MATH 511 Chapter 1

0.1 Derivation of Finite Difference (FD) Approximations
0.1.1 Centered Difference for u'(x)

A second order finite difference approximation for u/(z) at x = Z is given by

1
Dou(z) = %[u(i +h) —u(T — h) (1)
h2
with an approximation for the truncation error given by the term E(h) ~ gu”’ (7).

Proof.-

Assuming that u is 4th continuously differentiable in a neighborhood of z, the FD formula (1)
and its truncation error can be obtained from Taylor expansions of u at the points x + h and
r — h. In fact,

u(E — h) = u(@) — bl (2) + o (7) — () + (@) - Ta), (@)
w(®+ h) = u(z) + hd'(Z) + %u”(i‘) - %u'"(i‘) + %uw () + %u(s) (€), (3)

for B € (x — h,Z) and & € (Z,Z + h). Then, by subtracting u(zZ + h) — u(Z — h), we obtain

W+ h) — u(z — h) = 2l (3) + %u'"(:z) L O (4)
Therefore, )
Dyu(®) = o [z + h) — u(z — )] = /(@) + %u”’(x) + O (5)

0.1.2 Centered Difference for u"(x)

A second order finite difference approximation for v”(z) at x = x is given by

_ L. _ _
D?*u(z) = ﬁ[u(a: + h) —2u(z) + uw(T — h)] (6)
h2
with a truncation error given by the term E(h) = —u™(y), where v € (z — h,Z + h).
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Proof.-

Assuming that u is 4th continuously differentiable in a neighborhood of Z, the FD formula (6)
and its truncation error can be obtained by adding the above Taylor expansions (2) and (3) of
u at the points x + h and z — h. In fact,

4
w(Z + h) + u(z — h) = 2u(z) + h*u"(Z) + %[u""(f) +u""(B)] (7)
Therefore,
_ L. _ _ _ h?
D*u(z) = ﬁ[u(x +h) —2u(z) +u(z — h)] =u" () + Eu""(v) (8)
In this last step the intermediate value theorem has been used to transform the error term. In
fact,
h4 n n h4 ul”l(f) + u”//(/B) h4 "
) + ()] = : = (),

where v € (8,€) C (z — h, T+ h).

0.1.3 Non-Symmetric Third Order Approximation for u'(x)

A third order approximation Dsu for u/(z) at * = Z using the values of u at the neighbor points
T —2h, x — h, z, and T + h, where h > 0 is given by

1
D3u(z) = 3 [w(z —2h) — 6u(z — h) +3u(Z) +2u(T + h)] (9)
h3
with an approximation for the truncation error given by FE(h) ~ ﬁu(4)(j)

Proof.-
The method of undetermined coefficients will be employed. This is Dsu(z) will be represented
as

Dsu(Z) = c_ou(T — 2h) + c_1u(ZT — h) + cou(T) + ¢y u(z + h), (10)
and we will determine the unknown coefficients ¢; © = —2..1 by requiring that
Dsu(z) = u'(z) + O(h"), (11)

where p is the highest possible. We will assume that u is 5th continuously differentiable in a
neighborhood of z., then

uw(T — 2h) = u(z) — 2h(Z) + 4%1/’(37:) — S%U'"(i‘) + 16%16""(5) +O(R°)  (12)

w(E — h) = u(z) — hl(3) + %u"@) _ %u”’(f) + %u””(fz) L o) (13)

w(z) = u(z) (14)
_ _ /(= h2 (= h3 "y — h4 mn (= 5

w(Z 4+ h) = u(T) + hu'(T) + Su () + Tk () + ik () + O(h’) (15)



Substitution of these Taylor expansions into (10) leads to

Dgu(f) = (Cfg +c_1+ ¢+ cl)u(f) +h (—2672 —C_1+ cl)u'(f) +
h? h?

2 (46 o+ cC_1+ Cl) ( ) + y (—80_2 —C_1+ cl)u"'(f) +

4

77 (1602 + e+ c1)u™(2) + O(F°) (16)

To get an approximation of u/(Z) of O(h?) for the highest possible p, we impose the following 4
conditions for the coefficients:

cotci14+cg+c=0 (17)
h (—20_2 —cCc_1+ Cl) =1 (18)
h2
5 (dc_o+c1+¢)=0 (19)
h3
3‘( 8c_ 9 — C_ 1+Cl) 0. (20)

Obviously, this is the best approximation we can obtain when using 4 points (4 unknowns and
4 equations). This leads to the Vandermonde system of equations with matrix

1 1 1 1
—2h —h 0 h
h? h? h2
T
8 —m 0 3

1 6 3 2
T T A TT A T
Therefore,
1
D3u(z) = 3‘h[ w(@ —2h) —6uw(® — h)+3u(@) +2u(x + h)| + E(h). (21)

The approximation for the truncation error E(h) can be computed from the last term of (16)

: n h4 1 " h3 "
5(160_2 +e g+ e)u"(T) = ——[16 — 6 + 2Ju""(z) = Tk (z) (22)

E(h) ~ A h
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BASICS OF FINITE-DIFFERENCE METHODS 45

Table 3-1 Difference approximations using more than three points

Derivative Finite-difference representation Equation
g_;_;:) o ”.H-z,j—zur+l,,f2;32“f—l.;‘_“f~—2.i + oY) (3-38)
| g%) _ Uiz, = Wier g+ ﬁ:jn' il W T N o(h?) (339)
N g}:) _ ~uje3,;t 4"“:’;,;— Sugey,jt+ 2y +0() (3-40)
2_})”: Tpsay t 14““3.;—22:1;“:4* o ] (3-41)
N g%)” = 24y i,y :,4“""" 23 4 o) (3-42)
%;—‘;) = Moy~ P ] 24::;” 1y T Mol 4 o) (3-43)
e )u - TUrvz, 84 ”l-’z; ol 3 il Y 0 Okr*) (3-44)
%) _ —Upea,jt 16u:+1,;—3'12l:;,- + 16Uy ; —Ui_a + 00 (3-45)

Table 3-2 Difference approximations for mixed partial derivatives

Derivative Finite-difference representation “ Equation
aE::y)”F ﬁ (u;u.f ::m..r'—l Wy ;;:.;—: )+O(ax,Ay} H (3.46)
ox a)’) le_ (Uilﬁt;; . u.-_i.“:ly— HHJ) +0(4x, 4y) (3-47)
axay),, Aix(u” A;:”—s _uf_l'!;:'_l'f_l ) + 0(4x, Ay) (3-48)
e )u & (um'“;y_ s ur{) +0(4x, 47) C (349)
ai’;; )” ﬁ (mu.,{;uzz;m.;—: _u:,;'nz;;r.f—:) + 0[Ax, (Ay)?] (3-50)
> :.fay )” é (”m ;‘.Zyuu_l — 1.1+12 ;:!_ Liz ') + 0[ax, (ay)*] (3.5.1)
)” ﬁ (wu,ﬂ_:iyunl.f—t _ut—l,f+12;y“f—-l.f—l)+ O[(Ax)?, (Ay)*] (3-52) z
ifay),, 2:1;: (u""“;y_“”'" —uf_"f+:3;u‘""f) +0[(Ax)?, Ay] (3-53)
- 3y)u 2_113; (”n:.} _ﬁ!;hl.f—l My ;;i—i.i'—l) + 0[(Ax). Ay G55
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Table 3.1. Comparison of formulac to cvaluate dT/dx at x=1.0 ﬁr

-7_:[)() = ex

dT

ase r ic i —_ Error Leading term
Case Algebraic formula |:dx ] ,- ——

: - 2.7183 B — ‘
gg;as‘m (Tja1—Tj-1)24x 27228 0.4533 x 10:: 04531 x 10::
FOR DIFF  (Tj,,~T))/4x 2.8588 0.1406 x 10_0 0.1359 x 10_0

BACK DIFF (T;—T,_,)/4x B 2.5868 -0.1315><10_z —0.1359 x m_1

3PT ASYM (= L5T;+2T;,,—0.5T}, ;)/4x 27085 —0.9773x 1072 09061 x 107*
SPTSYM  (T,.,—8T; 8T, ~ T, )/124x 27183 —09072x107% --0.9061 x 10

3.3 Accuracy of the Discretisation Process

Table 3.2. Comparison of formulac to evaluate d*T/dx? at x=1.0

57

dT?
Casc Algebraic formula [——2] Error Leading term
dx* in T.E.
Exacl - 2.7183 - -—
PTSYM (T, =2T,+ T}, )/4x? 2.7205 0.2266 x 102 0.2265x 107
IPT ASYM (7;-2T;,+ T}, 2)fAx? 3.0067 0.2884 x 107° 0.2718x10°°
SPTSYM  (—T.,+16T,_, 30T,
+ 167, =T;,,)/124x2 2.7183 -03023x 1073 —0.3020x 1073
Table 3.3. Truncation crror leading term (algebraic): d7/dx
Case Algebraic formula Truncation error
lcading term
PT SYM (Fye1—T)-1)248x AT /6
FOR DIFF (Tjes =T dx AxT, 2
BACK DIFF (T;=T;-\)/4x —AxT,, /2
IPT ASYM (= 1.5T;+2T;,, —0.5T;, ,)/4x —ax*T /3 .
SPT SYM (T;-,— 8T, +8T;,,—T;,,)/124x = AT /30
Table 3.4. Truncation error leading term (algebraic): d*T/dx?
Case Algebraic formula Truncation crror
leading term
IPT SYM (.}z'— 1 __2Tj+ fj-l- HAx? AXZ_T.\'.\'J::!!IZ
3PT ASYM (T=2T;4 1+ T;, )/ Ax° IxT,,,
5PT SYM (=T;-,+16T;_, —30T;
+ 16T, —T;4)/124x* — AX*T pexxxa/90




Hormbeck. (1475)

fia i-1 f; fien fin
2hf'(x) = =1 0 1
k(%)= 1 -2 1 + O(h)
2R’f™(x,) = -1 2 0 -2 1
h*f*(x) = 1 -4 6 -4 1
(a) Representations of @(h)’
fi-s fi-a fi-i fi fier fiea fies
12hf'(x,) = 1 -8 0 8 -1
12h*f"(x,) = o | 16 -30 16 e ¢ +
8h’f"(x,) = 1 -8 13 0 =13 8 -1
6h*f"(x,) = -1 12 -39 56 -39 12 -1
(b) Representations of @(h)*
Fig.3.4 Central difference representations.
5 fis fiea fies fies fies
2hf'(x)) = -3 4 -1
h*f"(x) = 2 -5 4 -1 '+  O(h)
2R (%) = -5 18 -24 14 -3
h*f=(x,) = 3 -14 % | - 1 -2
(@) Forward difference representations
fi-s fis fis fi-a fi-1 fi
2hf'(x) = 1 -4 3
h’f"(x,) = -1 4 -5 2 + O(h)
2h°f"(x,) = 3 -14 24 -18 5
hfr )= | -2 n -24 | 26 | -4 3

Fig.3.3 Forward and backward difference representations of @(h).

(b) Backward difference representations

O(h)*
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