Math 343 Midterm 111 KEY
Fall 2006
sections 002 and 003
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering.



1. Find the orthogonal projection of u = (6,1, 5,2) onto the subspace of R* spanned
by v, =(12,1,2), v,=(2,3,2,1)and v,=(1,33]1).

15 points
Solution

The projection u,is u=(6,1,52)iff ueSpan{v,,v,,v,}, otherwise it is the vector

u, € Span{v,,v,, v, nearest u. Actually, in either case, we have

u, = AX (1.2)
where X is any solution of
ATAx=A"u,’ (1.2)
and where
1 21
A=[v,v,v,]= i 2 2 (1.3)
2 11

We solve (1.2) by row reducing [ATA‘ ATu} after calculating A"Aand A'u :

! The vector u,= AX is unique even if X solving (1.2) isn’t: Let X, and X, both solve (1.2). Then
d = X, — X, satisfies A" Ad = 0, so that either d € Nul(A) or Ad € Nul(A") = (COIA)l. In the first

1
case Uy, —U,, = AX; — AX, = Ad = O and we are done. In the second case Ad =0 e (ColA) also
since otherwise

”Uﬂ”2 = HU - UmHz = H(u ~Upp)+ (- unl)Hz = Huu +(up - unl)H2 = ||Uu||2 + Hunz - uanZ

Jusal +[Adf > Ju..",

so that ||ul1||2 and ||uu||2 are not both least.



ATA=|2

[ATA\ATu]z

Thus

1 2 1
2 1 2 10 12
2 3 3
321 =112 18
1 2 3
3 31 12 18
2 1 1
12 12)117] [10 12 12]17
18 18|27 6(10
18 20|26 2 9
3 35| [1 3 35 2
6 6/11|~/0 6 0[14|~|0
02—1_ 00 2-1] |0
0 0-3]
6 0[14 |.
0 6-3]
(1.4)
1 2 1
112 3 3
u”:Ax:—
6|1 2 3
2 11

6
12 1 21 2 L
18], Alu=(2 3 2 1 c|=
20 1 3 31

2

2 6 8|9 0 0 2|1

6 6/10 2 6 0]13 2 0
3 07 |~/0 3 07 |~|0 3
0 2-1 0 0 2-1 00

1 3 3|5 1 3 3|5
~110 12 12|17 |~|0 18 18/33
0
0
2

227 [11/3
1|27] |9/2
“6l16] | 8/3]

5| |5/6

(15)

2. Use the Gram-Schmidt process, etc., to transform the following members of the
Euclidean space R®into an orthonormal set in that innerproduct space:

15 points

Solution

u, =(1,11),u,=(0,2,2), and u, =(0,0,3).

(1.6)

After the required normalization, only the directions, not sizes, of the original vectors
enters in. Thus, for simplicity of calculation, and without change of notation, we
immediately exchange the set (1.6) for the following:

~(111),u, =(0,1,1), and us=(0,0,1).

1.7



Then we produce an orthogonal set {v,,Vv,,V,} via (a modified version of) Gram-
Schmidt:

vy o, - :(O,l,l)—%(l,l,l):%(—2,1,1)06(—2,1,1):
1 1
. . 1.8
vyocu,—LViy UsVay 000y tr11)- 2(-210) 9
\7RA'A V,-V, 3 6

= %(O, -3, 3) = (0, —1,1) =V,

Finally we normalize each vector to obtain the required orthonormal set{ql, qz,q3}:

Vv, 1

2

1 111 1 (-2,11), 9, =

||V e ||V G

3. Find the transition matrix P, from the R°basis B = {(1,0,0),(0,1,0),(0,0,1)}to
the R®basis B'={(1,2,4),(2,5,8),(3,6,13)}.

(o -11). (19

15 points
Solution

Let (v), and (v),, be coordinate vectors with respect to the bases B and B’for the
vectorv. Then, by definition of coordinate vector,

B(v), =B'(v), =V, (1.10)

where, abusing notation, B and B’here represent matrices containing the vectors of the
bases B and B'as columns. Thus B in (1.10) is the identity matrix. According to (1.10)
then,

(v), =B (V), = Py (V),- (1.11)

We calculate the inverse required in (1.11) by row reducing | B'|1 Jto [I|B"1] =[Py |:



12 3100|1231 00120130 -3
[B]1]=|2 5 6/0 1 0|~/0 1 0-2 1 0|~[0 1 0-2 1 0
4 8130 0 1] [0 0 1-4 0 1| [0 0 14 0 1
- (112)
10 017 -2 -3
~10 1 0-2 1 0 |=[1]Py]
00 14 0 1

4. Prove thatif S ={v,,v,,...,v, }is an orthonormal basis for an innerproduct space
V , then, for any vector veV ,

V=(V,V )V, +(V,V )V, 4 (VY )Y (1.13)

15 points
Solution

By previous theorem, since S ={v,,V,,...,V, }is a basis for V , we immediately have that

forany v eV there exists one and only one coordinate vector (c,,c,,...,C,) € R" such
that

V=CV,+CV,+...+CV,. (1.14)

Taking the innerproduct of both sides of (1.14) withv; ={v;,v,,...,v, }, we get

<V’VJ>=<V701V1+C2V2+-~'+Cnvn>=C1<V1’Vi>+CZ<V2'V">+"'+C"<Vn’Vj> (1.15)
:0+0+...0+cj<vj,vj>+0+...+0:cj, |

so that (1.13) follows.

5. Find the angle 6 €[0, 7] between u=(1,—3)and v =(2,4)in the Euclidean
innerproduct space R? .

15 points



Solution

6. If possible, find a matrix P that diagonalizes

-2
(1.17)

>
Il
=)
o N o

1
3
If such a matrix P exists, what is the associated diagonalized form of A?

15 points

Solution

We seek an invertible matrix P with eigenvectors of Aas its columns. First we calculate
A’s eigenvalues:

A is an eigenvalue of A iff

-4 0 =2
O=det(A—Al)=det| 1 2-1 1 |=-2(2-2)(3-1)-2(0-1(2-2))
1 0 3-2
=(2-2)(-A(3-2)+2)=(2-1)(4*-34+2)=(2-2)(1-2)(2-1) (1.18)
;Sl,z,z.

The associated eigenvectors are elements of the nontrivial nullspaces of A— A1 :



1 0 2 1 0 2 1 0 2
O;txﬂ:leNul(A—Ll):Nul 1 1 1(=Nulf1 1 1|=Nul{0O 1 -1
1 0 2 1 0 2 00 O
-2
=Span<| 1 |¢, (1.19)
1
-2 0 -2 1 01 -1
0%x,,eNul(A=2-1)=Nulf 1 0 1 |=Nulf0 0 O0|=Spanq| 0 |,|1
1 0 1 0 0O 1
Thus
-1 0 -2
P=0 1 1 (1.20)
1 0 1

diagonalizes Ato

2 00
0 20 (1.21)
0 01
7. Find a basis of the orthogonal complement of the column space of
1 2 3
A=14 5 6]. (1.22)
7 89

15 points

Solution

By theorem



1 4 7 1 4 7 1 4 7
(CoIA)L =NulA"=Nul{2 5 8[=Nul|0 -3 -6 [=Nul/|0 1 2
3 6 9 0 -6 -12 0 0O
. (1.23)
1 0 -1 1
=Nul|0 1 2 |=Span<|-2
0 0 O 1
8. Let Abe an nxn matrix. Prove that if
Ax-Ay =x-y (1.24)

holds for every x,y e R", then Ais orthogonal.

15 points

Solution

X"ly=x'y=x-y= Ax-Ayz(Ax)T Ay =x" A" Ay
o (1.25)
0=x"ATAy—x"ly=x" (ATA— I)y.

Since (1.25) holds forx,y e R", it holds forx = (A"A— 1)y, so that (1.25) becomes

= (W A-1)y) (A A-1)y=[(AA- 1)y
(1.26)

0

0=(A"A-1)y

for every y e R". Thus (1.26) holds for y chosen as each of the rows of the

matrix A" A— | , showing that each of these rows is the zero vector and, so, showing that

AT A— 1 is the zero matrix, i.e. A"A= 1, which, together with Asquare, means that Ais
an orthogonal matrix.

9. Prove the Best Approximation Theorem: If W is a finite-dimensional subspace of
an innerproduct space V , and if ueV , then the orthogonal projection of uonto

W, denoted proj,u or, say, u,, is the best approximation to u in the sense that



Hu—u”H<||u—W|| (1.27)

for every vector w eW that is different from u, . (Hint: Recall u, can be defined
by demanding that u —u,is in the orthogonal complement of W .)

15 points
Solution
For everyw eW , u—u,is, by definition of u, orthogonal tow, and, sinceu, eW ,

u—u, is also orthogonal tou, —w eW . Thus, by Pythagoras,

Jlu- W||2 = H(u - uH)+ (u|| - W)H2 = Hu - uHH2 + Hu” - WHZ

2
>u-uy (1.28)
=
Ju—w]>u-u],
where we used that w is different than u, .
10. Prove that if Ais an orthogonal nxn matrix, then
[Ax] =] (1.29)

for every x e R",
15 points

Solution

For every x e R" we have

||Ax||2 = (Ax)T AX=xX"ATAx=x"Ix=x"x = ||x||2
& (1.30)
| Ax]=x].



