‘CA/FW??IZ 9 b %p@.’f/éh [?mz;-”; st Tkl Dollss

@MS’ZQ"" ZBYP:
Uy = c)’?a/xy) oLxL] d0>o. ()
Urxo) = ’7[><) (2)
Q/O/‘é) - j i) 5 2% (3)
- ./‘5 /'é) '6 70
f/((/)‘f) r~ J (Cf)
Di s c;ézéaz;h : Grd
t oy -‘t)\)
; (7“1
( / ¥ = EoA S =0
é'!‘.’ L_—_.. Z[n = Nk , N9y Py~
f’ = B =
io :(;——ﬂ——-“f’_"f_"—_&c,-‘fj——_—ax K: b‘t
7 X B ¥ Xmi|
Xo
n
Uk = U Kidy)
ol melhod

© tppoc of (], (ot ™)

Ulxots) = Ue U AN (Z/h‘>
n+ @

“’ ”c, (Z/eé) (5)
0<p<l

N 0




St W @pox af( Us);
@ Ch) = Lt 40,

% [ A ats

o<«
Sulst (8)-(6) infe (1)

(¢)

’c/?HI Z/ nté
— , " w L h 2 h
G- g (U = [ Vot 4 ()

K {Z /> 351

<=hL2,,m

A/ﬁ/‘zj'ﬂ ﬁwgéaﬁn ca0s5, T A

(¢1)

n+ b —UU .
[U;UZ (T/*Q'*>)z/, (’:)

e
Fr— o fnik cliffrrence melied for Heat G- (1-D).

6‘/’4“;‘ “W"CZ‘y in Zne 4
‘lel ,, /-"rﬁCéSS.

tn
Xea xl Xl

Sten il



b? .”? rE % [?) Cﬂn éf wn’/7;n /34

7/

{
Inlerior é&’/ﬂf gx/oﬁaf ccheme

Diechlr i 3
18155.' Tjﬂ; ?/—f,&) U»;/ = é//z‘n)) n=l2...MN

g‘é: -Ul':o:: 7()(1.')7 [:/)2,-7)'74
-

Bar Expeiment s Exomp 331

O4LX L], £ 20

Uy = T Usx,
| (&
Ulgt) = O U= 0, 2

U(xo) = B, 0L xels
D%l e X &l

LC xaaf ol :




pw’) % /é/éw//g @x/xrfmmzlf:
Boazz. {x;e. 1:

At = 000/ 5
Ax =01 = Y:’;?‘O‘/
g e |

Boor &y 2

At =008
= (= = 04t - 1

— ol
A% = AR

o = |

e, f/ s E X/;m'mm %

At =0O. 00037=> at = 0.00/

Ax = 0.05 A= 80 =

g = | 7£n'lax= O3
og=]

Exp

g =1
_03

sza x =

gxf(ﬂ'meﬂ'{ 4.

@5”5

Ex/yjn'menZL 45
At =0 ool25 \j

At = ©.00l3
(= O 4% Ax oos_;

Exf 5

A =0.00ld ?

AX = 005
o“—-/

Co&& g)(P ¥



16 Finite Difference Methods

converge to that of the partial differential equation. Therefore, the domain of dependence

of the difference scheme must contain that of the partial differential equation. O
Problems

1. Suppose a is a positive constant. The scheme (2.2.4) only depends on the Courant
number af which, for Examples 2.2.1 and 2.2.2, is the constant aAt/Azx. Is there
a particular choice of the Courant number on (0, 1] that produces more accurate

solutions than others? Answer the same question for (2.2.2b) when a < 0.

[\

What restrictions, if any, should be placed on the Courant number of for the
forward time-centered space scheme (2.2.5) to satisfy the Courant, Friedrichs, Lewy
theorem? We must, of course, study the behavior of (2.2.5); however, prior to doing
this in Chapter 3, experiment by applying the method to the problems of Examples

2.2.1 and 2.2.2. Use the same mesh spacings as the earlier examples.

2.3 A Simple Difference Scheme for the Heat Equa-
tion

Let us determine whether similar or different phenomena occur when solving a simple

initial-boundary value problem for the heat conduction equation. In particular, consider

U == Ul Ol t >0, (2.3.1a)
u(z,0) = g, e &l (2.3.1b)
w0 8) =w(l, 1) =0, (DBl

where the diffusivity o is positive.

In order to construct finite-difference approximations of (2.3.1): (2) introduce a uni-
form grid of spacing Az = 1/.J, J > 0, and At on the strip (0,1) x (¢ > 0) (Figure
2.3.1); (ii) evaluate (2.3.1a) at the mesh point (jAz,nAt); and (4ii) replace the partial

derivatives by forward time (2.1.8) and centered space (2.1.9) differences to obtain
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A

n (j’”)
2
1
-
0 I 2 j J x

Figure 2.3.1: Computational grid used for the finite difference solution of the heat con-
duction problem (2.3.1).

U7!'+l Lo 2un -+ un*l Aflf2 B
TR (AR e R (L (2.3.2a)

where —1 < £ <1, 0 < § < 1. (With second spatial derivatives in (2.3.1) there seems
little point in using forward or backward spatial derivatives and we have not done s0.)

Neglecting the discretization error terms, we get the finite difference scheme

m+l _ 1 mo m n
Uit —Up _ Upa =27 + U},

T " (2.3.2b)
or, solving for U,
Uittt =rU 4+ (1 — 2rill + elis (2.3.3a)
where
Ik
r=o4g (2.3.3b)

The initial and boundary conditions (2.3.1b, 2.3.1c) are

U = ¢(jAz), g1 S (2.3.3¢)
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t w | =00 0. 0.2 0.3 0.4 0.5 0.6

VE_L) 1 2 3 4 5) 6

0.0 0 0.0 0.2 0.4 0.6 0.8 1.0 0.8

0.001 | 1 0.0 0.2 0.4 0.6 0.8 0.96 0.8
0.002 | 2 0.0 0.2 0.4 0.6 | 0.796 | 0.928 | 0.796
0.003 | 3 0.0 0.2 0.4 | 0.600 | 0.790 | 0.901 | 0.790
0.004 | 4 0.0 0.2 0.4 |0.599 | 0.782 | 0.879 | 0.782
0.005 | 5 0.0 0.2 | 0.400 | 0.597 | 0.773 | 0.860 | 0.773
0.006 | 6 0.0 0.2 | 0.400 | 0.595 | 0.764 | 0.842 | 0.764
0.007 | 7 0.0 |0.200 | 0.399 | 0.592 | 0.755 | 0.827 | 0.755
0.008 | 8 0.0 ]0.200 | 0.399 | 0.589 | 0.746 | 0.813 | 0.746
0.009 | 9 0.0 ]0.200 | 0.398 | 0.586 | 0.737 | 0.799 | 0.737
0.010 | 10 | 0.0 | 0.200 | 0.397 | 0.582 | 0.728 | 0.787 | 0.728

Table 2.3.1: Solution of Example 2.3.1 using the forward time-centered space scheme
(2.3.3a) with r = 0.1.

t |n|z=0]01]02[03]04]05]06

j=o0|l1|2|3| 4| 5| 6
00 [0] 00 [02]04[06]08]1.0] 038
0.01|1] 00 |02]04|06]| 08| 06|08
0.02(2] 00 [02]04/06]| 04| 1.0/ 04
o8| 3| 00 |02|04 (0212 | 92| 12
0.04{4] 00 [02]00|1.4]-1.2] 26 |-1.2

Table 2.3.2: Solution of Example 2.3.1 using the forward time-centered space scheme
(Z8:20) with 7 = 1.

t n le=03j=3 | z=030="0) do Hee Sacese
iUyl | |ug-up) o et
0.005| 5 0.0008 0.023
0.01 | 10 0.004 0.016
0.1 |100 0.011 0.012

Table 2.3.3: Errors at x = 0.3 (j = 3) and = 0.5 (j = 5) for the solution of Example
2.3.1 using the forward time-centered space scheme (2.3.3a) with r = 0.1,

shown in Tables 2.3.1 and 2.3.2 for a few time steps. Errors of the solution with r = 0.1

at © = 0.3 and 0.5 are presented in Table 2.3.3 for a few times. The solutions are also

shown in Figure 2.3.3.

As shown in Tables 2.3.1 and 2.3.3, the solution of (2.3.3a) with 7 = 0.1 is producing

a reasonable approximation of the exact solution. The larger errors at = 0.5 for
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X

Figure 2.3.3: Solutions of Example 2.3.1 obtained by the forward time-centered space
scheme (2.3.3a) with r = 0.1 (top) and » = 1 (bottom).
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