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1. (20 points)]

(a) Use the divergence theorem to determine an alternative expression for

[ [ [ wvuan

(b) Consider the boundary value problem (BVP):
Find u € C*(V) N C'(9V) satisfying

Viu(x) = f(x), x€V, (1)
gZ( )+ hu(x) = g(x)  x €9V, (2)

where g(x) is continuous in 9V, f(x) is continuous in V, and h > 0
(constant). If this BVP (1)-(2) has a solution u, then this solution is
unique. Prove it.

Hint: Use part (a)

(c) Can you also conclude that this BVP HAS a SOLUTION? Explain.
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2. (a) Consider the BVP:

W +9u=1+az (3)
%'(0) = 0, wr) =0 4)

i. (8 points)
Solve the following BVP, using elementary techniques for linear second
order ODEs. Then answer the following questions: what value should
a have for a solution to exist? In case a solution exists, is that unique?
ii. (8 points) Apply the Fredholm alternative. Is it consistent with the
results found in part (i)?

(b) (6 points) Consider the BVP:

u' +9u=p+cosx (5)
W'(0)=0, wu(m)=0 (6)

Do not solve this BVP, instead apply the Fredholm alternative to determine
the value(s) of 3 for a solution to exist. Is there any value of 3 that gives
a unique solution? Explain.

(¢) (6 points) Consider the BVP:

w+8u=14ax (7)
wil) == o {r) =0 (8)
Do not solve this BVP, instead apply the Fredholm alternative to determine

the values of « for a solution to exist. Is there any value of « that gives a
unique solution? Explain.
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3. Consider a one-dimensional acoustic scattering problem of an incident plane
wave pin.(z) = e~ "2~ (propagating to the left) from a rigid wall located at
@ = 0. There is an external continuous force f(z) (f € C[0, 1]).

u’(z) + K*u(z) = f(z), lgzgl, kL0ER 9)
uw'(0) =ik,  u'(1) —iku(l) =0, i=+-1 (10)

(a) (5 points)
Show directly that the homogeneous BVP problem corresponding to BVP
(9)-(10) has only the trivial solution. Recall that the corresponding homo-
geneous BVP is defined by the same equation with f(x) = 0 and has the
same type of BC’s, but they are homogeneous.
Hint: Use linearly independent complex-valued functions to express the gen-
eral solution of the homogeneous equation associated to (9).

(b) (4 points) Show directly (do not apply previous theorems) that the above
part (a) implies that if BVP (9)-(10) has a solution then this solution is
unique.

(c) (10 points) The result in part (a) also implies the existence of a Green’s
function for BVP (9)-(10). It means a function G(z, zo) satisfying:

2
%g“(”%xo) +kG(z) =d(x,2), O<z<l, keR (11)
oG oG ,
oo 020) =0, S=(L,20) — ikG(L,20) = 0. (12)

Solve for this Green’s function directly from (11)-(12).

(d) (6 points)] Obtain a representation of the solution for BVP (9)-(10) in
terms of the Green’s function derived in part (c). As a validation of your
result, if f(z) = 0 your solution should reduce to u(z) = e*?

Hint: Use Green’s formula for a Sturm-Liouville operator withv = G(z, ).
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4. (15 points) Use the method of multiple images to obtain the Green’s function
G(x,Xo) satisfying
V3G = §(x,%g) (13)

inside the infinite strip (0 <z < L, 0<y< H)ifG=0atz=0andz =L
and G =0at y =0 and y = H. Try to arrive to a compact formula in form of
an infinite series.






5. Consider a thin one-dimensional rod extending from z = 0 to x = L with
sources of thermal energy given by Q(z,t) (energy per unit of volume generated
per unit of time) whose lateral surface are insulated. Assume constant density
and specific heat p and ¢, respectively, with variable cross-sectional area A(x)
and thermal conductivity Ko(z), which are continuous on [0, L].

(a) (12 points) From a conservation law obtain a PDE for the temperature
u(z,t). Assume that the temperature u(z,t) and the flux ¢(z,t) are con-
tinuously differentiable.

(b) (8 points) Eliminate the source term in the PDE obtained in part (a) and
separate variables. Assume that the ends of the bar are insulated. Show
that the spatial eigenvalue problem (EVP) obtained after the separation
of variables is a regular Sturm-Liouville EVP (be specific, refer to the
definition). You do not need to sole this problem List three properties of
the eigenfunctions associated to the spatial EVP.
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of thermal energy given by Q(z,t) (energy per unit of volume generated per
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b) (13 points) Eliminate the'source term in the PDE obtained in part (a) and
separate variables. Assume that the ends of the bar are insulated. Show
that the spatial eigenvalue problem (EVP) obtained after the separation
of variables is a regular Sturm-Liouville EVP (be specific, refer to the
definition). List three properties of the eigenfunctions associated to the

spatial EVP.
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