix. Therefore theorem 7.1.1 applies and.the eigenvalues
are simply the entries on the main diagonal of A.
Eigenvalues:- i=5, A= -}, A=2

b)- A.is-a lower triangular matrix. Therefore theorem 7.1.1 applies and the .eigenv?.lues
are simply the entries on the main diagonal of A.
Eigenvalues:. 3=4,1=3,2~1/2

c).-A.is a.diagonal matrix.. Therefore theorem 7.1.1 applies.and the eigenvaluﬁs are
simply the entries on the main diagonal of A.
Eigenvalues:. i=-2,2=5,)=1.

M S, Wovd’s %’:/'OC’\"‘*'U‘”



1. Allow R’ to have the Euclidean inner product. Use the Gram-Schmidt
Process to transform the basis {u;, u, u3} into an orthonormal basis {g;,

g2 qs}. First, find the orthogonal basis and then normalize to find the
orthonormal basis.

w =31, -4),us=(256),u;=(L 4 8)

Solution
Let: vi=u;=(3,1,-4)

V2 = Uy = projy Uy = U; - <7|‘2’”v;>v,=(2,5 6) + —(3 1, -4)
v
li; 14
7 11 A \
—(256)Jr(w ﬁ_g) (__4)..- \ \"CO)&\/ '%C j
V3 = U3 —proj, Uz = U3 - ~45% 2 Vi= <u3,vzz >V2 L’”\f' }W" blj
? ”vi ) v,
—(148)+—(31 4%%(%% ¥ &
_ gg 50 (805 1265 460, _ 4 A 2y \t Bj
=L 48 (5 13) (532 338117~ (955 'pﬂ Ol
Let: g = % = Gt _ =y
”v}H \[_ \/_6 r \/7 V\Q'\—_ V\uw’Jf?{A ':
7 11
g, = v, (—_ & = ¢ 7 11 8 )/ e iz) beyq = 24
) H"z” ﬂ 117° 117’ 117 2 |s
2 W3 2 [Z%4
4 -4 2
—_ 59 221
Tl 2 37373
3



. Consider the bases B = {u;, u,} and B’ = {v;, v,} for R* where u; = | é ]’

U, =

,and v, =
] 2

to B and (b) find the transition matrix from B to B".

.

v_]
» V1 3

-1 ; s ;
1 l (a) Find the transition matrix from B’

Solution
(@) v, =u; + 3u;

Vo =-U;— U
7 -
ods= | and frta=|

i =i
3 =

1\
1
PBB':‘

_ ) ] -1 1 1
5.1, Py =Py’ = =g
(b) Using Theorem 6.5.1, Pz = Pgp det(Paz )‘_ 3 ]| 2‘

-1 1
-3 1

l\")&LIQl\')i‘-.
b |~ |~



3. Using the inner product <f, g> = [ fig@ds, find <f, g> for f=1 +x -
2+ 3 andg =1 + 4x°.

Solution
— /, = _ 2 3 3 =
<f g> L fio)g(x)dx [ (1+x-20 430 )1+ 45 ax
[f(]+x-2x" + 7% +4xt - 8x° +12x° )dx =
2 3 4 5 6 7 |
(x+x__2x +7x +4x _4x +]2x) _ (“] +i +Z +i +£)_
2 3 4 5 3 7 y 2 4 ) 7
(vl 2,7 4 12, %

2 3 4 5 7 105



4. (a) Find the least squares solution of the linear system Ax = b and (b)
find the orthogonal projection of b onto the column space of 4.

-2 1
0 I
4=
I -1
Solution

-2 0
(@ AA=|1 1
12

-2 0
Ab=|1 1
-1 2
Adx =A"p =

x=(A"4)"(4"p) =

-5 d
0 1
(b) Ax = o
2 2

=

S by by

-143

103
197

103
575

309

-5
12

-143

103
97

103
575

309

| & H/‘\x ﬁ{ ' o»fr{/“"jc‘\,uk

6
5
3
2
1 -1
9
1 2
=1
=F I
3
3 B
=5
=17
7
X, -5
x, | =112
X5 7
W 27 7
103 103 103
=2 15
103 103 103
-7 1 62
103 103 309
874
309
1741
—| 309
-445
309
108
103

7
r)VTI 41 An j

(}LMVWM4Q$QLV\ru—kW&Q
4@{CL(’\¢ N J(l?_ pw

chlered)



PROBLEM #1 40 points Let W be the subspace of R’ spanned by the following
vectors. W1=(2,2,-1,0,1), W2=(-1,-1,2,-3,1), W3=(1,1,-2,0,-1), W4=(0,0,1,1,1). Finda
basis for the orthogonal complement of W.

SOLUTION 20 pts for finding the correct matrix that will allow them to use
theorem 6.2.6 and 20 pts for finding the correct nullspace

The space spanned by w1, w2, w3, w4 is the same as the row space of the matrix

22-101
A=1-1-1 2-3 1
1 1-20-1
00 111

Theorem 6.2.6 says the nullspace of A and the row space of A are orthogonal
complements in R" with respect to the Euclidean inner product.

This means when we row reduce the above matrix we can then find the nullspace and that
is the orthogonal compliment for the basis W.

When the above Matrix is row reduced we get the following matrix.

SO o =
S o -
oo = O
o= OO
OO ==

This gives us the following values x1=-s-t x2=s x3=-t x4=0 x5=t
Which can be written as follows

-1
0
+ T| -1
0
1

S

oS o~

Which gives us the following basis for the nullspace which will be written in the same
form as W1, W2, W3, W4,

V1=(-1,1,0,0,0) V2=(-1,0,-1,0,1)

€2



Which form a basis for the orthogonal complement of W.
PROBLEM #2 40 points Consider the bases B = {ul, u2} and B’ = {v1, v2} for R?, }\ y, \/
Y

where: ho O\M\-'@(' 2

TN E ) R e

A) Find the transition matrix from B’ to B.
B) Find the transition matrix from B to B’.
C) Compute the coordinate vector [w]g and use it to compute the coordinate vector[w]p-.

SOLUTION 10 points for part A and B 20 poeints for part C.

A) First we need to find the coordinate vectors for the new basis vectors v1 and v2
relative to the old basis B. By Inspection,

vl =ul + 3u2 1 -1
v2=-ul —u2 SO [vl]g = 3| [v2]g =|-1

Thus the transition matrix from B’ to B is

-3

B) There are several ways we can get the transition matrix from B to B> We know that
this transition matrix is just the inverse of Matrix P from part A. We can also get the
transition matrix by equating corresponding components and solving the linear system.
The latter method leads to the following augmented matrix.

I -1 |10 by row reducing you get 1 0|-172 12
3 -1 ]0 1 0 1]-32 12
Thus the transition matrix from B to B’ is
-172 172
P! =132 172
\/v_\k ZD’" 12
C) By inspection we can see that the coordinate vector [w]g is: / W

5 i plan
3| This was found by solving the linear system Bx = W Where B Was the ﬁ"’—»)(
[wls = |-5| the base'bful, u2 and W is the 2 x 1 matrix given.

By using the following equation we can find [W]g: [w]g = p"*[w]B



12 12| |3 4
Wle =|-32 12|*|-5| =7

PROBLEM # 3 30 points Let R® have the Euclidean inner product. Use the Gram-
Schmidt process to transform the basis {ul, u2, u3} into an orthonormal basis.

ul =(1,1,1) u2 = (-1,1,0) u3 =(1,2,1)
SOLUTION 10 points for each orthonormal basis.

First we want to find the orthogonal basis by following the below mentioned steps. Then

to find the orthonormal basis you divide the orthogonal basis by the norm denoted |]vlbﬂ
v2||, and ||v3
—_— \.,-4r\< »
Step 1) Let vl =ul - N e _ 7)
Step 2) v2 = u2-PROJ,,; u2 ‘/ ICW 5 SN

Step 3) v3=u3 -PROJ,p u3 |

Step 1) vl =ul = (1,1,1)
V]| = VI*+1%+1%> =3

Step 2)v2 = u2 — (<u2, vI>/|[v1|)vl
= (-1,1,0) -[<(-1,1,0),(1,1,1)>/3](1,1,1)
=(-1,1,0)- 0
v2 =(-1,1,0)
IW2]] = V(-1)*+1% =2

Step 3) v3 = u3 —(<u3,v1>/|v1|)v1 — (<ud,v2>/||v2|})v2
= (1,2,1) — [<(1,2,1),(1,1,1)>/3] (1,1,1) — [<(1,2,1),(-1,1,0)>/2)(-1,1,0)
= (1,2,1) - 4/3(1,1,1) - 1/2(-1,1,0)
= (1,2,1) - (4/3, 4/3, 4/3) - (-1/2,1/2,0)
v3 = (1/6,1/6,-1/3)
(V3] = N(1/6)*+(1/6)*+(1/3)* = 116

So the orthonormal basis for R3 are:

Q1 = v1/|jv1] = (1A3, 143, 1\3)

Q2 = v2/||v2|| = (-1~2, 12, 0)

Q3 = v3/||v3|| = (1V6, 1/V6, -2/\6)

PROBLEM #4 40 points Find a matrix P that diagonalizes a Matrix A

0
a= |l
1

(=1 \S e

-2
1
3



SOLUTION 10 points for finding the characteristic equation 10 points for finding
the eigenvalues 10 points for finding the bases for the eigenspaces and 10 points for
finding the diagonal matrix p

To find the matrix P that diagonalizes the above mentioned matrix A we need to first
solve for the characteristic equation. This can be found by performing the following
operation det(Al-A) which will give us the following matrix

P '%/A—- (\Aopc‘ (l
Z A 0 -2 | % When you take the determinant of this matrix you will ”
AF -1 A2 -1 end up with the following characteristic equation .
p g q _— exfunc~i

"1 o A-3 -5)>+8)-4 or in factored form (A-1)(A-

This means that the eigenvalues are A =1 and A =2 This means that there are 2
eigenspaces of A.

X
By definition x =L}((j] 1s an eigenvector of A corresponding to A if and only if x is a

non trival solution of (AI-A)x = 0.

IfA=1then |1 0 2 X1 0 ifA=2then (2 0 2 1
1-1-11* |Xaf =10 1 0-1* Ky[=10
1 0-2 3 0 1 0-1 3 0

When we row reduce these two matrices and solve for x we will see that we end up with

3 eigenspace bases namely
= £ 0 C "V}fw\w%
whenl@ 1} when?tgz [0} and 1] — Vo Tatlom
1 VoLl 0

i

Matrix A is only diagonalizable if there are three basis vectors, since there are three
column vectors in Matrix A; which in our case there is ﬁherefore the following matrix P is

the Qliagonalizable of matrix Al \ PU\ R C-\' " J‘\th}l
-1 0 -2 \
Pe 0] e A ]

NOTE: There is no preferred order for the columns of P. Since the ith diagonal /@O 0 J
entry of P*AP is an egenvalue for the ith column vector of P, changing the order of .
the columns of P just changes the order of the eigenvalues on the diagonal of P AP,



. Let

vl =(0,1,0), v2 = (-4,0,3), v3=(3,0,4).

a. Prove that the set S = {v1,v2,v3} is an orthogonal basis for R3 with the
Euclidean inner product. (10 pts)

To be an orthogonal basis for the inner product space of R3, all the distinct pairs
of vectors in the set are orthogonal, meaning that their inner product must be
equal to 0. So...

<v1.v2> = 0(-4) + 1(0) + 0(3)=0+0+0=0
<1v3>=003) + 1(0) + 0(4)=0+0+0=0
<V2.v3> = -4(3) + 0(0) + 3(4)=-12+0+12=0

b. Convert the orthogonal set S into an orthonormal set O. (10 pts)

An orthonormal set is one in which each vector has a norm of 1. So, we must
find the norms of each vector...

V1] = (072 + 1/2 + 0/ (1/2) = (DN(1/2) = 1
V2] = (-4°2 + 0°2 + 372)N(1/2) = (16 + 9)N(1/2) = 5
V3] = (372 + 0°2 + 4°2)N(1/2) = (9 + 16)(1/2) = 5

and to normalize any vector u, we know that u = w/|jul|

so we may say that

ul = v1/|v1|| = (0,1,0)/1 = (0/1, 1/1, 0/1) = (0,1,0)

w2 = v2/||v2|| = (-4,0,3)/5 = (-4/5,0/5,3/5) = (-4/5,0,3/5)

w3 = v3/|v3|| = (3,0,4)/5 = (3/5, 0/5, 4/5) = (3/5,0,4/5)

and the set O = {ul,u2,u3} is the orthonormal set of the orthogonal set S.

c. Express the vector t =(2,2,2) as a linear combination of the vectors in O
and find the coordinate vector (t)s. (10 pts)

We can find t by knowing that in a general vector u expressed by asetS={vl...

uﬂ}, i T ai P . @AY C} ‘_N( % 1/7(_—7# Mf g [/\.C‘Ji.' '

u=<ué,1*>&1_j...+<u@@ ""‘L\u ¥ S| \ \/b
w Oy E/LJ(I

So, we fin B———— “} ‘

<tubBs=2(0) + 2(1) +2(0) =2
<tu2> = 2(-4/5) + 2(0) + 2(3/5) = -2/5
<tu3>= 2(3/5) + 2(0) + 2(4/5) = 14/5

So by the previous theorem,



t=2ul -2/5u2 + 14/5v3 or
(2,2.2) = 2(0,1,0) — 2/5(-4/5, 0, 3/5) + 14/5(3/5,0,4/5)

And the coordinate vector relative to O is
tis= (<tul>,<tu2><tud>) = (2,-2/5,14/5)

d. Find the cos of the angle between the vectors t and ul. (10 pts)

We know that
cosg = <t,ul>/(|[t]|[|ul]]) with 0<=e<=rn

<t,ul>=2 from part c.
It = (22 + 272 + 272y 1/2)= (4 + 4 + 4N (1/2) = 124(1/2)
Jul]| = (02 + 172 + 0°2yX(1/2) = (rily=1

So the cose = (2)/(12)N(1/2) = 1/37(1/2)



#2 (40 points)

First, show that the solution to the system Ax=b is inconsistent. Then use the normal system
associated with Ax =b to find the consistent least squares solution of the linear system,

and the orthogonal projection of b onto the column space of A.

g
0 -1 1
A=
0 5
= 2
(2122 [ro-11] [ro-1]
10 -1 01 0 0 01 0 0
Augmented Matrix of Ax=b =
1103 0-1-=2+4 01 2 4
11 -2 -1 O -2 01 0|2
$x2=0=(-f2) = inconsistent
T T
Normal system = A" Ax=A"b
(21 2]
2 1 1 1 = 7 4 -6 X
1 0 -1
Afax={1 0 11 Li=|4 3 B]|x
2 -1 8 =1 o
R IR | 8 I S o
5 ]
2 11 10
A= 1 0 1 7
2 =1 & - =7




7 4 -6 10 7 4 -6 10 7 4 -6 10

N
Augmented Matrix of ATAx = AT 4 3 37 |®|203 0|alos 9 2
% 3 6 7 0 5 3 -9 0539
7 4 -6 10 74 -6 10 7 4 -6 10 74 -6 10 74610
08 9 20 |A108 9 20 08 9 20 009 12|=|003 4
0 -5 -3 -9 0-7 0 7 010 1 010 1 010 1
700 14 198 2
1
+logs 4 |=|¥LH =>x1=z,x2=1,x3=i
4 3
010 1 001 3

Projb=Ax=

W T [ W




3. (40 points)
Consider the bases B = {p1, p2} and B* = {q1, g2} for PI.

pl =6+3x p2=10+2x
gl =2 g2 =3+2x #7

; NS o
(A) Symbolically‘slhow the matrix from B* to B\' B A\“ %{ﬂi’/ v Eat=
(B) Find the transition matrix from B*to B. «~
( C) Symbolically show the matrix from B to B*

(D) Find the transition matrix from B to B*



\Vv (f\: < )e“
K E e (D)< 4%
(sgLUTION- / ol I ) ,,) 1,),,5,{“ \

7 "The’ re is a matrix [B hich multiplied by [%B which is the coordinate vector of p
relative to the basis B. It4§ equal to [B*] multiplied by [p]B* (the coordinate vector of p
relative to B¥) so [B][p]B=[B*][p]B*. So to relate [p]B to [p]B* we must multiply on
the lift by the inverse of [B]. Giving, [p]B = [B]*-1[B*][p]B* The matrix is [B]*-1[B*]

i

(B) First we must find the inverse of [B]. Convert pl and p2 into column vectors 4

(S
[B]= [6 10] f,y:pjm’\\f‘
3 2]
Using Row operations, [B]*-1 is foundtobe [-1/9  5/9]
[1/6 -1/3]
Then multiply by [B*] using q1 and q2 and column vectors. [B*]= [2 3]

[0 2]

[B]*-1[B*]= [-2/9  7/9]
[1/3  -1/6]

( C) The matrix that converts [p]B to [p]B* can be found as described in part A.

The matrix is [B*]*-1[B].

(D) First find [B]*-1. Use ql and q2 and the column vectors in [B*]. [B*]= [2 3]
[0 2]

Using row operations [B*]*-1is foundtobe ['52 -% ]
[0 7% ]

This can then be multiplied by [B]= [6 10]
[3 2]

[B¥]*-1[B]= [% 14/4]
32 1]



4. 1) Find the eigenvalues of matrix A (6 points each)

a) A=[-1 6]
0 s

b) A=[3 0 0
Z 7 0
8

4 1

gAl% 0 0 0
0 % 0 0
0 0 1 0
0 0 0 %

ii) Find bases for the eigenspaces with given eigenvalues. (10 points each)

a) A=[-2 0 1
-6 -2 0 A=-8
19 5 -4

b) A=|-1 0 1
-1 3 0 A=2
-4 13 -1
(Total of up to 38 points)
Solution:

i) Theorem 7.1.1 states that if A is an nxn triangular matrix, then the
eigenvalues of A are the entries on the main diagonal of A. So, by
inspection,

a) A=-1,A=5
by =3, 4=7, =1
c) A=-%, A=1, ="

X,
ii) By definition, x = ;’J is an eigenvector of A corresponding to A iff xisa
nontrivial solution of (AI-A)x = 0.
a) (A-A)x=0
M2 0 A1) [x) (o
6  At2 0 X2 )% (0 if A=-8,
-9 S50 M4 [ x3 0

6 0 -1 [x] [0
6 6 0| |x|7]0
19 5 4] |xs) [0



Solving this by Gaussian elimination yields
X1= -1/6 "‘—'[ 7
x=-1/6 \Bﬁm %\0,\_,%’ uli )
X3= 1
Thus the eigenvectors of A corresponding to A="-8 are the nonzero vectors
of the form [ x,7 = [-1/6). Since[-1/6\is linearly independent, it forms a
X | = |-1/6 -1/6
X3 1 i
basis for the eigenspace corresponding to A= -8.

| A
I

b) (M-A)x=0

A1 0 -1 X1 0
A3 0 X210 if A= 2,
-13 A+l X3 0
0 -1 X1 0
-1 0 Xy [ - 10]
-13 3 X3 0

Solving this by Gaussian elimination yields / )
X1= Vs i
Xy =Y ! JVT/\_J o’/\\'x/)(_/ t'/\_\/ !a> i

X3= 1
Thus the eigenvectors of A corresponding to A= 2 are the nonzero vectors
of the form x.} Y/fl SincT ‘Ars linearly independent, it forms a

N

o= W

).¢) 1/3 s
X3 1 1
basis for the eigenspace corresponding to A= 2.

i



1. (25 points) @

Find a basis of the orthogonal complement of the column space of A, where A is

1 2 3
A= |4 5 6

7 8 9
Solution:

The orthogonal complement of cola is also the nullspace of 4" .

M

~

|
W B =
[ )N ¥ T -8
o 0 ]

By Gauss-Jordan elimination the reduced row echelon form is,

o O ==
o = O
[==T ]

By defining my leading variables in terms of the free variables, I get a basis of nul( 4" ):

X =3 1
Xy R ADE eeeipfm J AR
X, =98 1

Since the orthogonal complement of col(A) is the same as nul{ 4" ) a basis for the
orthogonal complement is,

1
2| or(1,-2,1)
1



2. (S0 f“Clm"‘f'SQ)

Find the least squares solution of the linear system Ax=b giver% by
x1 -x2=4
3x142x2 =1 )(U- {)@‘/‘)( \
A N

-2x1+4x2.=3
And the orthogonal projection@ on the column space

Solution

Notice that A has linearly
independent column vectors, so we A= 3 2 b=
know in advance that there is a -3 4 3
unique least squares solution.

The normal system of 4" Ax=A4"b s
14 =30x)| |1
-3 21| x2]| |10

To solving this system, start with {14 -3 1J R”M[l -3/14 1/14J

putting into a matrix and thenrow |-3 21 10| R2/3 | -1 7 10/3
reducing

R1+R2 > R2 R2*14/95
1 =3/14 1/14 1 -3/14 1/14
0 95/14 143/42 0 1 143/285

Thus yields the least squares

solution
4 3 1
Geitd o Bes 11 =t
285 14 95
The orthogonal projection of b on s | [-92r28s
the column space of A is Ax=3 2 95 |=|439/285

143
-2 4 285 94/57

ferkedr



3. (50 points)

Find the eigenvalues of

g 2 =7
A= 3 1 0
-5 0 0

Solution:

To find the eigenvalues, we find the solutions to the characteristic polynomial,
det(ML - A).

So the characteristic polynomial of A is

1 00 B X =7 A =2 7
det(AI-A)=det | 40 1 O0|—| 3 1 O )| =detj-3 A-1 0
0 01 -5 0 0 3 0 A

We take the determinant of this by cross multiplying:
L
‘ Ao-2 71 A -2 l
det|=3 A=1 0| =3 A-1 = MDA+ (2)OK5) + (D3X0) - (HO-1)(5) -
5 0o 1 3 0

O)(0)0) - (2)(-3)N) = M -N+0+0-350+35-0-6A = W-N2- 41\ +35

To find the solution, and therefore the eigenvalues, we solve for:
M -AN-410+35=0
Solving this on a calculator, we find the solutions to be:

A=-6.33896, \=.851027, \=6.48794 /r
[ 2 e
These are the eigenvalues of A. \,.— (\({ e e I b; wol "‘9/

Lo
T"“W

v ‘Jé‘r ke @

U-w»’k— ! ('o/\f\?ﬁ;



4. (25 points)

Determine whether the following matrix is orthogonal

Solution:

We know this matrix to be orthogonal if 4™ = A”. So first we write down what we know
A" to be:

& =lo 3 -2 : QQ‘ - X’/jlﬂs‘sr
NS 1

T ' - LU du nS
Now we will solve for 4™ by row reducing and performing the same operation on the
identity matrix of A. After doing this we get 4™ to be: dve_
o= S A Fhomomd
A7=-2 2 -1 /
2 -1 5/3 ; :
: %Yor, dedly cee
W that 47 # A" . Therefore, this matrix is not orthogonal. [
€ can see thal Ererore 5 maitrnx 1s no g ‘_—-l-&’ l/(‘&f

fop=3



QUESTION #1:

Let u=(uj,uz) and v=(v1,v2) and let u, v be contained in R2. Let
<W,v> = Wi — uzve,
Prove using the Four Inner Product Space Axioms whether this is an

inner product or not. ,
Good

SOLUTION:
Axiom 1: Does <u,v> = <v, u>? _
<v, u> = viug — vl

= U1V] — U9

= <u,v>

Yes.

Axiom 2: Does <utv,w> = <u,w> + <y, w>?
<utv,w> = (urtv)w; + (uztvs)we

= ww) T v — usws — vaws

= (u;wl — ung) + (vlwl — vng)

= <u,w> + <y, w>

Yes.

Axiom 3: Does <ku,v> = k<u,v>?
<ku,v> = (ku)v — (kug)vs

= kuwl — kuz’Uz

= k(ui1v1 — usvy)

= k<u,v>

Yes.

Axiom 4: Is <v,v>20 and does <v,v> =0 if and only if v=07?
<v,v> = VU1 — Vs
= (v1)F — (v2)?
Fails, because (v1)? — (v2)? <0, when |vs|>]v1]|. It also
fails, because when (v1)? — (v2)2= 0, v1 = v2 = 0 is not necessarily true.
So, <u,v> = u;v] — usvy is not an inner product on R2.



Q, Consider the bases B ={u, u,} and _B'={v,,v,}_ forR* where
u =L0):u, =01):v, =(11):v, = (2,1)

a) Find the transition matrix from B’ to B.
b) Use [v], = P[v],. to find [v] g il

v, =|
vB.—S

Part (a) =>First we must find the coordinate vectors for the new basis vectors
v, _and _v,relative to the old basis B, by inspection,

Solution

VI = U, +u,

v, =2u, +u,

1 )
], =[J_and_[v2]3 =]i1}

Thus the transition matrix from B’ to B is

]

Part (b) =>Using [v], = P[v] » and the transition matrix in part (a) yields

o[y ]

As check, we should be able to recover the vector v either from[v], _or _[v],.

SO

So
=3y, +5v, =Tu, +2u, =(7,2)



-2 4
3. Let A= 1 1
|
(a) (10 points) Use the Gram-Schmidt algorithm to find an orthonormal basis q1.qs for the
column space of A.

Solution: To find q; we need only normalize the length of the first column a;:

Al a) 1 =%

q] = — = ——— = — 1
AL flaal 3 9
To find a vector Aj that is orthogonal to Ql, we subtract the projection of a; onto q;
from as:
1 -2 2
As =a; — (q?ag)ql = 1 == 5(*8 +1-2)| 1 =712
ik 1

Finally we normalize the length of A, to obtain qo:

q*A2 L g
FT A T3]

1
(b) (10 points) There is no solution to Ax = b when b= [ 0 |. Find the best approximate
0

solution X, which minimizes ||A% — b|. (jﬁ&
Solution: We need to solve the equation AT A% = ATh. We compute
9 -9 -2
Ty _ Ty,
AA(-Q 18) Ab_(ﬁi)

This system can be solved in several ways. For instance, we can apply the formula for
the inverse of a 2 x 2 matrix to obtain:

= (4 5) ()50 (9)-6)




Problem #4:

Show that if 4 is orthogonal, then 4" is orthogonal as well.

Solution:
Given: 4 is orthogonal, which means 44" =4"4=1I.
Prove: A" is orthogonal.

If A" is orthogonal, then by definition, these two equations, (4")(4")"=I
and (4")'(4")=I, must be true. If we can prove they are, then 4" is
orthogonal.

Rewriting these equations:

AN 4"=I
A)A =T
AA™=T

and

(A7) A™)'=1
(AN A)=I
A A=I

We already know both of these are true, because it was given that the
original matrix 4 is orthogonal. Therefore, A" is also orthogonal.



Problem (40 points):

Suppose Ax = b is inconsistent. Form min

xeR

| 4x — b|, using the concept of a gradient.

Solution:

Define the function f:R" - R as f(x) =||A§—Q”2
=(Ax-b)-(dx~b) =(4x-b)' (Adx-b)=(x"A" - b"WAx-B)=x"A"Ax—x"A"b—-b" Ax+b" b

And because x' 4" and b" Ax are both one by one matrices and are each the transpose

of the otherx” 4”5 =b" Ax . So the above function can be written as

f@)=x"A"Ax-2x"4"b+b"b
&z

We now take the gradient of £, written D, f(x) ; using the fact
df (x + £u)
de

The function fevaluated at x+ &u can be written as
fa+ew) =" +eu ) A Ax+eu)-2(" +eu ) A b +bb

So

D f(x)-u=u'A"Ax+x A" du-2u"4"p

that D, f (x) u =

£=0

And because u’ 4" Ax and x" A" Au are both one by one matrices and are each the

transpose of the othery’ A" Ax = x" A" Au . So the inner product of u and the gradient of f
can be written as

D f(x) u=2u'A"dx~2u'A"b=2u" (4" Ax— A" p)
Which means that D, f(x) = 2(A" 4x - A" b) .
Now, to form the mi\J?"AE —Q"E all we need to do is set the gradient equal to zero and

solve, which yields the “Normal Equations”:

AT dx=A"b

Problem (35 points):

p=3 + 4x +5x%-6x* and q = 2+4x+6x>+x3 V€ / / "j .
are two vectors in P3, the following formula defines an inner product on P3:

forp=al +alx +a2
<p,q»=al

5x* and q = b0+ blx+ b2x>+ b3x?
+albl +a2b2 +a3b3

Please calculate «p,q> and ||p|| relative to the above inner product



Solution:
P,q> = 3(2) +4(4) + 5(6) + (-6)(1) = 46

IIpll = <p,p>*1/2 = sqrt(32 + 42 + 52 + (-6)?) = sqrt(86)

Problem (35 points):
Determine if Matrix A is an Orthogonal Matrix.

The Matrix A is:

<3 =4 1 R)( )
0 -2 4 \\(90(/\ %cx‘“\
-4 1 2 &
Solution:
If the Matrix is orthogonal, then: N \< L
1) det(A)==1, (Its determinant is 1 or -1). V-

2) A"=A" (Its inverse is equal to its transpose).

Method 1 — Is its determinant 1 or -1?

-2 -4 1
det| 0 -2 4
-4 1 2

(-2)(-2)2) + HD(4) + (DO)D) = (-2)(4)(D) = (4)0)2) - (D2
® + 6 + O - - O - @6

72

-2 -4 1 \7\
Since det| 0 -2 4|# 1or-1,itisnot an orthogonal matrix. \’ . AN
e £



Method 2 - Is its inverse equal to its transpose?

Inverse:
-2 -4 17 [1 0 0 [-2 -4 1 0
0 _2 = 0 1 0 R3-2R1 0 _2 — 0 1 0 RieR2
-4 1 2] (0 01 0 9 0] [-2 01
(-2 -4 1] [1 00 ) -2 -4 1 of .,
Rit=R2 —Ri—R1,~R3
0 9 0|=-2 0 1|—2— 9 0|=-2 0 1|——+
0 -2 0 1 0 0 4 2 2
L a L L 9 9
(1 2 2] |4 0 0 0 0] [X4 2 2
2 2 R1—2R2+lR3 9 8 3
010=_§0$—a——2—> 10:%019
0 0 1 as & 4 0 1 A i L
L 9 4 18 9 4 18
-1
-2 -4 1 LA
9 8§ 3
The inverse of Matrix A: | 0 -2 4| = -% 0 %
=& f 2 L0101
9 4 18
T
-2 -4 1 -2 0 -4
The transpose of Matrix A: | 0 -2 4| = |-4 -2 1
-4 1 2 1 4 2
-2 0 -4 w B el
9 8 3
Since | -4 -2 1 [#|-2 0 L|(A"# A™"), Matrix A is NOT orthogonal.
1 4 2 IR T
9 4 18

| ‘ _ @36@. u\,e,‘/{*d ‘
““'; b fU\ “/‘-ﬁ %IL,‘C"‘—;\/ - 5- lv JV\WV\S (Q\f\["‘“s)

A(\Lfl(;f/ o\rJlOC[LC‘/) S
Afre W’V\\u“v‘"“/o\‘

s c



Problem (40 points):

Prove that for all orthogonal bases S = {yl,..., zn} of a vector space ¥ the coordinate
vector for any vector u € ¥ with respect to the basis S can be expressed as

(wy) (@r,)] 3y f
{ il J A

Solution:

Because S is a basis for ¥ we know that for every vector u € V there exists a coordinate
vector (C,,...,C,) eﬁ\hc that u=Cy, +..+C,, ,

Take the inner productof . = C,v, + ... + C, v, with v,
(_Lj!_,yf—)=<CIE]+...+CJ.EJ-+...+Cv _13]>

Which, by the properties of inner products, is equal to:

G (lf,,gj) +... +Cj<_1gj,yj) ot C,,(yn,yj)

But because S is an orthogonal basis, the inner product of v ;with any other vector in S
besides itself is zero (By the definition of orthogonal). So the following is true:

() =C e} =C o]

| fu)
And solving for C ,weget C =——L

2
“Ef“



Question:

Let u=(u,,u,,u,) and v = (v,,v,,v,). Determine which of the following are inner
products on R*. For those that are not, list the axioms that do not hold.

a) <u,v>= v, +u,v,
2.2 22 2.9
b) <w,v>=u"v" +u,’v," +u,’y,

) <u,v>=2uv, +u,v, +4u,v,

Solution:

The four axioms are
1) <u,v>=<y,u>
2) <u+tv,z>=<u,z>+<v,z>
3) <ku, v>=k<u, v>
4) <v,v>2>0
And <v, v> =0 iff v=0

a)

-Axiom 1 does not fail because uv, +u,v, = ViU, VU,

-Axiom 2 does not fail because (u, +v,)z, + (u, +v, )23 =z, +Vyz, + U3z, +v,2,
-Axiom 3 does not fail because (ku, )v, + (ku, )v, = ku, + kuyv, = k(u,v, +u,v,)
-Axiom 4 fails because although <v, v> is always greater than or equal to zero, when it
equals zero, v does not necessarily equal the zero vector, because v, can be any value.

Therefore, because Axiom 4 fails, this is not an inner product.

b)

-Axiom 1 does not fail because #,v,” +uy v, +ulv = v, u +v,"u, +v,7u,

-Axiom 2 fails because

(u, +v,)*z,’ + (U, +v,) 2, +(u; +v,)z,° 2 u'z’ +vlzzl2 +u, 2, +v,z,’ +u3?‘z32 +v,’z,
-Axiom 3 fails because (ku,)*v,” + (ku,)*v,” + (ki) v,” # v, + kv, + kv,

-Axiom 4 does not fail because <v, v> is always greater than or equal to zero, and when it
equals zero, v=0.



Therefore, because Axioms 2 and 3 fail, this is not an inner product.

©)

-Axiom 1 does not fail because 2u,v, +u,v, +4u,v, = 2vu, + vou, +4v,u,

-Axiom 2 does not fail because

2w + )z +(uy +v,)z, +4(Us +v,)z; =2u,z, + 2,2, +u,z, + VyZ, +4u,zy +4v,z,
-Axiom 3 does not fail because

2k vy + (Kuy ), + Ak Jvy = 2k(uv,) + k(u,v,) + 4k(u;v;)

-Axiom 4 does not fail because <v, v> is always greater than or equal to zero, and when it
equals zero, v=0.

Therefore, this is an inner product.

Question: : Recall Theorem 6.2.4 (Generalized Theorem of Pythagoras) which states:
If w andv are orthogonal vectors in an inner Iproduct space, then

la+v]® = lul® + [v]*.

If vy, v, ..., v; are pairwise orthogonal vectors in an inner product space V, prove the

following:
1> = ll* + vall? +--+ v )™

| v, +v,++v,
Solution: The orthogonality of v, v, - -, v, implies that (v,.,v j>= 0 where i # j, so
| v,+v,++v, 7= (v, +vy 44w v 4 v, 4o ky)

:“ﬁl(VI+V2+---+V:7‘|ﬁ"QSV1 +V, +"'+er"" +A’r§v1 +V, +"'+V?

=[Vivitviva+.. +fvyy,

tvavitvavat+ .t vav ]+ vV Vv L+ VA

=ViVitvavat.. vy,

=[vill® + llvall® + -+ v

Question:

Consider the bases B = {ul, u2} and B’ = {v1, v2} in R? where
ul = 2] u2 = [4] vl=[1] v2=[-1]
2] [-1] [3] [-1]



Find the transition matrix from B to B’.

Solution: \/\"}
W
Theorem 6.5.1 states that If P is the transition matrix from a basis B’ to a basis B f(;cy @g
]
£F

finite-dimensional vector space V, the\P is invertible, and P-1 is the transition matri
from Bto B”. We can use this theorem to find the transition matrix from B to B’.

First, we must find the coordinate vectors for the new basis vectors ul and u2 relative to
the old basis B’.

ul =klvl + k2v2
u2 = k3vl + kdv2

kl1(1,3)+k2(-1,-1)=(2,2)

[1-12] (Augmented matrix)
3-12]

kl1=0

k2=-2

k3 (1,3) + k4 (-1,-1) = (4,-1)

k3=-5/2
k4=-13/2

The solution to the coordinate vector equations yields P the transition matrix..
P= [kl k3] -[0 -52 ]
k2 k4] [-2 -132 1 °

%UW ‘\"&"‘ﬁf U Y- 'ﬂ’\@éWI
hak flaks ok~ - doeoin

P



Question:

Let R*4 have the Euclidean inner product, and let W be the subspace spanned by the orthogonal
vectors v1=(4,3,2,1), v2=(1,-2,3,-4), and v3=(-3,4,1,-2). Find the orthogonal projection of the
vector u=(5,7,-1,6) onto W and the component of u orthogonal to W.

Solution:
Orthogonal projection of u onto W:

Projwu= <uyvi>vl + <u,w2>v2 + <u,v3>v3

Ival Iv2] IIv3]]

= (4*543*742*%-146%1)(4.3.2.1) + (5*147*-2+-1*3+6*-4)(1,-2.3.-4) + (5*-3+7*4+-1*1+6*-2)(-3,4.1,-2)
0+ DT 12 12 +-2°2 + 372 + 472 382 +472+ 12+ 272

=(20+21-2+6)(4.3.2.1) + (5-14-3-24)(1,-2,3.-4) + (-15+28-1-12)(-3.4,1,-2)
16+9+4+1 1+4+9+16 9+16+1+4

=45(4,3.2.1) + -36(1.-2.3.-4) + 0(-3.4.1.-2)
30 30 30

= (180/30, 135/30, 90/30, 45/30) + (-36/30, 72/30, -108/30, 144/30) + (0,0,0,0)

Projwu = (144/30, 207/30, -18/30, . 189/30)
Component of u orthogonal to W:
Projwperptt = u — Projwu = (5,7,-1,6) — (144/30, 207/30, -18/30, 189/30)
= (150/30, 210/30, -30/30, 180/30) — (144/30, 207/30, -18/30, 189/30)
= (6/30, 3/30, -12/30, -3/30)
Projwperpu= (1/5, 1/10, -2/5, -3/10) )
And just to verify that projwperpu is orthogonal to v1, v2 and v3:
<projwperpu,v1>= 1/5%4 + 1/10*3 + -2/5%*2 + -3/10*1 =0
<projwperpu, v2> = 1/5%1 + 1/10%-2 + -2/5%3 + -3/10*-4 = 0

<projwperpu, v3> = 1/5%-3 + 1/10*4 + -2/5*%1 + -3/10*-2 =0



e

Math 343 Test, Chapters 6-7 \ @

1. (40 points) If points S and P have respective coordinates (1,3) and (2, 1) with respect
to the standard normal basis, find the coordinates of S and P with respect to the basis
B={(1,1),(-1,1)}.

Solution:

The new coordinates can be found by finding S, P as a combination of vector in B.
To do this place the coordinates in an augmented matrix with respect to B and find
the reduced row echelon form.

1 -1 |4r | 2
[1 1 ]3] 1]"R1+R2“’R“‘

e
=
tale
th
[N

57/§(1,1)+(—1)(~1,1)??S: Z (U + | (‘D
TL( -3)

(2 1)

p Ly 11 e =i, 15 W

P4(2,2)+(-1,1)

P4(1,3)
2. (40 points) Find the orthogonal projection of u = (5,6, 7,2) onto the solution space of
the homogeneous linear system W Lﬂc.,;{?, B 1y, W‘J
% - 5 e
Ty +Ze+z3=0 b Xy . y L)f l
X1 - =¥a/q XL{/ z > /
220+ z3+24=0 X2 "(‘5 ‘7(1,
.S
Solution:
Y/ \,m \/‘L
10 ?.
12} + 1110
A=111 ’A"[0211]
01

\° s \
- e o
1 2 2
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Projut=15:%6;1) %N“\ﬁ( L O M \ «\{,u\r&m

3. (60 points) Prove the Best Approximation Theorem: If W is a ﬁmte— imensional sub-

space of an inner product space V, and if u is a vector in V, then projy-u is the best
approximation to u from W in the sense that

=]
C.T\
S =J

Proj,u = Ax =

|lu = projyul} g {u — wi|

QK , ; \
for every vector w in W that is different from projwu. / AL ’__,_ £ pE

Solution:

For every vector w in W, we can write
u—w = (u-—projwu) + (projwu — w)

2



But projwu — w, being a difference of vectors in W is in W; and u — projwu is
orthogonal to W, so the two terms (u — projwu) and (projwu — w) are orthogonal.
Thus, by the Theorem of Pythagoras,
llu — w|]* = |lu = projwul® + ||projwu — wi|?
If w # projwu, then the second term in this sum will be positive, so
llu — wl|* > ||lu = projwulf*
|lu - wl| > |ju— projwul|

4. (60 points) Show that if u and v are vectors in an inner product space V then

[la+ || < ful] +{[vl]

Solution:

By definition,
llu+v|?=(u+v,u+v)

= {u,u) + 2(u, v} + (v,v)
< (o) + 2@+ Al ora
Lu,u) +2|ulllivl + (v, v) €S
=l + 2Allivil + VP defandricn
(lhall -+ [Ivl)?
Taking the square root gives ||[u + v|| < ||u| + [|v]]



40 points

6.1-6.2

7
Problem C 3 -1, \,l l 1
Let p=p(x) and q= q(x) be two function in C[a, b] and define <p , q>= Ip(x)q(x)dx
-1

A) Find |p| for p=1, p=x, and p=x’.

B) Find d(p,q) if p=1, g=x
Solution

A) ||p| forp=1

1
Norm of p can also be written as: <1, 1>"2 which can also be written as: Idx

-1

After integrating, . evaluated from (-1, 1). Resulting in /1-(-1). Answer: 2

H p“ for p=x

1
Norm of p can also be written as: <x, x> which can also be written as: '[x"de
1

After integrating, /(x"3)/3 . evaluated from (-1, 1). Resulting in
1/3-(-1/3). Answer: +/2/3

|p| for p= X2
1

which can also be written as: J'x"4dx .
4

Norm of p can also be written as: < 2, x>

After integrating, +/(x"3)/5 . evaluated from (-1, 1). Resulting in
1/5-(-1/5). Answer: +/2/5

B) d(p.9)

Distance between p and q can also be written as < p-q, p-q>”2 or < 1-x, 1-x>"? which

D o
can also be written as: I(l -x)"2dx . After integrating, ﬁ—l(l - x)"3)/ 3LIEvaluat
-1

from (-1, 1). Resulting in ,/-1(0-(8/3) Answer: V8/3




Prove the when A is an orthogonal nxn matrix then the row vectors of A form an
orthonormal set in R™.

Solution

By definition we know that if A'=AT than A is orthogonal. This definition implies that
A A™=I. We can use this ide?gg to show that when A is orthogonal the row vectors of A
form an orthonormal set in R"By matrix multiplication we know that row i and column
j in the product will be the inner product of the row vector i from A and column vector ]
AT,&'he row vectors 1y, Iz, ...I, of A are also the column vectors of AT, Therefore

[ <r, 1> <o, >... <0y, Ip> ]
[ <1'2’ r}> <]’,'2’ I'2>_ e <I'2, I'n> ]
AA'=] : : ]
[ <t 11> <ty 1>... <ty I ]

In order for A A™=I to hold true <r; 1,>=<ry, 1,>=...=<I, 1,>=1 and <r; r;>=0 when i#j
which does hold true if {ry, 2, ...r,} form an orthonormal set in R".
t

30 points Amd UV\IV\ 1a

H/\lg ;eMJm,UQ_, CLJ{S I«J]L ma#ﬂﬂf:fj L"MQ,L
Mw w{\zw



Worth 40 Pts.

Consider the bases B= {u,,u, }and B’={v, v, | for R”, where

ol flo L

a. Find the transition matrix from B’ to B.
b. Find the transition matrix from B to B’,

2
¢.  Computer the coordinate vector [w] , where, w = li :

SOLUTION: ‘ N Ao )(Lw)r7>

a.
'//\/\ 4 \/e\"‘ X(,\f‘
Find the coordinate vector for B" = [w] 5 7 ( R W\f
LA V\ V\-& -
1 3 2 . 1 0 -2/5 _f“—(" ;
321 =21 7™ T o 1 45 63‘“

) =575
W lk—
B 415

1 3 1.0 -2 4 -2 4
=> rref => =>
3 -1 01 3/2 -1/2 3/2 —1/2

- —2 4 [-2/5] [4
Mo =P ¥ 30 12| ars | 7|1

G e XX &

B’ [w] , = Blw],

(W]

31 2 1 0 1/10 4/5 1/10 4/5
= =5l =5 =>
{3 -1 0 2} [o 1 3/10 2/5} [3/u) 2/5}



oy [V10 415][47_[-2s
We =PMe=1 200 275117 4s5
C.

Find the coordinate vector for B = [w]

1 2 2 1 0 4
=>rref =>
0 2 -2 01 -1
4
W] z= _1



~

A

2. If A is an nxn matrix, and if Ta: R" —R" is multiplication by A, then which of the
following are equivalent? Modif}r the statements that aren’t equivalent so they become

7 &g . f
one o @ Quivalent statements.

A is invertible,
Ta is one-to-one.
A has nullity n.

a.
b. \0
c.

d. The column vectors of A are linearly independent. Cytg, W3 j PSR 71’1”%/7 vl
e. The row vectors of A are linearly independent.

f.

g
h.

L

}’({Y wovd — O'x/l-@"” WA,

The column vectors of A span R". (( W jﬂ/a*’ Hﬂva @ v

The row vectors of A span R".

Ax = 0 has only the trivial solution. G(J(' } LS ,x' Z_ aus t.eys)
The orthogonal complement of the nullspace of A is {0}.

ATA is invertible.

i
\k. A has rank 0.

Solution

a,b,d, e, f, g, h, and j are equivalent.

To correct the unequivalent statements.
c. A has nullity 0.

i. The orthogonal complement of the nullspace of A is R".
OR
The orthogonal complement of the rowspace is {0}.

k. A hasrankn.

(problem is out of 40 points. Subtract 4 points for each alphabetical letter they place in
the wrong category (because, with 11 statements, they must start with at least 2 to have
any statements be equivalent).)

/40



Let W be the subspace of R® spanned by the vectors
wi=(2,2,-1,0,-1), wy=(-1,-1,2,-3, 1),
wi=(1,1,-2,0,-1), ws=(0,0,1,1,1)
Find a basis for the orthogonal complement of W.

Solution

The space W spanned by w; w» w3 w4 is the same as the row space of the matrix
[2 2 -10 1]
A= [14 23 1]
[T 1 -2 0 -1 ]
[0 0 1 1 1 ]

and we know that the nullspace of A i Is ghe orthogonal complement of W.
Row-reducing the matrix and solvmg it we get

[-1] [-1]
[1] [0]
vi= [0] = [-1]
[0] [0]
[0] [1]

Those two vectors form a basis for this nullspace. Expressing these vectors in the same
notation as wy , wo , wz, and wy, we conclude that the vectors

vi=(1,1,0,0,0) and wv;=(-1,0,-1,0,1)
form a basis for the orthogonal complement of W.



Problem:

Find the coordinate vector for v relative to S = {vi, vz, v3}.
v=(2,-1,3);v1=(1,0,0); v2=(2,2,0);v3=(3, 3, 3)

Solution:

@,-1,3)=a(1, 0, 0) + b2, 2,0) +¢(3, 3, 3)

2=a+2b+3c
-1=2b+3c
3=13c

1

(%]

2
~1|(1/2)R2

5
2

L) Wl

1 2 0]~1
0 1 0[-2|-2R2->RI1
0 1)1

So, [vls=1|~2

3 2
3/2|-1/2] (-3/2)R3>R2, -3R3->RI1



Let R? have the Euclidean inner product. Use the Gram-Schmidt process to transform the basis
{u1, ny} into an orthonormal basis given that u; = (1,-3), u2 = (2, 2).

Solution:

Using the steps of the Gram-Schmidt process gives the following:
¥i= W= (1,—3)
<u,u, >

Noi— llg—pl’ij w=us- = v,
v, |l

- N A
(2,2) [ 10) (1,-3)

I
—_
o
[\S)
o
+
F i B

| b2

I

| o
i P

5 5 _
(24~ G (ki L’y 5 "““A‘“'Me‘ﬁ
§°5
v, I =10 ool d uile \?jL/
v, = 2 - 40
’ 5 5




Find the transition matrix P for the followirig! ansition of B to B’.

SR

SOLUTION:

rref

rref

rref

rref

8 71

2 =1

L 2 =l

1 0 1

2

01 -1

~7/9
8/9

£

8 710

0 -9 9

_7/9} WQ&L T W

-
o offs 3

0
r2-r1->1l,r1<->r2
9 9 01

1
} r2-8r1->12

8} 12/-9->12,r1-(2)r2->rl

8/9

7

9

*

—
f \/\a’\’ a

S%’mwlwfi
)r'C’,V un



1. Consider the bases B={u;,uz,u3} and B’={vy,v,,v3} for R3, where
m = [ 2 [4)
w=0] w=[4] w=[0] wi=[1] v=[5] vs=[3]
[3] [-2] [2] [0] [0] [-2]
a)Find the transition matrix from B’ to B. [ 84]
b)Compute the coordinate vector [w]g- where w=[147]

¢)Compute the coordinate vector [w]g. [-22] \& \
\C
\\/‘ 6

o’ o]
Solution: [ ‘?}w
a) vi=kju;+ koup+ ksu; A \J 47
(-1,1,0)= k;(1,0,3)+ ka(-1,4,-2)+ k3(-3,0,2) .
-1= k|- k2-3k3 -";7 \
1=4k, => ky=1/4

0=3k;-2ky+2k; ‘- \b‘

Take the third equation and subtract 3 of the first equation to get,
3=ko+11k;

Then putting in our k; we get ks=1/4. Putting k; and kj into the first
ki=0. So vi=0u;+ 1/4uy+ 1/4u;.

V2=k|ll1+ kzl.l2+ k3ll3

(2,5,0)=ki(1,0,3)+ ka(-1,4,-2)+ k3(-3,0,2)

2= kl-— k2-3k3

5=4k, => k,=5/4

0=3k;-2k,+2k;

Take the third equation and subtract 3 of the first equation to get,
-6=kp+11ks

Then putting in our k; we get k3= -29/44. Putting k; and kj into the first equation we get
ki=115/22. So v,=115/22u;+ 5/4u,-29/44u;.

vi=ku;+ kouat+ kjus

(4,3,-2)= ki(1,0,3)+ ko(-1,4,-2)+ k3(-3,0,2)

4= k]- k2-3k3

3=4k, => ky=3/4

-2=3k-2ky+2k3

Take the third equation and subtract 3 of the first equation to get,

-14=ky+11ks

Then putting in our k, we get k3= -59/44. Putting k; and k3 into the first equation we get
k;=8/11. So v5=8/11wu;+ 3/4uy- 59/44u;.

[ 0] [115/22] [ 8/11] [0 11522 §&/11]
[vilg=[1/4] [v2lz=[ 5/4 1 [vslg=[ % ] P=[1/4 5/4 4]

[1/4] [-29/44] [-59/44] [1/4 -29/44 -59/44]
30 points

b) w=kvi+ kovo+ k3V3
(84,147,22)= ky(-1,1,0)+ ko(2,5,0)+ ks(4,3,-2)
84= ~k1+ 2k2+ 41(3
147=k;+ Sko+ 3k3
-22=-2k; => k=11



Then adding the first equation to the second we get,
231=Tk,+7k3
Then putting in our k3 we get k,=22. Then putting in our k; and ks into the first
equation we get k;=4. So w=4v;+ 22v,+ 11vs. Then [w]p-=[ 4]
[22]

[11]
10 points

c) [w]s=P[w]s’
[0 115722 8/11] [4]
[wls=[1/4 5/4 Y] [22]
[1/4 -29/44 -59/44] [11]
[ 123]
[w]s=[147/4]
[-113/4]
10 points



2. Let the inner product in My, be defined as <U,V>=tr(UTV)=tr(VTU)=u,v,+ uavs+ uzvst+
WV, The norm of a matrlx U relative to this inner product is:
v u+ w ust g,
Find the cosine of the angle between A and B, where
A=[7 -1] B=[4 7]
[4 -6] [1 6]

Solution: ” A,H‘ | 7 , ,
cos O=(<@v>)/( Je (7( APCLAFAACONO)(N T+ (- 1+ 4+ (-6)° *
‘4‘% Ybl V(- 4%+ 72+ 12+ 6%)
=(-28-7+4-36)/( N 102 * Y 102)
=-67/102
20 points



3. Problem: Find the least squares solution of Ax = b, where A=([3 1] and b =([0] .
[5 2] [3]
[2 0]) [1])

Solution:
Given Aand b, x=(ATA)'ATb

521 (31 ([352] ([0]
20]) [52] [120])[3]

[2 0]))" [1])

=([38 13] ([352] ([0]
[13 51)" [120]) [3]
[1])

=([521 -13/21] ([352] ([0]
[-13/21 3821]) [120]) [3]

(1)

=([2/21 -1/21 10/21] ([0]
[-1/21 11/21 -26/21]) [3]

(1)

Least squares solution x = ( [1/3]
[1/3])

(40 points total)

4. Problem: Suppose that the characteristic polynomial of some matrix 4 is found to be
pOY = (= D=3y~ 4)"
In each part, answer the question and explain your reasoning.

a. What is the size of 4?7
b. Is A invertible?

Solution:
a. If 4 is an n x n matrix, then the characteristic polynomial of 4 has degree »n and the
coefficient of A" is 1; that is, the characteristic polynomial p(L) of an » x n matrix has the
form

p)=det(M-A)=N"+c V"' +...+¢c,.

It follows from the Fundamental Theorem of Algebra that the characteristic equation



M+eN+ . +e,=0

has at most » distinct solutions, so an » x » matrix has at most » distinct eigenvalues.

In exga\n_d'ﬁ'g_pumk\ form; nnere
p) = (=D =3P —4)> =2°- 1903+ 1470* - 5890° + 127602 — 13920 + 576 .

Since the characteristic polynomial has degree 6 and the coefficent of A°is 1, 4 is a 6 x 6 matrix.
i g — -

b. Yes, 4 is invertible. Theorem 7.1.4, states that “A square matrix is invertible if and only

if
A =0 is not an eigenvalue of 4”. In this problem, the eigenvalues are 1, 3, and 4 (setting the
characteristic equation equal to zero and solving for A ).

(40 points total—20 for each part)



r

Given the following,
u=(13/2,3/2,2); 8= (-1,3, 2); a2 = (1, 5, -2)

Find the orthogonal projection of u onto the subspace of R® spanned by the vectors ay, and as.

7

a) We kn‘qg{éo form an orthogonal projection onto a subspace, we can use the equation

Solution:

A"Ax = A"h'because this is the normal system, associated with the projection of u onto the
column space of A. Therefore,
A= -1 A= [ 3 2 u= 1
35 I 5 = 2
2 2 1
Using matrix multiplication we get ATA= [ 14 10 and ATu= [ 2
10 30 10
Next we use row reduction to solve for x in the equation.
14 100 [(x;1 ) 27] 110R, 0 -327) X -12
10 39_J X2 = | 10| = 1 3 X3 = 1
= et a = -14/10R, +R, e -
AR [0 17 [(x ] [3/8 3R+R, [1 07 [x ) -1/8
=> ___1 BER = ‘__1 => ‘___0 1 X2 | = 3/8

RI®R;

Therefore, x; = -1/8; x, = 3/8. From this we can find the projection onto a; and a;, by
multiplying the column matrix x by A.

pRy R

-1 1 I:
e

1/8

3/8

]z

12
3/2
-1



Section 7.1-7.2

Prove that if vy, v, ..., vy are eigenvectors of A corresponding to distinct eigenvalues Ay, Ay, ...,
A, then { vi, v, ..., vy } is a linearly independent set.

Proof:

Let vy, vz, ..., vabe eigenvectors of A corresponding to distinct eigenvalues Ay, A3, ..., Ay, We
shall assume that vy, v, ..., Vpare linearly dependent and obtain a contradiction. We can then
conclude that v, vy, ..., vyare linearly independent.

Since an eigenvector is a non-zero by definition, {v,} is linearly independent. Let » be the largest
integer such that {vy, v, ..., v, } is linearly independent. Since we are assuming that { v, v5, ...,
Vy } is linearly dependent, 7 satisfies 1<r < n. Moreover, by definition of 7, { v1, va, ..., Vr1 } iS
linearly dependent. Thus there are scalars c;, ¢z, ..., ¢ , not all zero, such that
civitevat ..+ eV =0

Multiplying both sides of the equation by A and using the fact that

Avi=hvi, Avz=Nvy, .. AVui = AniVeg
We obtain

CiMvr T CMava + L.+ AtV =0

multiplying both sides of the first equation by A..1and subtracting the resulting equation from the
last equation yields

Ci(M = Ae)v1 + oA ~ A)V2 + ... A — AV = 0
Since { vi, v, ..., Vpgis a linearly independent set, this equation implies that

C1(M = A1) = (A2 — Aer1) =... = ClAe = Ari1) =0
and since Ay, Ay, ..., Aqare distinct by hypothesis, it follows that

c=¢=.=¢=0
Substituting these values into the first equation gives us
Cri1Ver1 = 0
Since the eigenvector vy is non-zero, it follows that
Cr+1= 0

These last three equations show a contradiction in the fact that ¢, ¢z, ..., ¢ are not all zero, this
completes the proof.

wu\



Question:

What conditions must be satisfied for the following matrix to be orthogonal?

Solution:

It follows from the definition of an orthogonal matrix that “a square matrix A is
orthogonal if and only if AAT = ATA=1”

From this statement we know that:

e P e R

We can now write equations to set our conditions for g and A:

a+x\=1 F+ra=0
ad+d=1

We have three unique equations and two unknowns, so we have enough equations
to solve for each unknown. We begin by solving for a:

d+a=1

23

@3

Bl pe s st
a 2 2 \f:z/

Next, we solve for A:

o' +xa=0
al@+1)=0

a=0 or a+\=0 '
Lk
rAr=—aga=-— 0\[ 7\ - \YL

-



The trivial solution will not produce the identity matrix, so we know that for
matrix A to be orthogonal,

1 1

a=—=,and  A=-—
V2 V2

Check: These solutions also satisfy our third unique equation:

ot (3444




Question
Let W be the subspace of R’ spanned by the vectors
w1=(3,3,0,1,2)
w2=(0,0,3,-2,2)
w3=(2,2,-1,1,0)
ws=(1,1,22,2)
Find a basis for the orthogonal complement of W

Solution

The space W spanned by w1, wa, ws and wy is the same as the row space of the matrix

33 0 1 2

00 3 -2 2
A=

22 =11 0

11 2 2 2

According to Theorem 6.2.6 (a), the nullspace of matrix A and the row space of matrix A
are orthogonal complements in R" with respect to the Euclidean inner product.

To find the nullspace of matrix A, we begin by reducing A to its row reduced echelon
form.

3 3 1 2
00 3 -2 2
A= swap (R1, R4
s 3 oy 1 g ORGh R
11 2 2 2
(1 1 2 2 2
00 3 -22
~ R3 -2*R1->R3; R4-3*R1->R4
22 -1 10
33 0 1 2
11 2 2 2
0 .
= 3 R3 +2*R2 ->R3; R4 +2*R2 ->R4
0 0 -5 -3 -
0 0 -6 -5 -2
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}m *1/56 -> R4

N O O

56

000 O

R1-2*R4 ->R1; R3 - 6*R4 ->R3

R1-2*R3 ->R1; R2 +7*R3 ->R2

2
0
6
1

—~



11 2 0 0]

00100

~ R1-2*R2 ->R1

00010

0 0 0 0 1]

(11 0 0 0]

00100

00010

0000 1]
11000
0010

Therefore, the RREF of A = 0
00010
0 000 1

The nullspace of A is the solution space of the homogeneous system:

X +Xp=0
X3=0
X4=0
X5=0

Solving for the leading variables we get:

X1=-X2
X3=0
X4=0
X5=0

It follows that the general system for the solution is:

Xi=-s
Xy=s

X3=0
X4=0
X5:0

This is equivalent to



[ x1] [-1]
X2 1
X3|=s*0
X4 0
XS5 0

The vector on the right hand side forms a basis for the solution space, giving us:

V1=

Expressing this vector in the same notation as wy, Wz, w3 and w4, we conclude that
the vector

Vi=(1,10,0,0)
forms a basis for the orthogonal complement of W.

NOTE: As a check, one can verify that V) is orthogonal to wy, wa, w3 and w4 by
calculating the necessary dot products.



Problem 1: / Lf

Question: Prove the Cauchy-Schwartz Inequality

Answer:
Cauchy-Schwartz 1s
I(u, V)I < llvll [l

19”1 Pr

if one of the vectors*équals zeroj M

cwy>=Il’= 0@‘!‘5: 0 /‘“'/ s 9\“

in such case /‘i’ ?

0 = I<u,y>I'< Ilull ivll = 0

Cauchy-Schwartz holds if one of the vectors is 0 , (M}, U\S

@(7, byt of

Now, if v does not equal 0/6 v,v> >0 ) e/
_iden”
0<f(A):=lu+ Avi =<u+ Av,u+ Av>

)
= <y,u> + 2<u,v> A +<v,v> A

Looking at a graph, our worst-case scenario would be if this were equal to zero, or even just its minimum, so
that’s what we’ll look for

’?\

0 A 2 +2( <E,X>q’ <V,V>) + <uu>/<y,v>=:g(A)
now to find its minimum
0=g(A)=2A +2( <u¥b/<v,v>)

1

Lion il
A i =/(.<r = - <U,V>/<V,v>

&
2 z
0<g(A _ )=-<uy>/<v,v> +<uu>/<v,v>
m

1m

<>’ <<yy> <up> || Y ™

l<u,v>I < [l Hull



Use the Gram-Schmidt process to transform the basis {ul,uz,us} into an orthonormal basis.
B = (1,0,0)
u2 = (3:7:‘2)
u, = 0,4,1)

Solution:
Following the steps of the Gram-Schmidt process,
Step 1:

Vl = u1 =(1,0,0)

Step 2:

= = : = - (< * / A
V,=U,-proj u =u ( v > vl) (Ilvlll 2)

= (3,7,-2)-(3+0+0)(1,0,0)=(3,7.-2)-(3,0,0)
v, = (0,7,-2)
Step 3:

= —_ = = A A
v B proj b = (<u_, v 2 )/IIv 12 - (<u_, ek )/IIV "2

Y= (0,4,1) — (0+0+0)-((0+28+-2)(0,7,-2))/53

= (0,4,1) — 0 (26(0,7,-2))/53= (0,4,1) — (0,182/53, -52/53) ‘}\{k’s\’ &
Ve Vv
= (0, 30/53, 105/53)— Mu\si Gl*"\\/)vb ‘73) Qv “)
V\N',ﬁfis 3"2’ L TN

Vl’ v2, and v3 form an orthogonal basis for R3. In order to find the orthonormal basis now, we must...
q1 = vllllvlll =(1,0,0)/(1)=(1,0,0)
q2 = v2/I|v2|| =(0,7,-2) / (sqrt(53)) = (0, 7/sqrt(53), -2/sqrt(53))

q,= V3/||V3|| = (0, 30/53, 105/53) / (15/sqrt(53)) = (0, 2/sqrt(53), 7/sqrt(53))



¢
Find the angle@?etween £1=1 & Ez=x in P (0,1) with the usual notion of inner product.

7
d 1 1 1
Cos@:d,)ﬁ/llll[ HXII=f 1'x dx / [(‘\/f l'xdx) ('\/f x'xdx)]
0 0 0]
i
=1/ (1) (V1/3)
=32 .W\,\cé“s OYf
|

0, X =T 0V~ e ety



Problem 4:

Prove that the following statements are equivalent if A is an n X n matrix:

1. Ais orthogonal.
2. JAxI = Iixll for all x in R". M)}

3. Ax* Ay=x*yforall xandyinR".

In order to prove that these are all equivalent we shall prove a sequence of implications, namely
that 1 implies 2, 2 implies 3, and 3 implies 1.

1 implies 2. Assume that A is orthogonal, so A"A = 1. Then by using the formula for
calculation magnitude: lIAxIl = (Ax * Ax)"?= (x * ATAx)"?= (x * x)"* = IIxll.

2 implies 3. Assume that lIAxIl = Iixll for all x in R". By Theorem Ax * Ay = YllAx — Ayll* —
VillAX — Ayl = YllA(x + y)IF — %llA(x - Y)IF = YlIx + yIIF - Ylix — yl> =x *y.

3 implies 1. Assume that Ax * Ay =x *y for all x and y in R". Then by normal system
formula X * y = x * ATAy. This can be rewritten in the form x * (ATAy - y)=0orx* (ATA - Dy=0.
Since this holds in R" it is sure to hold%\£= (ATA —T)y, so (ATA —=I)y = 0. From this we can conclude

/ that (A'A —T)y = 0. Thus the last equation we produced ((A"A - I)y = 0) is a homogeneous system of
/’/ linear equations that is satisfied by every y in R". This implies the coefficient matrix must be zero, thus

f

A'A =1 and, consequently, A is orthogonal. \ ~

c/\\,.,.Sl
\ \/\J(t/\{vx% \’U c\.,_; mtﬂf\l'\’ = Shwn 2 ‘BV\_S\'\Q\‘ ch
v, -
AS  alve e CA&'M\V = (¥ L

e



