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5. Orthogonality of eigenfunctions. We will show that the multldlmensmnal Or.
€igo

thogonality of the eigenfunctions, as expressed b)'/' (";‘;izlfi(;irz :ﬁt?edfe‘rent N
functions, can be used to determine the generahzﬁ ional S turm—Il,l‘ P ln. (7-4.4).1
We will do this in exactly the way we did for one-dimensl A iouvi]]

function expansions. We simply multiply (7.4.4) by ¢, an grate over the

region R:
ﬁf¢Az dx dy = Z\:a,\ /L¢)\¢Ai dz dy' (7_4'12)

to each other (with weight 1 becayg

eigen,
entire

Since the eigenfunctions are all orthogonal
V2¢ + ¢ = 0), it follows that

[ 76r az dy=a» [ & dx dv rary

or, equivalently,

There is no difficulty in forming (7.4.14) from (7.4.13) since the denominator of
(7.4.14) is necessarily positive.

For the special case that occurs for a rectangle with fixed zero boundary condi-
tions, (7.4.7), the generalized Fourier coefficients an, are given by (7.4.14):

S\ fOH foL f(z,y) sin 222 sin ¥ dg dy

H L . 2 nrz : 2 mnm
Jo Jo sin® BF2 sin® T2Y d dy

nm

(7.415)

The integral in the denominator may be easily shown to equal (L/2)(H/2) by calc-
lating two one-dimensional integrals; in this way we rederive (7.3.30). In this case,
(7.4.11), the generalized Fourier coefficient a,,,, can be evaluated in two equivalent
ways:

(a) Using one two-dimensional orthogonality formula for the eigenfunctions of
Vip+Xrp=0

(b) Using two one-dimensional orthogonality formulas

!1f there is more than one eigenfunction corresponding to the same eigenvalue, then we assume th!
the eigenfunctions have been made orthogonal (if necessary by the Gram-Schmidt process).
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= C;‘n‘;erge.nca e Wit.h any Sturm-Liouville eigenvalue problem (see Section 5.10),
a fm € series of the eigenfunctions of V2¢ + A = 0 may be used to approximate
a function f(z,y). In particular, we could show that if we measure error in the

mean-square Sense,
2
E= // (f = Z‘%\%) dz dy, (7.4.16)
R A

with weight function 1, then this mean-square error is minimized by the coefficients
ay being c%losex} by‘ (7.4.14), the generalized Fourier coefficients. It is known that
the approximation improves as the number of terms increases. Furthermore, E — 0

as all the eigenfunctions are included. We say that the series ), ay¢x converges
in the mean to f.

7.4.1.) Consider the eigenvalue problem

V26426 =0

0
a—f(O,y) =0, ¢(z,0)=0
0o

*(a) Show that there is a doubly infinite set of eigenvalues.
(b) If L = H, show that most eigenvalues have more than one eigenfunction.

(c) Show that the eigenfunctions are crthogonal in a two-dimensional sense using
two one-dimensional orthogonality relations.

@ Without using the explicit solution of (7.4.7), show that A > 0 from the Rayvleigh
quotient, (7.4.6).
7.4.3. If necessary, see Section 7.5:

(a) Derive that [[(uV?v —vV?u)dz dy = §(uVv — vVu) - A ds.
(b) From part (a), derive (7.4.5).
7.4.4. Derive (7.4.6). If necessary, see Section 7.6. [Hunt: Multiply (7.4.1) by ¢ and integrate.]

1.5 GREEN’S FORMULA, SELF-ADJOINT OPERATORS, AND MULTIDIMENSIONAL
EIGENVALUE PROBLEMS
Introduction. In this section we prove some of the properties of the multidimensional
eigenvalue problem:

V2¢ + Ap = 0 (7.5.1)






